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Motivation

• Higgs physics important for BSM physics               precision measurements of the 
Higgs sector crucial, specifically for the future colliders such as FCC-hh


•                   a rare and important decay mode of Higgs boson


• Z boson further decays into a pair of charged leptons, “Golden decay channel”


• Precise theoretical predictions including higher-order terms for perturbative 
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Higgs decay channels
• In the  decay mode, the QCD virtual corrections involve            vertex 

corrections at 2-loop level with massive quarks in the loop


• Many mass scales, analytic calculation of 2-loop Feynman diagrams relevant to 
QCD corrections in  decay mode non-trivial


• First computation of 2-loop MI relevant for                 corrections to  decay, 
including full dependence on the internal massive top propagators 


• MI belong to 2-loop 3-point topology and depend on 4 mass scales
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Mathematical aspects

• MI solved analytically using DE  appearance of square roots


• Simultaneous rationalisation of all the roots possible or not plays an important role


• On a formal side, geometry of FI is often manifested by square roots that appear in DE 
or in their direct integrations


• Characterising FI by their geometries helps  connection behind the physics as 
they appear in various QFTs

Class of functions?

[Besier, van Straten, Weinzierl ’18]

[Adams, EC, Weinzierl ’18] [Bourjaily,  McLeod, von Hippel, Wilhelm ’18]

 [Credits- wikipedia.org]
 [Credits- perso.univ-rennes1.fr] [Credits- Wikiwand]
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Analytic solutions of Feynman integrals

• Feynman integrals                    a set of master integrals (MI) using IBPs


• Set up a system of DE for MI wrt kinematics  


• Change the basis                                                                                                                                    
eps-form


• Solve the system of DE iteratively to express the MI in terms of iterated integrals 
order-by-order in   
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Finding a canonical basis

• Presence of square roots  find a coordinate system 
such that all the square roots rationalise


• Use bottom-up approach


• Use Maximal cuts (Baikov loop-by-loop approach) to 
obtain an ansatz for a canonical basis for each sector


• After the diagonal matrix -factorizes, fix the sub-sector 
(off-diagonal) contributions
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Iterated integrals

• Chen’s definition of iterated integrals:


• Goncharov Polylogarithms (MPLs):
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<latexit sha1_base64="GHFBgXHcQU75aLX82oX3Qg2w7jA=">AAACEnicbVC7SgNBFJ31GeMramkzGITEIuyKqI0QtLGMYB6Qjcvd2dlk4szuMjMrhJBvsPFXbCwUsbWy82+cJFto4oGBwzn3cOceP+FMadv+thYWl5ZXVnNr+fWNza3tws5uQ8WpJLROYh7Llg+KchbRumaa01YiKQif06Z/fzX2mw9UKhZHt3qQ0I6AbsRCRkAbySuUQ69fcrkJBFDGQcbwBXa7IATcHWE3FrQLXt8rFO2KPQGeJ05GiihDzSt8uUFMUkEjTTgo1XbsRHeGIDUjnI7ybqpoAuQeurRtaASCqs5wctIIHxolwGEszYs0nqi/E0MQSg2EbyYF6J6a9cbif1471eF5Z8iiJNU0ItNFYcqxjvG4HxwwSYnmA0OASGb+ikkPJBBtWsybEpzZk+dJ47jinFZObk6K1cusjhzaRweohBx0hqroGtVQHRH0iJ7RK3qznqwX6936mI4uWFlmD/2B9fkDFEOcfg==</latexit>

fj(�)d� = �⇤!j

<latexit sha1_base64="76NLm3rCvWuABCbDgoVuAOSTSnY=">AAACGHicbZDLSgMxFIYz9VbrrerSTbAIIlhnpKgboejGZQV7gU4tZzKZNjaZGZKMUIY+hhtfxY0LRdx259uYtrPQ6g+Bj/+ck+T8XsyZ0rb9ZeUWFpeWV/KrhbX1jc2t4vZOQ0WJJLROIh7JlgeKchbSumaa01YsKQiP06Y3uJ7Um49UKhaFd3oY046AXsgCRkAbq1s8cXsgBNwfYTcStAfdh0vsBhJI6mOXm3t8GKUZ4GMy6hZLdtmeCv8FJ4MSylTrFseuH5FE0FATDkq1HTvWnRSkZoTTUcFNFI2BDKBH2wZDEFR10uliI3xgHB8HkTQn1Hjq/pxIQSg1FJ7pFKD7ar42Mf+rtRMdXHRSFsaJpiGZPRQkHOsIT1LCPpOUaD40AEQy81dM+mBi0SbLggnBmV/5LzROy85ZuXJbKVWvsjjyaA/to0PkoHNURTeohuqIoCf0gt7Qu/VsvVof1uesNWdlM7vol6zxN+IPn7I=</latexit>

�⇤!j =
d�

�� c

[Chen ’77]
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[Goncharov ’01]



 41 MIs  Set up DE   bring in an epsilon-factorised form using  maximal cuts 

<latexit sha1_base64="Q/vObvwBoysD4wECoe6CPMc32Kg=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHERUmkqMuimy4r2AdtY5lMJ+3QSSbM3Cgh1F9x40IRt36IO//G6WOhrQcuHM65l3vv8WPBNTjOt7Wyura+sZnbym/v7O7t2weHDS0TRVmdSiFVyyeaCR6xOnAQrBUrRkJfsKY/upn4zQemNJfRHaQx80IyiHjAKQEj9exCFXcVHwyBKCUfcRu37896dtEpOVPgZeLOSRHNUevZX92+pEnIIqCCaN1xnRi8jCjgVLBxvptoFhM6IgPWMTQiIdNeNj1+jE+M0seBVKYiwFP190RGQq3T0DedIYGhXvQm4n9eJ4Hgyst4FCfAIjpbFCQCg8STJHCfK0ZBpIYQqri5FdMhUYSCyStvQnAXX14mjfOSe1Eq35aLlet5HDl0hI7RKXLRJaqgKqqhOqIoRc/oFb1ZT9aL9W59zFpXrPlMAf2B9fkDajWT+w==</latexit>

H ! ZZ
⇤

<latexit sha1_base64="Dau1Ty8xE4ak2Oh7+L0jkOTJpQE=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0UQFyUJRd0IBTe6q2Af2KZhMp20Q2cmYWZSKKF/4saFIm79E3f+jdM2C209cOFwzr3ce0+YMKq043xbhbX1jc2t4nZpZ3dv/8A+PGqqOJWYNHDMYtkOkSKMCtLQVDPSTiRBPGSkFY5uZ35rTKSisXjUk4T4HA0EjShG2kiBbSeB1/PgDQ+yp97FtOcFdtmpOHPAVeLmpAxy1AP7q9uPccqJ0JghpTquk2g/Q1JTzMi01E0VSRAeoQHpGCoQJ8rP5pdP4ZlR+jCKpSmh4Vz9PZEhrtSEh6aTIz1Uy95M/M/rpDq69jMqklQTgReLopRBHcNZDLBPJcGaTQxBWFJzK8RDJBHWJqySCcFdfnmVNL2Ke1mpPlTLtfs8jiI4AafgHLjgCtTAHaiDBsBgDJ7BK3izMuvFerc+Fq0FK585Bn9gff4AyLySfw==</latexit>

p22 = m2
Z⇤

<latexit sha1_base64="PMkNu4j1P+OSRsRK/w6eoaM4EJM=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUBFKEoq6KRTc1F0F+4A2DZPppB06mcSZiVBCN/6KGxeKuPUz3Pk3TtsstHrgwuGce7n3Hj9mVCrL+jJyK6tr6xv5zcLW9s7unrl/0JJRIjBp4ohFouMjSRjlpKmoYqQTC4JCn5G2P76e+e0HIiSN+J2axMQN0ZDTgGKktOSZR/d9B1ZLsWefx55z1neqMPTqfcczi1bZmgP+JXZGiiBDwzM/e4MIJyHhCjMkZde2YuWmSCiKGZkWeokkMcJjNCRdTTkKiXTT+QNTeKqVAQwioYsrOFd/TqQolHIS+rozRGokl72Z+J/XTVRw5aaUx4kiHC8WBQmDKoKzNOCACoIVm2iCsKD6VohHSCCsdGYFHYK9/PJf0nLK9kW5clsp1m6yOPLgGJyAErDBJaiBOmiAJsBgCp7AC3g1Ho1n4814X7TmjGzmEPyC8fEN3tGUDQ==</latexit>

q2 = (p1 + p2)
2 = m2

H

8

6 propagators, 7 scalar products

Auxiliary diagram with 7 propagators

<latexit sha1_base64="LwpyRS8G4h0G7Rx40KBnPoSAU74=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUS9C0YvHCvYD2zRstpt26WYTdzeFEvo7vHhQxKs/xpv/xm2bg7Y+GHi8N8PMPD/mTGnb/rZya+sbm1v57cLO7t7+QfHwqKmiRBLaIBGPZNvHinImaEMzzWk7lhSHPqctf3Q781tjKhWLxIOexNQN8UCwgBGsjeTGntOroGsUeo+9ilcs2WV7DrRKnIyUIEPdK351+xFJQio04VipjmPH2k2x1IxwOi10E0VjTEZ4QDuGChxS5abzo6fozCh9FETSlNBorv6eSHGo1CT0TWeI9VAtezPxP6+T6ODKTZmIE00FWSwKEo50hGYJoD6TlGg+MQQTycytiAyxxESbnAomBGf55VXSrJSdi3L1vlqq3WRx5OEETuEcHLiEGtxBHRpA4Ame4RXerLH1Yr1bH4vWnJXNHMMfWJ8/uV6QyA==</latexit>

p21 = m2
Z



 Coordinate system

                           Simultaneous rationalisation of all the square roots not possible
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Geometrical aspects of the square root

  a degree 8 in-homogenous polynomial with no repeated roots


Homogenizing the polynomial, we obtain the hyper surface


  


Degree 8 hyper surface in 4-dimensional weighted projective space , with 4 
assigned to    in 


<latexit sha1_base64="k0PujWfsScl77M7xUdJYfUqLMXg=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahQimJFPVY9OKxgv2QNpTNdtMu3WzC7kaMob/CiwdFvPpzvPlv3LY5aOuDgcd7M8zM8yLOlLbtbyu3srq2vpHfLGxt7+zuFfcPWiqMJaFNEvJQdjysKGeCNjXTnHYiSXHgcdr2xtdTv/1ApWKhuNNJRN0ADwXzGcHaSPeoUX6sJJWn036xZFftGdAycTJSggyNfvGrNwhJHFChCcdKdR070m6KpWaE00mhFysaYTLGQ9o1VOCAKjedHTxBJ0YZID+UpoRGM/X3RIoDpZLAM50B1iO16E3F/7xurP1LN2UiijUVZL7IjznSIZp+jwZMUqJ5YggmkplbERlhiYk2GRVMCM7iy8ukdVZ1zqu121qpfpXFkYcjOIYyOHABdbiBBjSBQADP8ApvlrRerHfrY96as7KZQ/gD6/MHNF+PYQ==</latexit>

P (x, y, z)

<latexit sha1_base64="ZHrigMWjhmzBklCavoyRYZblR48=">AAACAHicbVDLSsNAFL3xWesr6sKFm8EiuJCSSFGXRTcuK9gHtLFMppN26GQSZiZCCdn4K25cKOLWz3Dn3zhps9DWMwwczrmXe+/xY86Udpxva2l5ZXVtvbRR3tza3tm19/ZbKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vbHN7nffqRSsUjc60lMvRAPBQsYwdpIffuwF2I98v203cgeUvds9mpZ3644VWcKtEjcglSgQKNvf/UGEUlCKjThWKmu68TaS7HUjHCalXuJojEmYzykXUMFDqny0ukBGToxygAFkTRfaDRVf3ekOFRqEvqmMl9XzXu5+J/XTXRw5aVMxImmgswGBQlHOkJ5GmjAJCWaTwzBRDKzKyIjLDHRJrOyCcGdP3mRtM6r7kW1dler1K+LOEpwBMdwCi5cQh1uoQFNIJDBM7zCm/VkvVjv1sesdMkqeg7gD6zPH25JlQE=</latexit>

WP1,1,1,1,4

<latexit sha1_base64="dNaRbtHUcByh+nWByrC7ShFQ0BQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuqXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4A+M/w==</latexit>r
<latexit sha1_base64="LM2QvK6UEAGj9nAC3ZDK0TKL1D4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9nVoh6LvXisYD+kXUo2zbahSXZJskJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51g0sj8zhNVmkXywUxj6gs8kixkBJtMajwOLgflilt150CrxMtJBXI0B+Wv/jAiiaDSEI617nlubPwUK8MIp7NSP9E0xmSCR7RnqcSCaj+d3zpDZ1YZojBStqRBc/X3RIqF1lMR2E6BzVgve5n4n9dLTHjjp0zGiaGSLBaFCUcmQtnjaMgUJYZPLcFEMXsrImOsMDE2npINwVt+eZW0L6reVbV2X6vUb/M4inACp3AOHlxDHe6gCS0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kDbamN2Q==</latexit>

CY3

<latexit sha1_base64="ZHrigMWjhmzBklCavoyRYZblR48=">AAACAHicbVDLSsNAFL3xWesr6sKFm8EiuJCSSFGXRTcuK9gHtLFMppN26GQSZiZCCdn4K25cKOLWz3Dn3zhps9DWMwwczrmXe+/xY86Udpxva2l5ZXVtvbRR3tza3tm19/ZbKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vbHN7nffqRSsUjc60lMvRAPBQsYwdpIffuwF2I98v203cgeUvds9mpZ3644VWcKtEjcglSgQKNvf/UGEUlCKjThWKmu68TaS7HUjHCalXuJojEmYzykXUMFDqny0ukBGToxygAFkTRfaDRVf3ekOFRqEvqmMl9XzXu5+J/XTXRw5aVMxImmgswGBQlHOkJ5GmjAJCWaTwzBRDKzKyIjLDHRJrOyCcGdP3mRtM6r7kW1dler1K+LOEpwBMdwCi5cQh1uoQFNIJDBM7zCm/VkvVjv1sesdMkqeg7gD6zPH25JlQE=</latexit>

WP1,1,1,1,4

<latexit sha1_base64="Ae+CWIjI7AvaG6Aiu8sond4MhAQ=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQIYTdENSLEPTiMYJ5QLIJs5PZZMjsg5lZdV3yH148KOLVf/Hm3zhJ9qCJBQ1FVTfdXU7ImVSm+W1kVlbX1jeym7mt7Z3dvfz+QVMGkSC0QQIeiLaDJeXMpw3FFKftUFDsOZy2nPH11G/dUyFZ4N+pOKS2h4c+cxnBSks90augS1QvPpbi0tNpP18wy+YMaJlYKSlAino//9UdBCTyqK8Ix1J2LDNUdoKFYoTTSa4bSRpiMsZD2tHUxx6VdjK7eoJOtDJAbiB0+QrN1N8TCfakjD1Hd3pYjeSiNxX/8zqRci/shPlhpKhP5ovciCMVoGkEaMAEJYrHmmAimL4VkREWmCgdVE6HYC2+vEyalbJ1Vq7eVgu1qzSOLBzBMRTBgnOowQ3UoQEEBDzDK7wZD8aL8W58zFszRjpzCH9gfP4AER2Q8g==</latexit>

r2 = P (x, y, z)

<latexit sha1_base64="vRuEPdrThNZt8KbUy8Cz2OexwFc=">AAACDXicbVDLSgMxFM3UV62vUZduglVoYSwzpWg3haIbly3YB/RFJs20oZnMkGTEWvoDbvwVNy4UcevenX9j+hC09cCFwzn3cu89bsioVLb9ZcRWVtfWN+Kbia3tnd09c/+gKoNIYFLBAQtE3UWSMMpJRVHFSD0UBPkuIzV3cDXxa7dESBrwGzUMSctHPU49ipHSUsc8KafurKF1bzFLpGEBinYWnpU6+Xb2R08X7I6ZtDP2FHCZOHOSBHOUOuZnsxvgyCdcYYakbDh2qFojJBTFjIwTzUiSEOEB6pGGphz5RLZG02/G8FQrXegFQhdXcKr+nhghX8qh7+pOH6m+XPQm4n9eI1JevjWiPIwU4Xi2yIsYVAGcRAO7VBCs2FAThAXVt0LcRwJhpQNM6BCcxZeXSTWbcc4zuXIuWbycxxEHR+AYpIADLkARXIMSqAAMHsATeAGvxqPxbLwZ77PWmDGfOQR/YHx8A4pSmBM=</latexit>

Q(x, y, z, l, r) = r2 � P 2
8 (x, y, z, l) = 0

[Bourjaily, McLeod, Vergu, Volk, von Hippel, Wilhelm ’20]
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Dlog-form

• Construct ansatz without rationalising all the square roots simultaneously


• Differential equation                 “dlog-form”


• MI expressed as iterated integrals with dlog one-forms at each order in 


• All boundary constants calculated analytically and expressed in terms of            & 

<latexit sha1_base64="pxCsljL5+1ZnkmpQIdJjuiELoIU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBPv5Ap</latexit>✏

[Heller, von Manteuffel, Schabinger ’19]
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<latexit sha1_base64="QK94rYtaJP3UV6Mb5eUTTO7dPKU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2k3bpZhN2N0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHssHM0nQj+hQ8pAzaqzU7j2hoX3ZL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m587JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZ/U4GXCEzYmIJZYrbWwkbUUWZsQmVbAje8surpHVR9S6rtftapX6Tx1GEEziFc/DgCupwBw1oAoMxPMMrvDmJ8+K8Ox+L1oKTzxzDHzifP3CXj6Y=</latexit>

⇣n

<latexit sha1_base64="L3rxvLeWlsY6YWvnPRlUh8glBtk=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQNyWRoi6Lbly4qGAf0IYwmU7boZNJmJkUauifuHGhiFv/xJ1/46TNQlsPDBzOuZd75gQxZ0o7zrdVWFvf2Nwqbpd2dvf2D+zDo5aKEklok0Q8kp0AK8qZoE3NNKedWFIcBpy2g/Ft5rcnVCoWiUc9jakX4qFgA0awNpJv270Q65EM03s280Xl6dy3y07VmQOtEjcnZcjR8O2vXj8iSUiFJhwr1XWdWHsplpoRTmelXqJojMkYD2nXUIFDqrx0nnyGzozSR4NImic0mqu/N1IcKjUNAzOZ5VTLXib+53UTPbj2UibiRFNBFocGCUc6QlkNqM8kJZpPDcFEMpMVkRGWmGhTVsmU4C5/eZW0LqruZbX2UCvXb/I6inACp1ABF66gDnfQgCYQmMAzvMKblVov1rv1sRgtWPnOMfyB9fkDXoCTfg==</latexit>

Lin(z)



Alphabet
Rational

<latexit sha1_base64="5PFj8AgwyB5y9zcJwcXELiioHUg="></latexit>

x, x� 1, x+ 1, y, y � 1, y + 1, z, z � 1, z + 1,

x2y � x
�
y2 + 1

�
z + yz2, �y

�
x2z2 + 1

�
+ xy2z + xz,

� x2y2z + xy
�
z2 + 1

�
� z, x2yz � x

�
y2z2 + 1

�
+ yz,

xy2z � xyz + xz � yz2 + yz � y,

x2z � x
�
yz2 � yz + y + z

�
+ z,

x2yz � x
�
(y � 1)z + z2 + 1

�
+ yz,

(xy � z)(�y + xz)(x� yz)(�1 + xyz)

x2yz � x
�
y2 + y(z � 1) + 1

�
+ yz,

� y
�
x2 + x(z � 1) + 1

�
+ xy2z + xz



Alphabet
With the square root

<latexit sha1_base64="EqgnR/jjB5XJnomtbPKAqv44tUo="></latexit>

r,
�r + x2yz � xy2z � xyz2 � xy + xz + yz

r + x2yz � xy2z � xyz2 � xy + xz + yz
,
�r + x2yz � 2x2y + xy2z � xyz2 + xy + xz � yz

r + x2yz � 2x2y + xy2z � xyz2 + xy + xz � yz
,

�r + 2x2y2z � x2yz � xy2z � xyz2 � xy + xz + yz

r + 2x2y2z � x2yz � xy2z � xyz2 � xy + xz + yz
,
�r + x2yz � 2xy2z2 + xy2z + xyz2 � xy � xz + yz

r + x2yz � 2xy2z2 + xy2z + xyz2 � xy � xz + yz
,

�r + 2x2yz2 � x2yz � xy2z � xyz2 + xy � xz + yz

r + 2x2yz2 � x2yz � xy2z � xyz2 + xy � xz + yz
,

�r + x2yz � 2xy2z2 + 3xy2z � 2xy2 + xyz2 � 2xyz + xy � xz + yz

r + x2yz � 2xy2z2 + 3xy2z � 2xy2 + xyz2 � 2xyz + xy � xz + yz
,

�r + 2x2y3z � 2x2y2z + x2yz � 2xy2z2 + xy2z � 2xy2 + xyz2 + xy � xz + yz

r + 2x2y3z � 2x2y2z + x2yz � 2xy2z2 + xy2z � 2xy2 + xyz2 + xy � xz + yz
,

�r + 2x2yz3 � 2x2yz2 + x2yz � 2xy2z2 + xy2z + xyz2 � xy � 2xz2 + xz + yz

r + 2x2yz3 � 2x2yz2 + x2yz � 2xy2z2 + xy2z + xyz2 � xy � 2xz2 + xz + yz
,

�r + 2x3y2z � 2x2y2z � 2x2yz2 + x2yz � 2x2y + xy2z + xyz2 + xy + xz � yz

r + 2x3y2z � 2x2y2z � 2x2yz2 + x2yz � 2x2y + xy2z + xyz2 + xy + xz � yz
,

�r + 2x3y � 2x2y2z + x2yz � 2x2y � 2x2z + xy2z + xyz2 + xy + xz � yz

r + 2x3y � 2x2y2z + x2yz � 2x2y � 2x2z + xy2z + xyz2 + xy + xz � yz
,

�r + 2x3yz2 � 2x2y2z � 2x2yz2 + x2yz � 2x2z + xy2z + xyz2 + xy + xz � yz

r + 2x3yz2 � 2x2y2z � 2x2yz2 + x2yz � 2x2z + xy2z + xyz2 + xy + xz � yz
,



Numerical evaluation
• Logarithmic kernels  numerical evaluation easy to implement


• Iterated integration of the integral by parametrising the integrands on a path and 
using a series expansion around a point on the path


• We integrate the integrals at multiple phase space point and match them against 
publicly available numerical tools

<latexit sha1_base64="KjdhvMxr17gOS4qcKrZbP3z2jB8="></latexit>

O J41
✏0 0
✏1 0
✏2 0.480453013918201424667102526326664971730552951594545586866864133623665382259834472199948263
✏3 0.091897357209531231888638645571102756639040958784768669397674639926722578733737539395677303
✏4 0.778715275596109429538387498220501297387117166408046400975462356038382264999189687267373506



Conclusion

• Analytic computation of MI contributing to a decay channel   at 


• Obtain an    - factorized dlog form for the DE for all MIs; use maximal cuts 


• For                   all MI expressed in terms of iterated integrals with dlog one-forms


• Analytic computation of partial decay width for  at               possible

<latexit sha1_base64="O4Gq+5MnxJR+PrZae72k5sB8ZMY=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBU9mVoh4LXuqtgv2AdinZNNuGZpMlma2Upf/EiwdFvPpPvPlvTNs9aOuDgcd7M8zMCxPBDXjet1PY2Nza3inulvb2Dw6P3OOTllGppqxJlVC6ExLDBJesCRwE6ySakTgUrB2O7+Z+e8K04Uo+wjRhQUyGkkecErBS33XruKf5cAREa/WEq6Lvlr2KtwBeJ35OyihHo+9+9QaKpjGTQAUxput7CQQZ0cCpYLNSLzUsIXRMhqxrqSQxM0G2uHyGL6wywJHStiTghfp7IiOxMdM4tJ0xgZFZ9ebif143heg2yLhMUmCSLhdFqcCg8DwGPOCaURBTSwjV3N6K6YhoQsGGVbIh+Ksvr5PWVcW/rlQfquXafR5HEZ2hc3SJfHSDaqiOGqiJKJqgZ/SK3pzMeXHenY9la8HJZ07RHzifP82skyg=</latexit>

H ! 4l

<latexit sha1_base64="O4Gq+5MnxJR+PrZae72k5sB8ZMY=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBU9mVoh4LXuqtgv2AdinZNNuGZpMlma2Upf/EiwdFvPpPvPlvTNs9aOuDgcd7M8zMCxPBDXjet1PY2Nza3inulvb2Dw6P3OOTllGppqxJlVC6ExLDBJesCRwE6ySakTgUrB2O7+Z+e8K04Uo+wjRhQUyGkkecErBS33XruKf5cAREa/WEq6Lvlr2KtwBeJ35OyihHo+9+9QaKpjGTQAUxput7CQQZ0cCpYLNSLzUsIXRMhqxrqSQxM0G2uHyGL6wywJHStiTghfp7IiOxMdM4tJ0xgZFZ9ebif143heg2yLhMUmCSLhdFqcCg8DwGPOCaURBTSwjV3N6K6YhoQsGGVbIh+Ksvr5PWVcW/rlQfquXafR5HEZ2hc3SJfHSDaqiOGqiJKJqgZ/SK3pzMeXHenY9la8HJZ07RHzifP82skyg=</latexit>

H ! 4l

<latexit sha1_base64="pxCsljL5+1ZnkmpQIdJjuiELoIU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBPv5Ap</latexit>✏
<latexit sha1_base64="Q/vObvwBoysD4wECoe6CPMc32Kg=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHERUmkqMuimy4r2AdtY5lMJ+3QSSbM3Cgh1F9x40IRt36IO//G6WOhrQcuHM65l3vv8WPBNTjOt7Wyura+sZnbym/v7O7t2weHDS0TRVmdSiFVyyeaCR6xOnAQrBUrRkJfsKY/upn4zQemNJfRHaQx80IyiHjAKQEj9exCFXcVHwyBKCUfcRu37896dtEpOVPgZeLOSRHNUevZX92+pEnIIqCCaN1xnRi8jCjgVLBxvptoFhM6IgPWMTQiIdNeNj1+jE+M0seBVKYiwFP190RGQq3T0DedIYGhXvQm4n9eJ4Hgyst4FCfAIjpbFCQCg8STJHCfK0ZBpIYQqri5FdMhUYSCyStvQnAXX14mjfOSe1Eq35aLlet5HDl0hI7RKXLRJaqgKqqhOqIoRc/oFb1ZT9aL9W59zFpXrPlMAf2B9fkDajWT+w==</latexit>

H ! ZZ
⇤

<latexit sha1_base64="hcntuZmLhEoG6z74052cBumcdNo=">AAACBXicbVDLSsNAFJ34rPUVdamLwSLUTUmkqMuiG3dWsA9oQriZTtqhkwczE6GEbtz4K25cKOLWf3Dn3zhps9DWA8MczrmXe+/xE86ksqxvY2l5ZXVtvbRR3tza3tk19/bbMk4FoS0S81h0fZCUs4i2FFOcdhNBIfQ57fij69zvPFAhWRzdq3FC3RAGEQsYAaUlzzxyQlBDAjy7nVQd4MkQ8Ozz5KlnVqyaNQVeJHZBKqhA0zO/nH5M0pBGinCQsmdbiXIzEIoRTidlJ5U0ATKCAe1pGkFIpZtNr5jgE630cRAL/SKFp+rvjgxCKcehryvzneW8l4v/eb1UBZduxqIkVTQis0FByrGKcR4J7jNBieJjTYAIpnfFZAgCiNLBlXUI9vzJi6R9VrPPa/W7eqVxVcRRQofoGFWRjS5QA92gJmohgh7RM3pFb8aT8WK8Gx+z0iWj6DlAf2B8/gAWgZhQ</latexit>

O(↵↵s)

<latexit sha1_base64="hcntuZmLhEoG6z74052cBumcdNo=">AAACBXicbVDLSsNAFJ34rPUVdamLwSLUTUmkqMuiG3dWsA9oQriZTtqhkwczE6GEbtz4K25cKOLWf3Dn3zhps9DWA8MczrmXe+/xE86ksqxvY2l5ZXVtvbRR3tza3tk19/bbMk4FoS0S81h0fZCUs4i2FFOcdhNBIfQ57fij69zvPFAhWRzdq3FC3RAGEQsYAaUlzzxyQlBDAjy7nVQd4MkQ8Ozz5KlnVqyaNQVeJHZBKqhA0zO/nH5M0pBGinCQsmdbiXIzEIoRTidlJ5U0ATKCAe1pGkFIpZtNr5jgE630cRAL/SKFp+rvjgxCKcehryvzneW8l4v/eb1UBZduxqIkVTQis0FByrGKcR4J7jNBieJjTYAIpnfFZAgCiNLBlXUI9vzJi6R9VrPPa/W7eqVxVcRRQofoGFWRjS5QA92gJmohgh7RM3pFb8aT8WK8Gx+z0iWj6DlAf2B8/gAWgZhQ</latexit>

O(↵↵s)



Thank you


