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• Turbulence caused by plasma microinstabilities limits the performances of all magnetic confinement devices

• Microinstabilities are well described by the gyrokinetic system of equations

→ Big effort in the last decades to try and solve it analytically and numerically

• Great knowledge on a ‘zoo’ of instabilities: ITG, ETG, TEM, KBM …

However

• Results highly depend on assumptions made on plasma parameters and geometry

→ So far, no theory that holds more generally has been derived
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Introduction



Can a more general theory be derived? 
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Yes, via thermodynamic considerations on the Helmholtz free energy budget 
→ Upper bounds on growth rates of local gyrokinetic instabilities



theoretical background 
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Nonlinear gyrokinetic equation in flux-tube geometry
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Helmholtz free energy budget
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parallel streaming magnetic drift nonlinear
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local approximation   →   implicit geometry dependence removed
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The result is an energy balance equation:
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Helmholtz free energy budget
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Helmholtz free energy of fluctuations



Entropy production by transport fluxes 

(free energy drive) 
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(free energy drive) 
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The result is an energy balance equation:

𝑑
𝑑𝑡,

𝐤

𝐻 𝐤, 𝑡 = 2,
𝐤

[𝐶 𝐤, 𝑡 + 𝐷(𝐤, 𝑡)]

with

𝐻 𝐤, 𝑡 = G
!

𝑇! H
𝑔!𝐤 -

𝐹!#
𝑑.𝑣 −

𝑛!𝑒!-

𝑇!
𝛿𝜙𝐤 - +

𝛿𝐁𝐤 -

𝜇#

𝐷 𝐤, 𝑡 = ImG
!

𝑒! H𝑔!𝐤𝜔∗!, 𝜒!𝐤𝑑.𝑣

𝐶 𝐤, 𝑡 = ReG
!,0

𝑇! H
𝑔!𝐤∗

𝐹!#
𝐶!0 𝑔!𝐤, 𝐹0# + 𝐶!0 𝐹!#, 𝑔01 𝑑.𝑣 ≤ 0

Helmholtz free energy budget

Helmholtz free energy of fluctuations

Entropy production by collisions, 

≤ 𝟎 by Boltzmann’s H-theorem
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Thanks to H-theorem, the growth rate of a linear instability (𝐤 dependence dropped) is bounded:

𝛾 ≤
𝐷
𝐻

Upper bounds on linear growth rates
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Thanks to H-theorem, the growth rate of a linear instability (𝐤 dependence dropped) is bounded:

𝛾 ≤
𝐷
𝐻

These upper bounds are valid for:

Upper bounds on linear growth rates
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Thanks to H-theorem, the growth rate of a linear instability (𝐤 dependence dropped) is bounded:

𝛾 ≤
𝐷
𝐻

These upper bounds are valid for:

→ all (local) gyrokinetic instabilities

Upper bounds on linear growth rates
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Thanks to H-theorem, the growth rate of a linear instability (𝐤 dependence dropped) is bounded:

𝛾 ≤
𝐷
𝐻

These upper bounds are valid for:

→ all (local) gyrokinetic instabilities

→ any (flux-tube) magnetic geometry 

Upper bounds on linear growth rates
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Thanks to H-theorem, the growth rate of a linear instability (𝐤 dependence dropped) is bounded:

𝛾 ≤
𝐷
𝐻

These upper bounds are valid for:

→ all (local) gyrokinetic instabilities

→ any (flux-tube) magnetic geometry 

→ any collisionality 

Upper bounds on linear growth rates
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Thanks to H-theorem, the growth rate of a linear instability (𝐤 dependence dropped) is bounded:

𝛾 ≤
𝐷
𝐻

These upper bounds are valid for:

→ all (local) gyrokinetic instabilities

→ any (flux-tube) magnetic geometry 

→ any collisionality 

→ any number of particle species

Upper bounds on linear growth rates
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Thanks to H-theorem, the growth rate of a linear instability (𝐤 dependence dropped) is bounded:

𝛾 ≤
𝐷
𝐻

These upper bounds are valid for:

→ all (local) gyrokinetic instabilities

→ any (flux-tube) magnetic geometry 

→ any collisionality 

→ any number of particle species

Upper bounds on linear growth rates

How to find the best upper bound?
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• Best possible upper bound obtained by extremising the ratio 𝚲 = ⁄𝑫 𝑯 over the space of distribution 
functions 𝐠

Modes of optimal instantaneous growth
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• Best possible upper bound obtained by extremising the ratio 𝚲 = ⁄𝑫 𝑯 over the space of distribution 
functions 𝐠

• Done in variational terms

Modes of optimal instantaneous growth

𝛿𝐷
𝛿𝑔!

− Λ
𝛿𝐻
𝛿𝑔!

= 0
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• Best possible upper bound obtained by extremising the ratio 𝚲 = ⁄𝑫 𝑯 over the space of distribution 
functions 𝐠

• Done in variational terms

Modes of optimal instantaneous growth

𝛿𝐷
𝛿𝑔!

− Λ
𝛿𝐻
𝛿𝑔!

= 0 → 𝛾 ≤ max
,"

Λ
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• Best possible upper bound obtained by extremising the ratio 𝚲 = ⁄𝑫 𝑯 over the space of distribution 
functions 𝐠

• Done in variational terms

• Final eigenproblem (6-dimensional at most):

Λ,
'

ℋ!'𝑔' =,
'

𝒟!'𝑔'

with ℋ!' and 𝒟!' Hermitian linear operators on the space 𝐠, 𝑏 species label 

Modes of optimal instantaneous growth

𝛿𝐷
𝛿𝑔!

− Λ
𝛿𝐻
𝛿𝑔!

= 0 → 𝛾 ≤ max
,"

Λ
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• Best possible upper bound obtained by extremising the ratio 𝚲 = ⁄𝑫 𝑯 over the space of distribution 
functions 𝐠

• Done in variational terms

• Final eigenproblem (6-dimensional at most):

Λ,
'

ℋ!'𝑔' =,
'

𝒟!'𝑔'

Solutions are modes of optimal instantaneous growth, maximise instantaneous growth 

     ≠ normal modes, solutions of linear gyrokinetic equation

Modes of optimal instantaneous growth

𝛿𝐷
𝛿𝑔!

− Λ
𝛿𝐻
𝛿𝑔!

= 0 → 𝛾 ≤ max
,"

Λ



numerical validation
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Parameters to specify: # species, ratio of charges, densities and temperatures, wavenumbers, 𝛽, gradients

Specific scenarios:

→ Adiabatic electrons, 𝛁𝐓𝐢 ≠ 𝟎

→ Kinetic electrons, 𝛁𝐓𝐢 ≠ 𝟎 and 𝛁𝒏 ≠ 𝟎

Validation tools:

1. Linear, flux-tube, gyrokinetic simulations 

→ Gyrokinetic code stella

→ Variation of geometry and plasma parameters (e.g., gradients)

2. Analytical results

1 2 / 1 7

Bounds for an electrostatic hydrogen plasma 
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• Simple analytical form of the upper bound [1]
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Adiabatic electrons, 𝛁𝐓𝐢 ≠ 𝟎

Λ =
|𝜂.𝜔∗.|
2

𝐺(𝑏.)
1 + 𝜏 [1 + 𝜏 − 𝐺((𝑏.)]

𝐺 𝑏2 =
3
2
− 2𝑏2 + 𝑏2- Γ#- 𝑏2 + 𝑏2Γ# 𝑏2 Γ& 𝑏2 − 𝑏2-Γ&-(𝑏2-)

→ Only depends on:  𝜏 = 𝑇2/𝑇3, 𝜂2𝜔∗2 =
4!,"
3"

*56,"
*(

,
 𝑏2 = 𝑘$-𝜌2- 728 

𝜏 = 1

[1] P. Helander, and G. G. Plunk, JPP 88, 905880207 (2022)
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• Simple analytical form of the upper bound [1]

• Compared to linear, flux-tube ITG simulations in 
tokamak
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• Simple analytical form of the upper bound [1]

• Compared to linear, flux-tube ITG simulations in 
tokamak, stellarator
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Adiabatic electrons, 𝛁𝐓𝐢 ≠ 𝟎
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• Simple analytical form of the upper bound [1]

• Compared to linear, flux-tube ITG simulations in 
tokamak, stellarator, z-pinch geometries 
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• Simple analytical form of the upper bound [1]

• Compared to linear, flux-tube ITG simulations in 
tokamak, stellarator, z-pinch geometries

• And analytical results for: slab ITG
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• Simple analytical form of the upper bound [1]

• Compared to linear, flux-tube ITG simulations in 
tokamak, stellarator, z-pinch geometries

• And analytical results for: slab ITG, toroidal ITG with 
full resonant Larmor radius effects [2]
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[1] P. Helander, and G. G. Plunk, JPP 88, 905880207 (2022)

[2] A. Zocco et al., JPP 84(1), 715840101 (2018)
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• Simple analytical form of the upper bound [1]
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 𝑏2 = 𝑘$-𝜌2- 728 

→ Trend of simulations and upper bound matches

→ All curves lay below the upper bound

→ Factor of 2/3 difference

𝜏 = 1

[1] P. Helander, and G. G. Plunk, JPP 88, 905880207 (2022)
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• Upper bounds on growth rates of local gyrokinetic instabilities valid for all gyrokinetic instabilities, all 
flux-tube geometries, any collisionality and number of particle species

• Validity of upper bounds verified through numerical and analytical results (with adiabatic and kinetic 
electrons)

• General trend of upper bounds matches trend of specific scenarios

• However, ratio varies depending on choice of parameters (e.g., geometry, gradients…)

→ bounds are not tight for fusion relevant devices 

• Future work: retain geometry to obtain tighter, device-specific bounds (work by P. Costello, presented in 
Poster Session 1 – P1.13) with a possible application to turbulence optimisation for stellarators

Conclusions
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After applying the operation

the remainder of the nonlinear gyrokinetic equation is

The equation is rewritten by using the field equations to obtain the Helmholtz free energy budget

Helmholtz free energy budget

Quasineutrality

Ampère’s law

Thermal pressure + magnetic pressure constant on the length scale of 
fluctuations
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For low-beta plasmas (𝛿𝐵∥ = 0), the free energy production rate can be bounded from above

since the electrostatic potential (quasineutrality) and the magnetic potential (Ampère’s law) are bounded 
through the triangle and Cauchy-Schwarz inequalities

The free energy thus must be bounded from below so to obtain that 𝐷/𝐻 is a bound for 𝛾

Upper bounds on linear growth rates
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Normal modes: modes of the linearised gyrokinetic equation with dependence ~𝑒9.:; and 𝛾 = Im[𝜔] growth 
rate over time

Optimal modes: eigenmodes of ℋ = ℒ + ℒ<, with ℒ linear operator and ℋ Hermitian linear operator

→ Optimal growth is only instantaneous 

ℋ!'𝑔' and 𝒟!'𝑔' read:

Optimal modes

𝜓#$ are velocity-dependent functions, proportional to 𝐽%$ and 𝐽&$ 
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• Eigenproblem solutions form a complete orthogonal basis for the space of distribution functions 𝑔!

• Only a small set of velocity moments                                     appear in the equation 

• Plus, they appear in linear combinations h𝜅= so the dimensionality is reduced from 𝟔𝑵𝒔 to 𝟔

• The upper bound is obtained by rewriting everything as a function of h𝜅=, taking moments of the equation 
and summing over all species

→ Closed linear system for h𝜅= 

Optimal modes
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The linear growth rate can never exceed

Now, the total free energy can be obtained by summing over all 𝐤 and it follows from Boltzmann’s H-theorem 
that

Since each term is subject to the bound 

the growth rate of the total free energy is bounded by twice the maximum linear growth rate

Similarly, the rate at which free energy decays in absence of collisions can be derived 

        lower bound due to the conversion 𝐤 → −𝐤 since 𝐷 is odd in 𝐤 while 𝐻 is even 

Bounds on nonlinear growth
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• Kink modes and tearing modes need a gyrokinetic treatment in a thin layer around a resonant magnetic 
surface, where magnetic reconnection may occur 

• However, they take their energy from the exterior region and depend on the overall plasma current profile

→ Not described by a magnetic flux-tube and thus not subject to the bounds 

• On the other hand, microtearing modes are driven by local gradients 

→ subject to bound on electromagnetic instabilities

Nonlocal gyrokinetic instabilities


