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QCD Energy-Momentum "I 'ensor

Canonical Noether current for space-time translational invariance of Lagrangian
e TEY o4 TP
[Belinfante ’39, "40]
Belinfante - Rosenfeld Symmetric. - — - i
or 1
Hilbert e = BLOBY

1% 2 H1/
q

=05
[Lorcé 14]

“Gluon” - “Omark?. T

AW BYE — ARBY | AY BH

e s ﬁ“E%(D“—%“)
sum over gluon color is implicit

Terms with gauge-fixing and ghost fields do not contribute to matrix elements between physical states

[Nielsen “77]

[Collins, Duncan, Joglekar “77]
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Our Focus: Operator Renormalization

: : G : [Dixon, Taylor "74]
EM tensor is a sum of composite operators usually divergent [Kluberg-Stern, Zuber ‘75

[Joglekar, Lee 76
[Nielsen '77]

. . . Y, 1 [Collins, Duncan, Joglekar 77
g1 —0 conserved: finite & scale independent [T“ ] R = TH e e

Quark and gluon parts require renormalization

0,Tt: # 0 sl Tt

State-of-the-art for renormalization

2-loop: Hatta, Rajan, Tanaka ’18 _ Metz, Pasquini, Rodini "20, ‘21
Slcon Tadika o MS Other schemes
9op el Lorcé, Metz, Pasquini, Rodini 21

(Goal Computation of renormalization constants at 4-loop
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Why Studying 1'his?

Bright future for precision hadron physics

Understanding the dynamics of quarks and gluons inside the hadrons

Electron-lon Collider
A machine that will unlock the secrets of the strongest force in Nature

How does the mass arise?

y

— "Trace anomaly contributes

Loops & Legs 2022
Sven-Olaf Moch

Non-forward nucleon matrix element

B — p(MiO-V)CYAa AHAY — g'U“VAQ
P> — ’U,(P/) [Aq,gV(MP ) + qug | DQ»Q A M

P'|TH
Pl oM

D: radial pressure distribution inside a nucleon K oin
[y IO 2 §
Ji sum rule for nucleon spin 1’ = Jq+ Jg !P‘Tlhl,g P"=2M ,Ag 2 d@Q..
- PITL P =2M2 A, + de,
Jog = > (Aggt Bgg) i1 o
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__Operator Mixing

AV BYE — AEBY | AV BH

| v ! : Huzl R
S sum over quark flavors is implicit o
01 1 - F° 1
Define 4-operators ' Té“ = 0O+ -0y
Oy THMID")" 4
M =
O4I Iu" Tmn Tq 03
. : : : : OSY | qu qu ZqF quY | O3Y
Lorentz covariance analysis: Mix under renormalization ;Ol% SR (i(é;b 01%
Oilg = Zij O O2 O - Zee LEn O,

0. b 0 0. &

Mixing with equation-of-motion and BRST exact operators are omitted

[Falcioni, Herzog "22]
.

matrix elements between physical states vanish [Talk by Tongzhi Yang]

Our interest: renormalization of Tq and Ty between physical states
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(Goal and Approach

+ Determine these 10 renormalization constants at 4-loops in QCD <«@====l» Trace Anomaly at 4-loops
« Calculable through evaluating Green correlation function involving these operators: Feynman diagrams

« "Two-point Green function with zero momentum operator insertion

+ Sudakov form factor

Line = hy (X) T + 1 gTY Exploit RG evolution

Three-loop: [TA, Banerjee, Dhani, Mathews, Rana, Ravindran "16]

[Hatta, Rajan, Tanaka "18]

+ An alternative method without explicit computation o
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Symmetric Rank-1wo 1ensor

Can be separated into traceless and trace components

Traceless & trace parts are in difterent irreducible representations of Lorentz group

| - .
renormalization should preserve Lorentz symmetry

a :
do not mix

Regroup the operators to traceless tensor representation of Lorentz group

1 : trace
Ul oM » g, 0% ¢ -
g1 O & # O apply thison O7 and O3 (& EOM for operator)
trace(@)=0 G = O+ %OZ
1
frae S A A T 2 — O =
Gl il o i - Tt |
0, #0 O " 7ee Lot Block diagonal renormalization constant matrix
Oy 0 0 0 1 Oy
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RG of 'Twist-1'wo Spin-1wo

@, and #,

Twist-2 spin-2 flavor singlet quark/gluon operators involved in OPE for DIS in Bjorken limit

. O - [®3]R = | !qq !qg '- [®3]R
RG equation d In P-ZR [®1]R = !gq !gg a [®1]R

s coincide with 2nd moment of DGLAP evolution for flavor-singlet unpolarized PDFs

Recent 4-loop anomalous dimensions in MS
Moch, Ruijl, Ueda, Vermaseren, Vogt "21

.............................
. Yo

7 A 7 =~ Three loop: [Larin, Nogueira, van Ritbergen, Vermaseren ’'97]
: Clﬂ 4g9. qF G [Moch, Vogt, Vermaseren "04]
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"I 'race Anomal

i = Traceless + Trace
DGLAP Trace Anomaly
Trace
Classical Tﬁcl SRt mq¥%! q vanishing in chiral limit
. [Nielsen '77]
[Tarrach ’82]
e e — e
Quantum 5 e Fo o+  (1+#n) MgFydq i NON-vanishing even in chiral limit
q

: [Chanowitz, Ellis ‘72, "73]
+ 'Trace anomaly: breakdown of approximate conformal symmetry [Crewther 72

[Collins, Duncan, Joglekar "77]

= (1|

U . . :
Tp,cl ) is RG invariant
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Ouark & Gluon Contributions to Anomal

e : - =
n Tcﬁl e = Ag b : ~T(1+ yg) m D = Quark contribution
Anomaly can be distributed
I 3 | : :
el Té'l r — Xg F° r T Yy M 9 R Gluon contribution

lllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll
o *

Constraints XqT Xg =

lllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll

X & y : bPnite and expandable In !

L

We will determine
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Zee and Zenm

Exploit RG invariance T B >

| qF qm 0

i e ol ' ..Z..gE.‘.Z..gm..,(é

H d R H dg R f 0 0 iZr¥9Zrm ¢

_ 0 0 0 1
Oilg = Zij O B =L )y Trace anomaly
J : :
L E L0 asl] 0 Oilr = Zi G
J
............................................................. I (a ") 2 I (a ||)
I SH 2 S
7 =9

R (as,!) Consistent with explicitly (diagrammatic) computed results to 2-loops ~ [Tarrach 52
A 2! m(as)as All order results exist: follow from general theory of renormalization Nielsen /73]
cmoT (as, #) of gauge-invariant operators g

4-loop mass ano dim: [Chetyrkin '97] [Larin, Ritbergen, Vermaseren ’97] 4-loop beta: [Czakon "04]
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Relating Renormalization Constants

T, . =10l = Traceless + Trace

e | |

Trace Anomaly

e ’ G s %zqg+ 97 ”
Zqq Zag | 4aF qugc e e O T 2
 Zgq Zgg (ZgF zgm;g e 0 1
0 O~ Zrr  Zfn i %Zgg+ Xg(!j o
0 0 0 1 G e S g Sl TH
gm d gq d Fm d

*
lllllllllllllll
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Determining x,y and Inhomogeneous 7.

Explicit results of 6 renormalization constants in MS

. : X n

lllllllllllll

[

n

N
o
2
[
|
N
o
Q
N
2l
h,

X =1{d9,99,99.9d-F, Fm}

N
o
=
[
|
N
o
!
N
Lt
23

N
Q
&2
|l
|
N
Q
Q
+

Laurent expansion of RHS around ! = 0

N
Q
=
|l
|
N
Q
o
+

O('°) must vanish in MS
+ New result O(a%)

4 dabed gabed 40 359 (Jabed gabed
Xé): A %4 (___3)+nf#
N, 9 9 N,

+ Consistent with Ll I

+nf NA

g T 9% 9C3>+CF"§(_%+;_$C3) 3
| 1 (T B )i B B ) . o ndnnr
3 Oop results - CA"?’(344991992 E g@’) +CaCrn( - 32% . %C‘* 2 2;_1743) 9,91 74,9 =
1471673 250, 142, 445 83215 20 25
[ Tanaka "18] 22 f;gi% n(Tamms 7§6f§ =5 G+ 15%) + Cind (- ygp4 * 57% + 36 n=1

5 517, 719 92275213 445
162 <3) +CaCrny (52488 t98t 4 T3 <3) +Cany ( G
6239

23328 27
33 4 150653 22
- T4+ e %) +A(- +56)

162 972

same accuracy as the renormalization constants
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Anomaly Induced Mass: Proton & Pion

QCD Trace Anomaly ' Nucleon Mass 2M = = !P\Tﬁl\P" = P! -TC!I" . IP"+ IP|! .Té" z IP"
! nl = +1 .4% e
RE e el o =7 A8 'm#® ", =0.184 e
Proton - - — TE 2] e ' s(HR 1 0.
'P‘ | ! [Tq : ]R‘ P |4—|00p = # 018, 50% : N B Gel :
%!! (P)|"w TE |1 (p)" = 0.389 +0.122% +0.12542 + 0.1#3 = 0.48E m? = 11 [m® |i "
~on . = (1# tin)m? = 11 | [F2g ]! "
sz LM TE 1! ()" = 0.611# 0.122% # 012547 # 0.09% = 0.51¢ Bs
Disagree with literature at O(! )  Tonaka 18
Quark Gluon
m¢ ! 0.48522Tn¢ +0.514773n¢ almost equal contributions
(in chiral imit) m35 !'" 0.1m5 +1.1m3 quark contribution is negative
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'1ake-Home Messages

¢ Quark & Gluon EM tensors receive UV renormalizations
« Exploiting RG & Lorentz invariance: renormalization to 4-loop

« Quark & Gluon contributions to QCD Trace anomaly: important in hadronic physics (EIC)

"T'hank you!
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