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THE FIRST QUESTION

Every physicist after obtaining a result must be able to answer the question

What is the uncertainty of my result?

It is a surprisingly difficult and complex question for theorist performing perturbative computations in QFT

The satisfactory answer probably does not exist but the question should be nonetheless discussed in the era of
HL-LHC

What is the meaning of 5o signal when theoretical error is non-negligible?



PERTURBATIVE CALCULATIONS FOR THE LHC

For hadron colliders
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In practice, we only have access to the approximate results
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WHAT ABOUT QED AND WEAK CORRECTIONS?

The uncertainty is also present there, but

® [t is less prominent due to smallness of the gauge couplings
® [t 1s overlooked due to widespread use of different renormalization schemes, such as on-shell

® [t is known as scheme dependence

EFT approach typically introduces further scales — each matching scale can have its own characteristic scale

We will focus on QCD examples in the MS scheme



HOW TO CHOOSE THE CENTRAL SCALE?

There are many different prescriptions

[ Physics motivated choices, e.g. pup = pp = iy = myingg — H

[ Fastest apparent convergence, T, (ipac) = 2,1 (Hpac)

0
[ Principle of minimal sensitivity —Z () ‘ﬂ = 0

=—HpPMS

Note that ppac and ppyg depend on the order of

perturbation theory m and for a given m the defining
equations may have more than one solution

Note: there are also some “exotic” prescriptions such as

BLM/PMC which have not proven to offer substantial
advantages Chawdhry, Mitov; arXiv:1907.06610
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SCALE VARIATION

Varying the scales at NXLO is an N*T1LO effect, MR Heen

Dypically we take [1/F pgp cont> F gk cent] with F'=2
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C. Duhr, F. Dulat, B. Mistlberger, arXiv:2007.13313



CAN WE DO BETTER THAN SCALE VARIATION?

* The only way to know the size of the * Some choices are better than others —
higher order is to compute them we have a feeling what is a reasonable

* Any estimation is an educated guess estumate

o Statistical framework is better than a
range of values

\ 4

Combine arbitrary model
with Bayesian statistics

*Scale variation is just a commonly
accepted prescription but some kind of

arbitrariness is unavoidable

Cacciari, Houdeau:
arXiv:1105.5153




FIRST STEP

Before we discuss scale uncertainty, we must answer the following question

Given a sequence of numbers (0, 0y, ..., 0,,), what is the value of 0, , |?

‘ Guess Next Number ﬁ?

2 5 26 677 | 222

Mathematics tells us that there is no unique answer, but we can still solve the puzzle



BAYESIAN INFERENCE

Cacciari, Houdeau; arXiv:1105.5152

Bayesian statistics allows to quantify beliefs New data updates prior beliefs

First consider that we are given a sequence of numbers 0,, := (Jy, 01, .., 0,,), with 6, = 1

Assuming some model we want to estimate the range for the next term in the sequence 0,

Hidden
parameters p

Probability
distribution for

5m+1




MODELS

We consider (0, p) withp € R” and 6 = (9, 9, ...)

The main idea is that, within a given model, we can use Bayesian inference to obtain a
conditional probability distribution
P&, + 1)

P(5m+1 ‘5m) — P(& )

with P(0,,) = [dpp P, |p) Po(p) marginalization over p

_ 1 1
Example: Pprior: Po(c)=—0(c)  Model P(O)(50|c)=2—66’(c—|50\) P, 8yl ¢) = PO, | )P (8| c)

PO, 15y = L0100 _ [dcPD(,, 801 )Py(c)  [deP (51| /P0Gy | ©)Py(c)
HTTTPG) T [dePOG [ OPye)  [dePOG, | )Py(c)
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MODELS

v Cacciari-Houdeau model: Cacciari, Houdeau; arXiv:1105.5152

0
2 = Zafékthen 0, <c forall k>0
k=0

o Geometric model: M. Bonvini; arXiv:2006.16293

Z:ZL()Zékthen 15, <ca" forall k>0
k=0

o ABC (asymmetric geometric) model: C. Duhr et al, arXiv:2106.04585

I ZLOZEkthen (b —c)a* < 0, < (c + b)a" forall k>0

k=0
11


https://arxiv.org/abs/2106.04585

Scaled deviation from the known
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REAL LIFE EXAMPLES: CUSP ANOMALOUS DIMENSION IN PLANAR ./ = 4 SYM
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REAL LIFE EXAMPLES: CUSP ANOMALOUS DIMENSION IN PLANAR ./ = 4 SYM
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Given a sequence of numbers (0, 0y, .., 0,,), what is the value of 0, ;?

Now, we have a probability distribution for o0, +1» Which we interpret as uncertainty on
missing higher orders

But pQCD, typically does not give us numbers but functions of unphysical parameters

How to incorporate scale dependence into probabilistic framework?

P& ) PEX,W)
P (2| Xy, 1) = PE 0 PE00) = P(Z| Z, (1))
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SCALE MARGINALIZATION

Scale-marginalization prescription M. Bonvini; arXiv:2006.16293

*One can treat scale as a hidden parameter of a model and marginalize over scale

PUEIE,) = |du P E,) = | du PEIE, ) PG| E,)

Ho

|
with P(u | 2,) ~ P(Z, (1)) Py(u) and a prior Py(u) := O logF — |log—
2u log F

Scale-averaging prescription C. Duhr et al, arXiv:2106.04585

*Scale does not have a physical meaning — add probabilities for different scales

1
PX|X,) = Jd,u w(u) P(Z| 2 (1)) with a weight function w(u) = = ® <logF — |log Lad >
M 10g

Ho
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PEAK OF THE DISTRIBUTION

For symmetric models and convergent series, under some reasonable assumptions, one can show that

If pipac € [po/ F, o] then P (2|2 ) peaks at 2 = 2 (Upac) Reminder:

2, (Heac) = 21 (HpaC)

If tipnis € [/ F, ol then P (2| 2 ) peaks at 2 = 2 (Upps)

Choice of how to interpret the scale has consequences for the predictions

17



EXAMPLE PROCESSES
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EXAMPLE PROCESSES: HIGGS + JET
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SUMMARY

oIt is unavoidable to introduce some arbitrary assumptions when discussing theoretical uncertainties
*Scale variation often fails but it is very simple

* Bayesian models are not more reliable than scale variation

Try out the code

* Bayesian models are not less arbitrary than scale variation https://github.com/aykhuss/miho

* But Bayesian models come with the full machinery of statistics

4 can give precise mathematical definition of what So means
4 can compute correlations

4 can be combined with experimental errors (but frequentist interpretation is not possible!)

Outlook

Marginalization over
models

Correlations for binned
distributions
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IT IS TIME TO DISCUSS THEORETICAL UNCERTAINTIES
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Auxiliary Slides



CH MODEL

Consider some observable > Cacciari, Houdeau; arXiv:1105.5152

2, = i afék
k=0

Sequence elements are bounded by an unknown parameter c:p = {c}  Series is bounded by geometric series

AL |
Pen@nle) = | | S- 0 —161) = O(c —max(| |, ..., 5, 1))
k=0

(26‘)’""‘1

e
Prior: Pylc) = -~ O —-1)
C
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GEOMETRIC MODEL

Consider some observable > M. Bonvini; arXiv:2006.16293

2 =210 Z O
k=0

Series is bounded by geometric series, but we don't assume that a_ is the expansion parameter
10, | < ca®, forallk>0.

p =1{c,aj

— 1 | 6, | 1 | 0o | 0, |
Poeom(0 | a, ) = H 2 ke © (C ok ) ~ ¢y gmm+ © (C e ( 40 T gm

k=0

Priors factorizes Py(a, c) = Py(a)Py(c)

Py(c) = — O(c — 1) Po(a) = (1 + ) (1 — a)” ©(a) O(1 — a)

Cl_l_g
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THE ABC MODEL (ASYMMETRIC GEOMETRIC MODEL)

So far, the models were symmetric i.e. P(0y, ...,0,,) = P(|9y|,...,|6,,|)

We propose a new model (b —c)a* <, < (c+b)a*, forallk>0

We have 3 parameters p = (a, b, ¢)

P, (5 |a,b,c) |m| L o % _ : ® % _, on _,
0, |a,D,C) = C = c — max e,
: o 2| a ke ak (2¢)mt1| g |mm+ DIz a’ ar

With priors Py(a, b, c) = Py(a) Py(b, ¢)

€

e
2§C2+8

Po(a)=%(1+a))(1—\a\)w(~)(1—\a\) Py(b, c) = O(c — 1) O(c — | b])
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REAL LIFE EXAMPLES: 77225 AS A FUNCTION OF 2™ (1)
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REAL LIFE EXAMPLES: ELECTRON G-2 AND POSITRONIUM HFS
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DEPENDENCE ON MODEL PARAMETERS
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