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Numerical solution of diff. eq. systems



Numerical solution of diff. eq. systems
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Numerical solution of diff. eq. systems

0

5y (26 = Az (2,6 (2,6

e Use one-dimensional contour Pa rametrization sonciani, Del Duca, Frellesvig, Henn, Moriello '16; Moriello '19

(21(8), z2(t), 23(8)) = (2,5 - £, 2,5 - £, 2,5 - 1)

0
&ﬁf(t’ 6) — A; (t, e)f(ta e)

DiffExp, a Mathematica package for computing Feynman integrals in terms of one-
dimensional series expansions wm. Hidding 220



Numerical solution of diff. eq. systems

« Introduce +121in propagators; 7 = 00 as boundary condition x. i, v-a ma, c-v.wang '17; 2. Liu, 2-Q Ma 22

o €)= Ay n, )
n

AMFlow: a Mathematica package for Feynman integrals computation
via Auxiliary Mass Flow x.ii, v-0 ma 22



LoopTransport goals

o cluster deployable

e using free and open-source code

« embeddable into other codes ("Monte Carlos")
» tool for the community



Advertising for LoopTransport

SeaSyde: Evaluation of Feynman integrals with arbitrary complex masses via series expansions

Armadillo, Bonciani, Devoto, Rana, Vicini '22

Given the time performances of our package, and in general of
packages implementing the series expansion approach, a direct
implementation in Monte Carlo generators is out of question.



Numerical solution of diff. eq. systems
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Numerical solution of diff. eq. systems

0
mf(tv 6) = A, (ta G)f(t, 6)
« Canonical sectors
Ai(t,€) — eA(t)
Iterated integration

f(€*;t) = /dt A(t)f(€*71;t) + boundary cond.



Numerical solution of diff. eq. systems

0

o (t,€) = As(t, €) f(t,€)

« Canonical sectors
Ay(t,€) — €A(t)
Iterated integration

f(€*;t) = /dt A(t)f(€*71;t) + boundary cond.

« Otherwise method of Frobenius, inserting series expansion ansatz

Uber die Integration der linearen Differentialgleichungen durch Reihen. rrobenius 1873
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Sorto/Mt=c0
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ot

f(t,e) = A(t,e) - f (t,e)

st,tt mt=173
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—f(t,e) = A(t,e -]?t,e
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Implementation in FriCAS

The capabilities of FriCAS cover areas such as

e linear, polynomial and differential system solving

integration (most complete implementation of the Risch algorithm)
vector, matrix, and tensor calculus, eigenvalus, eigenvectors,

symbolic expression manipulation,
non-commutative polynomials
e limit calculation

e arithmetic with Taylor, Laurent, and Puiseux series,

o combinatorics, symmetric polynomials, special functions, number theory,

|- arbitrary precision numerical computations, |
e« modular arithmetic,

continued fractions, partial fraction decomposition,
integer factorization, polynomial factorization,

polynomial ideals, Grobner bases, Grobner factorization, triangular sets, regular chains,
e guessing of formulas for sequences,

e computation with cardinal numbers.

A distinguished feature of FriCAS is its type system. It allows to create and compute with domains

such as matrices of polynomials over finite fields or polynomials having square matrices with
rational entries as their coefficient ring.

FriCAS provides structures such as

e complex numbers, quaternions, octonions,

e groups, rings, fields, algebraic extension rings,
« modules, (graded) algebras, finite fields,

e non-commutative and non-associative algebras,
» Clifford algebras, exterior algebras,



LoopTransport: How does it compare to DiffExp?

Series expansions as infinite stream



LoopTransport: How does it compare to DiffExp?

Series expansions as infinite stream

Accelerate series convergence:

» Mapping of closest singularities: Mobius
conformap map of complex plane: Mébius /—\
transformation N o\ :u; y
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LoopTransport: How does it compare to DiffExp?

Series expansions as infinite stream

Accelerate series convergence:

« Mapping of closest singularities:
conformap map of complex plane: Mdbius
transformation

« Shanks sequence transformation:
assume for partial sum n,

A, =A+ax", x| <1

Mobius

1 =05
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Higgs+jet production at NLO




Higgs+jet 2-loop planar topologies

00 4 O
0O D a

e Four planar families A, B, C, D Bonciani, Del Duca, Frellesvig, Henn, Moriello '16

 Non-planar fami y F Frellesvig, Hidding, Maestri, Moriello, Salvatori '19

« Non-planar fami y G Frellesvig, Hidding, Maestri, Morielli, Salvatori '19



) GUPS3 . spad
)] transport2.spad

CF

SUPCF

x1 := "x1 :: Symbol
x2 = 'X2 :: bol

Symbol

Matrix(Expression(Integer)]
-ession(Integer))

matx1l
matxZ

) read
) read
) read

contour
amat
amat

gLBlil = 65;

paramete

mhiggs
mtsq : FI
musq : FI

phase
x1Float
x2FLoat
¥x3Float

xleval
x2eval
¥x3eval

zvec _eps0
zvec_epsl
Zvec eps?
Zvec _eps3
zvec_epsd

ph

FI:

Float
Float
Float

(SUPCF)
(SUPCF)
(SUPCF)
(SUPCF)
(SUPCF)

x1Float,

SN

Matrix(Expression(Integer))

X371, msg=mtsq];

(matx1l,contour) X2

10)
Z2Float, 10)
(x3Float, 10)

0$SUPCF)

0$SUPCF)

x2Float, 'x3

(matx2,contour)

x3Float]

%3

(matx3,contour):




49 -- define bounda
Bl := 1 2 eps
(musqg/mtsq) 4
mtsq) (musq/mtsq) 3
Blpoly : (B1, phase)
zvec eps0, 1, (
zvec_epsl, 1,
zvec _eps2, 1,
zvec_eps3, 1,
zvec _epsd, 1,

+ conditionlg
(musq./mtsq) eps 2 (
(musq/mtsq) 3))/3
4 zetald))/ 3)
:: MultivariatePolynomial([ ''eps,’
(Blpoly, eps,
Blpoly, eps,
Blpoly, eps,
Blpoly, eps,
Blpoly, eps,

2/6 2

eps 4 ((/7 4) /360

[ (
( (
[ (
E (

B2 =1 (eps 3 (-16 zeta3 (2 (musqg/mtsq) (
(-(t*x3))) (eps™ 27 (-2 (musq/mtsq) (-

. (musq./mtsq) (-(t"x3))))/3 (-2 (musq mt5q

BZ2poly := ( (B2, (-x3°1) (-%x3) ), phase

Expression(Float))
(zvec epso,
Zvec epsl,
Zvec _eps?2,
Zvec eps3,
Zvec epsd,

(
3)))
)
)

eps,
eps,
eps,
eps:

B7/73 := eps (-2
(eps 4" (4 x1

(4 x1)
w2 %3)

(2*¥x1 X2 x3))

(16°zeta3l - (2 (musq/mtsq) (- (

X2
X2

x3)))
Kﬂ]]]

phase)

(27eps 2 (4 x1

(eps 3 (4 x1
B7/3poly := (
, Expression(Float))

x3)
x3) |
(B73,

(musqg/mtsq) (- (
(musq/mtsq) (- (
{ -x3 ) (-%x3) ),

(2 )
2 2)

vboundary := [zvec eps0, zvec epsl, zvec eps2, zZvec eps3,

(musq./mtsq) 2)

(2 x1
(27 x1
:: MultivariatePolynomial([ 'eps,’

zvec_epsd4] (@

(eps 3 (-2 zeta3 Z

( (musqg/mtsq) * ( 2 (musq

Expreqq1mn(Flmatj)

SUPCF)
SUPCF)
SUPCF)
SUPCF)
SUPCF)
(2

4/30
4/24)

(musqg/mtsq)
(B zetald

b eps
eps 4 (
(t7x3)))

tivariatePolynomial([ 'eps,'LT],

SUPCF)
SUPCH)

UML)

SUPCF)
SUPCF)

X3)))7°3)) /(37 (2"x1 - X2 X3))

X3) B
x3);

X2
X2

List(Vector(SUPCF))




amat) ;

-- note we multiply with eps here, since )

amatNoncanonical := (eps camat, 66,73, 1,73
amatCanonical := | . e L L
amatNoncanonicalEpsO := matrixEpsTerms(amatNoncanonical,0)
amatNoncanonicalEpsl := matrixEpsTerms(amatNoncanonical,1)
amatNoncanonicalEps2 := matrixEpsTerms(amatNoncanonical,?2)
amatNoncanonicalEps3 := matrixEpsTerms(amatNoncanonical, 3)
amatNoncanonicalEps4 := matrixEpsTerms(amatNoncanonical,4)

LN L0 L] LN ST

nonCanonical := [amatNoncanonicalEps®, amatNoncanonicalEpsl, amatNoncanonicalEps?2, amatNoncanonicalEps3
amatNoncanonicalEps4];

res := moebiusContour(xleval,x2eval,x3eval, vboundary, amatCanonical, nonCanonical)




.6, 1.6, 0.0, 0.0, 0.0, 0.0, 0.0, 1.0, 0.0, 0.6, 1.0, 0.0, 0.0, 0.0,

)., 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0,
.0, 0.0, 0.6, 6.0, 0.0, 0.0, 0.6, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0,
.0, 0.0, 0.0]

).0, 0.8905315841 6502683787 E -9 + 0.1066907835 7861969185 E -19 %1
).0, - 0.9624236499 3977679717 + 0.1720661404 9012192415 E -20 %1, 0.0,
0.1269093913 2103464571 E -20 - 0.7227342477 1794756265 %1,
.1269093913 2103464571 E -20 + 0.7227342477 1794756265 %1,
.0931471814 6098463641 + 3.1415926535 897933404 %1, 0.0,
.3169578969 237376152 - 3.1415926530 080744249 s%i1,
1.7917594674 160628549 + 3.1415926535 897935361 %i,
).1269093913 2103464571 E -20 + 0.7227342477 1794756265 %1, 0.C
7.0, 0.0, 0.0,
).1269093913 2103464571 E -20 + 0.7227342477 1794756265 %1, 0.C
.0, 0.0, 0.0,
.1269093913 2103464571 E -20 + 0.7227342477 1794756265 %1, 0.C
.0, 0.0, 1.3169578969 237376152 - 3.1415926530 080744249 %1,
7.0, 0.0, 0.0,
0.9624236499 3977679717 + 0.1720661404 9012192415 E -20 %1,
7.0, 0.0, 0.0,
0.2538187826 420692923 E -20 - 1.4454684953 091107266 %1, 0.C
0.2538187826 420692923 E -20 - 1.4454684953 091107266 %i, 0O.C

.6449340668 482264365,
©.1819532558 8814083616 E -8 - 0.1798711135 3365996111 E -22 %i,
0.9262592756 6998732653 + 0.3578861941 9857 E -19 %i
.4002781475 463405479 - 0.8170915972 023515064 E -20 %i,
.5223447936 6851713749 - 0.1664332754 11168 E -19 %1,
.4246581263 481050354 E -20 + 1.2305049043 468204719 si,
.2072575436 6679697293 E -21 + 0.0646266393 8840263878 6 %1,
4.6945756955 24340766 + 2.1775860904 405999974 %1,
8.1352262954 678867008 + 8.2746905059 615769083 %1
20.9815233813 08730264 + 12.1617366368 81062216 %1
- 3.3296012064 673524536 - 5.6289783848 430943354 %1,




Seconds per line segment

Digits precision

20



Summary and outlook

« LoopTransport library for solving loop integral diff. eq. systems
o cluster deployable, can be bundled with codes,
implemented in FriCAS, free and open source

« To do: Implement caching, improve user interface
» perform benchmarks, eventually extend to auxiliary mass flow method

« Implementation of all six 2-loop families for H+jet production
o efficient evaluation of full top and bottom quark-mass dependence

Any wishes, comments, suggestions?



