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Urgent demand for NNLO QCD predictions

NNLO QCD for 2 — 1,2 processes under control

Great interest in 2 — 3 processes

pp—=3j, 3y, yv+j, H+2j, H+bb, V+2j, V+bb, VV' +j,...

[from Les Houches 2019 “Precision wish-list’]

Bottleneck: 2-loop 5-particle scattering amplitudes




Dramatic progress for massless 5-particle scattering

/Analytic results for all Feynman integrals\ / Analytic results for scattering amplitudes \

[Gehrmann, Henn, Lo Presti 2015;

3y [Abreu, Page, Pascual, Sotnikov 2020;

Chicherin, Gehrmann, Henn, Lo Presti, Mitev, Wasser 2018;
planar Chawdhry, Czakon, Mitov, Poncelet 2021]

Abreu, Page, Zeng 2018; Chicherin, Henn, Mitev 2018;
Abreu, Dixon, Herrmann, Page, Zeng 2018;
KChiCherin, Gehrmann, Henn, Wasser, Zhang, SZ 2018u

[Abreu, Febres-Cordero, Ita, Page, Sotnikov
2021; Badger, Bronnum-Hansen, Bayu
Hartanto, Peraro, Moodie, SZ, to appear]

[Agarwal, Buccioni, von Manteuffel,
. Tancredi 2021 x2; Chawdhry, Czakon,
2y +] Mitov, Poncelet 2021]

f?J” ™ [Badger, Brénnum-Hansen, Chicherin,
colour oo | Gehrmann, B. Hartanto, Henn, Marcoli,

., — Moodie, Peraro, SZ 2021] /
[see M. Marcoli’s talk]

/ pp — 3)/ [Kallwelit, Sotnikov, Wiesemann 2020; Chawdhry, Czakon, Mitov, Poncelet 2020] \
do @NNLO QCD: pp — 2]/ + ] [Chawdhry, Czakon, Mitov, Poncelet 2021; Badger, Gehrmann, Marcoli, Moodie 2021]
pp — 3j [Czakon, Mitov, Poncelet 2021; Chen, Gehrmann, Glover, Huss, Marcoli 2022 /

( Special function basis
\[Gehrmann, Henn, Lo Presti ’18; Chicherin, Sotnikov "20]
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Five-particle scattering with one off-shell leg

pp—=3i,3y,yv+j, H+2j, H+bb, V+2j, V+bb,VV' +j,...

v VvV from Les Houches 2019 “Precision wish-list’]

(leading colour)

Massless internal legs, focus on QCD corrections

L=

Rich potential phenomenology




Amplitude workflow

QG

RAF
A(Z) ({p}, 6) — Z Feynman diagrami Ezg_u mw m}b
l b b b ” d b

l IBP reduction

A? ({p}.e) = ) di({p}.e) MI; ({p}.€)

l € expansion

o Special functions:
AP ({p}.€) = z e” ), ¢ ({p}) mon,; |f] log(x), Liy(x), G(a;, ...;X)...
w=—4 l
l IR/UV subtraction - | | |
Finite-field arithmetic + rational
F® ({p}.€) = Z c; ({p}) mon; |f] reconstruction in FiniteFlow

Master integrals

l

[Peraro 2019]



Master integrals

Special function basis
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Canonical DEs for the master integrals

dMI({p}.e) = elz a.d1og W, ({p})] M ({p}.e)| e 201

l

Canonical DEs Multiple polylogs Function basis

[Abreu, Ita, Moriello, Page, |[Canko, Papadopoulos, [Chicherin,
Tschernow, Zeng 2020] Syrrakos 2020; Syrrakos 2020] Sotnikov, SZ 2021]

.......................................................................................................................................................................................................................................................................................................................................................................................................................................

{& [Abreu, Ita, Moriello, Page, [Kardos, Papadopoulos, Smirnov,
Tschernow 2021] Syrrakos, Wever 2022]7'<

.......................................................................................................................................................................................................................................................................................................................................................................................................................................

* MPLs + 1-fold integrations [Ben Page’s talk]



Why a “basis” of special functions?

1. Get rid of all functional relations = analytic cancellations & simplifications

Li, (z) + 5 log(—z)+ Li, | — | =0

<

* Simpler reconstruction & more compact expressions

- | | Tailored representation in C++ library
2. Very efficient numerical evaluation | | |
(Generalised power series expansion)

[A. Vicini’s, T. Neumann’s talks]



~ Chen’s iterated integrals

4 / / n = transcendental
ﬁ/ [Wil’ - win] So(S) = J dlogw; (s) [wil, ool Win_l] SO(S ) weight

All functional relations become manifest in terms of iterated integrals

Li, (2) > log"(—2) + Li, | — =0

w Constructing a basis of special functions becomes a linear algebra problem

10
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Algorithmic construction of the basis

Ingredients: canonical DEs + Initial values

1. Solve the DEs in terms of iterated integrals order by order

Wmax

ML ({p).e) = ) e"MI™ ({p})

w=0

2. Extract independent master integral components

(Mt = {0 |
’ : Done!

11



Efficient numerical evaluation

Welight 1 & 2: explicit expressions using symbol technology  [Duhr, Gangl, Rhodes 2011]

70 =1og (=53, 4— :

(2) . [ 514 514 514 : : 2 S— ( :

2 = Li, — |+ log — log| 1 2 + irlog (S15 — 8§53 + S45) —irlog (pl) 1
I

Pi

Welight 3 & 4: numerical integration of 1-fold integral representation
|[Caron-Huot, Henn 2014]

e ] |
POV L o) 19~ |t 1og x 08
J() dt JO dt

Implemented in C++ library PentagonFunctions++
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Efficient evaluation in the physical phase space

1055— “_..............._5.100
= PentagonkFunctions++ " :
104 3 . . E 10—1
= Avg. time per point: 0.22s 5
% _ ) “
5 |2
2 10°F 1107% §
IS 5
— _ -
= S
F.é 10% F {107° &
= 5 5
Z. : €3
101 E_ .:.m _E 10_4
100 - :_: 3 10—5
_2I - (I) — 5 o lll T (IS III é T 11() — 112 — 114 "' 1-6 Precision Correct digits Timing (s)
R (correct digits) double 12 0.19
quadruple 28 159
Ready for phenomenology octuple 60 1695
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Scattering amplitudes



Spectacular progress for 2L 5pt 1-mass amplitudes @ leading colour

_ +
b 1%

:E:ié.u pp — Wbb by Badger, Hartanto, SZ (2102.02516)
b

m pp — Hbb by Badger, Hartanto, Kry$, SZ (2107.14733)

\QQQQO/

b

im‘/«j pp — W( — £v)+ 2j by Abreu,Febres Cordero, Ita, Klinkert,

[see also Ben Page’s talk]

Page, Sotnikov
(2110.07541)

m pp = W( — £v) + yj by Badger, Hartanto, Kry$, SZ (2201.04075)
/4

_ W Ve 7
dﬁ:{i ~ pp = W(— ¢v) + bb by Hartanto, Poncelet, Popescu, SZ (2205.01687)
b —

b
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W( — £v) + bb production at hadron colliders

Background to Higgs-strahlung pp — WH (H — bb) and single top production
pp — bt (t - Wb)

Study b quark schemes: massless vs. massive

Perfect testing ground for 2 — 3 1-mass processes

i . d | " @ NLO [Febres Cordero, Reina, Wackeroth 2006, 2009;
arge corrections and scale variation Badger, Campbell, Ellis 2010]

= NNLO QCD prediction needed g % )
o




W( — £v) + bb @ NNLO QCD

[Hartanto, Poncelet, Popescu, SZ 2022]

Two-loop amplitudes extension of [Badger, Hartanto, SZ 2021]

Leading colour approx for the 2-loop finite remainder

Massless b quark = flavour k7 jet algorithm  [Banfi, Salam, Zanderighi 2006}

Stripper (sector-improved residue subtraction scheme) + OpenLoops&

[Czakon 2010; Czakon, Heymes 2014] [Buccioni, Lang, Lindert,
Maierhofer, Pozzorini,
Zhang, Zoller 2019]

17



At least 2 D jets

N

Exactly 2 b jets, no other jets

N

inclusive [fb] | Kinc exclusive [fb] Kexc
oo |213.2(1)F2 1% - 213.2(1) T2 1% -
7% 3.9(4+27)%
onLo [362.0(6)T137% | 1.7 | 249.8(4) 50 i | 117
oxnro| 445(5)F5 7% | 1.23 | 267(3)T, 5105 | 1.067

P

/-point scale variation

Uncorrelated prescription
[Stewart, Tackmann 2012]

[more on theoretical uncertainties
in R. Szafron's talk]

Perturbative convergence

Pentagon functions meet pheno demands

do/d Mp; [pb/GeV]
S

-
N
I

=
o

Ratio to NLOj,c
o o
o

<
I

1.2

Ratio to NLOgyc
=
o

O
oo

\/s = 8 TeV, NNPDF3.1

NNLOgxc

—_— | O - NI—Oinc — NNI—Oinc
77
7
N = T A
TN NANNNNNBEERN
— NLOexc — NNI—OeXC
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Conclusions

Function basis for all planar 2-loop 5-particle amplitudes with 1 mass (& C++ library)

[Chic

Several 2-loop amplitudes computed at leading colour:

pp = |W( - €v) + bb|, Hbb, W( — £v) + vj, W( — £v) + 2j

7

nerin, Sotnikov, SZ 2021]

First NNLO QCD prediction for a 2 — 3 process with a massive external particle

19

[Hartanto,

Poncelet,

Popescu, SZ 2022]




Back-up slides




W( — £v) + bb @ NNLO QCD

[Hartanto,

Poncelet,

Event-selection criteria for jets and charged

leptons from CMS 2017:

pT,f>3OG'eV9 ‘7/]{‘ <2-19

Renormalisation and factorisation scales:

pr = pp = E(VE) + pp(b)) + py(b,)

Popescu, SZ 2022]

NLOst mOc HH
NNLO mOc —
NNLOst mOc H—+—

NLOst mlc
NNLO mlc
NNLOst mlc |

LO m2c - ———

LO mOc H——6—+H
NLO mOc | —+o

LO mlc Ht———t

NLO mlc |- 0+

NLO m2c |

NLOst m2c TN
NNLO m2c PRELIMINARY
NNLOst m2c |- .

0.2 0.4

0.8
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Planar alphabet

|[Abreu, Ita, Moriello, Page, Tschernow, Zeng 2020]
e ~ e
dMl(s,e) =edA(s)- Ml (s, ¢€)

A(s)= ) a; logw,(s)

i + permutations

— (2
— (1’1 » 9125923 5934 5 945 5 951 » f’”s) rs = 4i€,,,,D; Dy Py Py

lep%7

1506 letters, 4 square roots {Wa,...,Ws} = {0 (s12) : 0 € S4/85[3,4,5]}
A(l)

) L0 € 54/(52[2,3] X S2[47 5])}

S12 + 813 +
(Massless: 31 letters, 1 square root) | {Wus,..., Wiz} = {a(

1 2 2 2
( ) — (pl) + s23 + s45 2D Sy3 — 2853845 — 2845D;

22



Numerical evaluation through
generalised series expansion

Apply generalised series expansion method directly to the special functions

— ~

/NdfzedB-f

4.£(4)
€ - |
39 Much simpler than the DEs for the master integrals
€ Ji
J=1e® Generalised series expansion implemented in
elftV DiffExp [Hidding 2020]
1

Evaluation In any kinematic region

23



dLin(Z) B Lin_l(Z)

Classical polylogarithms: ,  Lij(z) = —log(l - 2)

dz Z
e2Li,(2) 0 0 0 —dlogz 0 €*Liy(2)
e°Li,(1 — 7) 0 0 —dlog(l -2 0 0 e2Liy(1 — 2)
d e log z =€10 0 0 0 dlog(z) |- € log z
elog(l — z) 0 O 0 0 dlog(1l — 2) elog(1 — 7)
0 O 0 0 0 1
1 2
log 2) . 7> 1
2 Li(z) = — [1 — Z, z] i + log(2) [z] i | > 75 10g22
_>< ) 1 10g22>
f 2
2 —¢log?2 log(1 —2) = [1 -] —log(2)
—clog?2

1
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Rational coefficients

Black box interpolation

(s,p) i {ei (s)} mod p

points X eval. time j".-,'
~Ores Pt

Reconstructed In

How to reduce the number of required sample points’

1. Make a good ansatz

2. Choose good variables

25



The denominators factorise into letters

[Abreu, Dormans, Febres Cordero, lta, Page 2018]

N(s)
D(s)

e; (s) =

D — Hwaj/\ Determined by reconstructing the coefficients
/ on univariate phase-space slices

¥ - Degrees known . .
N(s) ° Can we use this information

D(s) to construct an ansatz”?
AN Entirely known v

e; (s) =

20



Univariate partial fraction decomposition

Construct ansatz based on the knowledge of degrees and denominators

q,(x) @) q3(x)  qux) +gs(x)y
vy x—y  xP4)?

e(x,y) =

. . o ® | ower degrees
Linear fit to reconstruct the coefficients g.(x) —> e One f b
ne fewer variables

Variable chosen by experimenting at one loop

27



Kinematic variables

- scalar invariants s;; and 17 e e
512534
- momentum twistors — T~ try(1341(5 + 6)2) 593
, Cn e 7 satry (14(5 + 6)2) e P
- spinor brackets (ij), [¢/] tr_(1(2 + 3)(1 + 5 + 6)(5 + 6)23) S456
<5 : 2
- other? s23 tr—(1(5 + 6)23) 512

_ | Tune parameterisation to helicity configuration

For each helicity configuration, try all permutations of the momentum twistor
variables @ 1 loop, and choose the one leading to the simplest expressions

== Huge simplifications at 2 loops for pp — Wyj Erigggrz E;gyzuz ]Hartanto,

28



Solving the canonical DEs in terms of
Iterated integrals is trivial

0 Chen’s iterated integrals

{d[wl-l, ey Win]s (s) = dlog wl-n(s) [wl-l, ey Win—l]s ($)

[Wil’ cees Win] SO(SO) = ()

—s(w—1)

(5) = X.a;dlogw(s) M (s)

Canonical D

Insensitive to square roots! MPL-expressions + PSLQ algorithm

29



Integrate DEs along 1-dim. path y

— —

MI(z, ¢) := MI (s = (1), ¢)

im (t,€) = €A(?) - m (¢, €)
dt

Generalised series solution around any point t,

W

Series solution of the DEs

[Moriello 2019]

;' Singular surfaces

—(w) -, T
M ()= ) ) T, (t—1)7 logh(t — 1)

J120 jpr=

Compute solutions at various t, and match them

30

W(O,e) —> m(l,e)



Boundary values from the MPL expressions

[Canko, Papadopoulos, Syrrakos 2020; Syrrakos 2020]

3000-digit precision using GiNacC [Volinga, Weinzierl 2004]

PSLQ algorithm to find basis of transcendental constants

G (0,1;1) = — 1.644934067...
G (3/2,2;1) = 0.4060916335... =P 3G(0,1;1)+4G3/2,1;1)-2G3/2,2;1) =0
G@3/2,1;1) = 1.436746367...
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Phenomenology Is very demanding

amplitude = 2 Feynman diagrams

\ 74

amplitude = )’ rational coeffs x special funcs

s A

\_ S
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