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Wendelstein

Introduction R

« Turbulence caused by plasma microinstabilities limits the performances of all magnetic confinement devices

« Microinstabilities are well described by the gyrokinetic system of equations

- Big effort in the last decades to try and solve it analytically and numerically

« Great knowledge on a ‘zoo’ of instabilities: ITG, ETG, TEM, KBM ...

However
* Results highly depend on assumptions made on plasma parameters and geometry

- So far, no theory that holds more generally has been derived
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Can a more general theory be derived?
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AR

Can a more general theory be derived?

Yes, via thermodynamic considerations on the Helmholtz free energy budget

- Upper bounds on growth rates of local gyrokinetic instabilities
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theoretical background
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Nonlinear gyrokinetic equation in flux-tube geometry Vaa
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Helmholtz free energy budget
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Helmholtz free energy budget £
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Helmholtz free energy budget £
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Helmholtz free energy budget £
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Helmholtz free energy budget £
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Helmholtz free energy budget £
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Helmholtz free energy budget £

nonlinear
V4
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Helmholtz free energy budget £

parallel streaming magnetic drift nonlinear
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Helmholtz free energy budget £

parallel streaming magnetic drift nonlinear
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local approximation — implicit geometry dependence removed
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Helmholtz free energy budget £

The result is an energy balance equation:

d
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k k
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Helmholtz free energy budget N

The result is an energy balance equation:

d
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with
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Helmholtz free energy budget £

The result is an energy balance equation:

d
=Y HK D) =2 ) €0k, 6) + D(K,1)]
k k

with

_ |9ax!® . nged 5 |6By|? Helmholtz f f fl :
Hk,t) = ) (Tq d>v — |5¢kl?) + elmholtz free energy of fluctuations
’ FaO Ta Ko

a

Entropy production by transport fluxes

D(k,t) = Imz €a jgaka);ra)(akdgv .
~ (free energy drive)
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Helmholtz free energy budget £

The result is an energy balance equation:

d
=Y HK D) =2 ) €0k, 6) + D(K,1)]
k k

with

|gax|? na€q o 1|, [19Bil? Helmholtz f ffl i
HKk, t) = Z T, d3v — |6 Ppkl” | + elmholtz free energy of fluctuations
’ FaO Ta Uo

a

Entropy production by transport fluxes

D(k,t) = Imz €a jgaka);ra)(akdgv ]
(free energy drive)

Entropy production by collisions,

Clk,t) = ReZT | & g““[ Cav(Gator Foo) + Cap (Fao, gld®v | < 0
< 0 by Boltzmann’s H-theorem
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Upper bounds on linear growth rates X

Thanks to H-theorem, the growth rate of a linear instability (k dependence dropped) is bounded:

~<
IA
=| S
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Upper bounds on linear growth rates £

Thanks to H-theorem, the growth rate of a linear instability (k dependence dropped) is bounded:

~<
IA
=| S

These upper bounds are valid for:
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Upper bounds on linear growth rates X

Thanks to H-theorem, the growth rate of a linear instability (k dependence dropped) is bounded:

~<
IA
=| S

These upper bounds are valid for:

- all (local) gyrokinetic instabilities
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Upper bounds on linear growth rates

Wendelstein

AR

Thanks to H-theorem, the growth rate of a linear instability (k dependence dropped) is bounded:

~<
IA
=| S

These upper bounds are valid for:
- all (local) gyrokinetic instabilities

- any (flux-tube) magnetic geometry
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Upper bounds on linear growth rates

Wendelstein

AR

Thanks to H-theorem, the growth rate of a linear instability (k dependence dropped) is bounded:

~<
IA
=| S

These upper bounds are valid for:
- all (local) gyrokinetic instabilities
- any (flux-tube) magnetic geometry

- any collisionality
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Upper bounds on linear growth rates X

Thanks to H-theorem, the growth rate of a linear instability (k dependence dropped) is bounded:

~<
IA
=| S

These upper bounds are valid for:
- all (local) gyrokinetic instabilities
- any (flux-tube) magnetic geometry
- any collisionality

- any number of particle species
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Upper bounds on linear growth rates X

Thanks to H-theorem, the growth rate of a linear instability (k dependence dropped) is bounded:

~<
IA
=| S

These upper bounds are valid for:
- all (local) gyrokinetic instabilities
- any (flux-tube) magnetic geometry
- any collisionality

- any number of particle species

How to find the best upper bound?
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Modes of optimal instantaneous growth £

« Best possible upper bound obtained by extremising the ratio A = D/H over the space of distribution
functions g

MAX-PLANCK-INSTITUT FUR PLASMAPHYSIK | LINDA PODAVINI - LINDA.PODAVINI@IPP.MPG.DE | 02.10.2023 20TH EFTC, OCTOBER 2023 - PADUA, ITALY 10/17



Wendelstein

Modes of optimal instantaneous growth N

« Best possible upper bound obtained by extremising the ratio A = D/H over the space of distribution
functions g

6D 6H

— A =0
89a 894

* Done in variational terms
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Modes of optimal instantaneous growth N

« Best possible upper bound obtained by extremising the ratio A = D/H over the space of distribution
functions g

6D OH
0 - y<maxA

* Done in variational terms — A =
59(1 Sga da
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Modes of optimal instantaneous growth £

« Best possible upper bound obtained by extremising the ratio A = D/H over the space of distribution
functions g

* Done in variational terms

oD A oH 0 < A
— = - ¥y <max
59(1 Sga da

* Final eigenproblem (6-dimensional at most):

AZ Hapgp = Z Dap9p
b b

with H,, and D,, Hermitian linear operators on the space g, b species label
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Wendelstein

Modes of optimal instantaneous growth £

« Best possible upper bound obtained by extremising the ratio A = D/H over the space of distribution
functions g

oD A oH 0 < A
— = - ¥y <max
59(1 69a da

* Done in variational terms

* Final eigenproblem (6-dimensional at most):

AZ Hapgp = Z Dap9p
b b

Solutions are modes of optimal instantaneous growth, maximise instantaneous growth

7 normal modes, solutions of linear gyrokinetic equation
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numerical validation
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Bounds for an electrostatic hydrogen plasma N

Parameters to specify: # species, ratio of charges, densities and temperatures, wavenumbers, £, gradients

Specific scenarios:
- Adiabatic electrons, VT; + 0

- Kinetic electrons, VT; # 0 and Vn # 0

Validation tools:
1. Linear, flux-tube, gyrokinetic simulations
- Gyrokinetic code stella
- Variation of geometry and plasma parameters (e.g., gradients)

2. Analytical results
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Adiabatic electrons, VT; = 0

« Simple analytical form of the upper bound [1]

A= |Niw.l G(b;)
2 (1+D)[1+ 71— Gy(b)]

3
G(bi) = (5 = 2bi + b ) T3 (b) + biTo(bTy (bp) = BT (5?)
- Onlydependson: t=T,;/T,, n;w,; = %%,

bi = (kip?) .
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« Simple analytical form of the upper bound [1]

A= |Niw.l G(b;)
2 (1+D)[1+ 71— Gy(b)]

3
G(bi) = (5 = 2bi + b ) T3 (b) + biTo(bTy (bp) = BT (5?)
- Onlydependson: t=T,;/T,, n;w,; = %%,

bi = (kip?) .

 Compared to linear, flux-tube ITG simulations in
tokamak
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Adiabatic electrons, VT; = 0

« Simple analytical form of the upper bound [1]

A= |Niw.l G(b;)
2 (1+D)[1+ 71— Gy(b)]

3
G(bi) = (5 = 2bi + b ) T3 (b) + biTo(bTy (bp) = BT (5?)
- Onlydependson: t=T,;/T,, n;w,; = %%,

bi = (kip?) .

 Compared to linear, flux-tube ITG simulations in
tokamak, stellarator
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Adiabatic electrons, VT; = 0 £

[1] P. Helander, and G. G. Plunk, JPP 88, 905880207 (2022)

« Simple analytical form of the upper bound [1] -
=——— upper bound —— W7-X KIM
A= |r’iw*i| G(bl) 0.157 —o— analytical slab —o— W7-X DBM
= > (1 n 1’)[1 i Go(bl)] —o— 2?;:/;cal toroidal —o— tokamak
3 30101
G(b) = (5 2by + D) T3 (b) + oGO (b) — BETEBY) 2010
. koT; dInT; \Q
- Onlydependson: t=T,;/T,, n;w,; = e v’ E
by = (kipf), . <
=
= 0.051
 Compared to linear, flux-tube ITG simulations in
tokamak, stellarator, z-pinch geometries
0.00- -
0 1 2 3
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Adiabatic electrons, VT; = 0

« Simple analytical form of the upper bound [1]

A= |Niw.l G(b;)
2 (1+D)[1+ 71— Gy(b)]

3
G(bi) = (5 = 2bi + b ) T3 (b) + biTo(bTy (bp) = BT (5?)
- Onlydependson: t=T,;/T,, n;w,; = %%,

bi = (kip?) .

 Compared to linear, flux-tube ITG simulations in
tokamak, stellarator, z-pinch geometries

« And analytical results for: slab TG
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Adiabatic electrons, VT; = 0

« Simple analytical form of the upper bound [1]

A= |Niw.l G(b;)
2 (1+D)[1+ 71— Gy(b)]

3
G(bi) = (5 = 2bi + b ) T3 (b) + biTo(bTy (bp) = BT (5?)

- Onlydependson: t=T,;/T,, n;w,; = %d:i;i'

b; = (kip?)

min

 Compared to linear, flux-tube ITG simulations in
tokamak, stellarator, z-pinch geometries

« And analytical results for: slab TG, toroidal ITG with
full resonant Larmor radius effects [2]
[2] A. Zocco et al., JPP 84(1), 715840101 (2018)
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Adiabatic electrons, VT; = 0 £

[1] P. Helander, and G. G. Plunk, JPP 88, 905880207 (2022)

« Simple analytical form of the upper bound [1]

=1
=——— upper bound —— W7-X KIM
|r’iw*i| G(bl) 0.157 —o— analytical slab —o— W7-X DBM
A= —— analytical toroidal ~ —— tokamak
2 (1 + T)[]_ + T — Go(bl)] 2_[1;:Cthca toroida tokama
3 30101
G(b) = (5 2by + D) T3 (b) + oGO (b) — BETEBY) 2010
. koT; dInT; \Q
- Onlydependson: t=T,;/T,, n;w,; = e v’ S
by = (kipf), . <
e . =0.051
I — Trend of simulations and upper bound matches |
I
I - All curves lay below the upper bound [
I . I 0.00-
I > Factor of 2/3 difference | 5 7 3 3
L _________________ = (kJ_pz)mm
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Kinetic electrons, VT; = 0

« More lengthy and complex analytical form but
asymptotic limits can be derived [3]

3
8 b;

Asmannk = mtw*il

51
16v2m (r + 1)/b;

Ajntermk = |77iw*i|
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asymptotic limits can be derived [3]
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« Compared to linear, flux-tube simulations in z-pinch at
different gradients
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Kinetic electrons, VT; = 0

« More lengthy and complex analytical form but
asymptotic limits can be derived [3]
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I — Trend of simulations and upper bound matches |
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:- - > 2 factor of difference | 5 7 5 3
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T —o— z-pinch, R/L,, = 3.0
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« More lengthy and complex analytical form but
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« Compared to linear, flux-tube simulations in z-pinch at
different gradients, tokamak, stellarator
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Wendelstein

Conclusions F Y

Upper bounds on growth rates of local gyrokinetic instabilities valid for all gyrokinetic instabilities, all
flux-tube geometries, any collisionality and number of particle species

« Validity of upper bounds verified through numerical and analytical results (with adiabatic and kinetic
electrons)

» General trend of upper bounds matches trend of specific scenarios

« However, ratio varies depending on choice of parameters (e.g., geometry, gradients...)

- bounds are not tight for fusion relevant devices

Future work: retain geometry to obtain tighter, device-specific bounds (work by P. Costello, presented in
Poster Session 1 — P1.13) with a possible application to turbulence optimisation for stellarators
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Wendelstein

Helmholtz free energy budget I

. . gak
After applying the operation Re ET </ ) F d3v >

the remainder of the nonlinear gyrokinetic equation is

d [9axl® 13 / ,
dtaz;Ta< 2Fa0d Zth +R€Z gak +7’w*a Xakd

The equation is rewritten by using the field equations to obtain the Helmholtz free energy budget

Z Aok = Zea /ga,kJoad3v Quasineutrality

0A |k = z—g Zea/v||ga,kJ0ad3v Ampére’s law
1 a

6Bk = _Ho Z e, /’ULQa,kdeB’U Thermal pressure + magnetic pressure constant on the length scale of
fluctuations
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Wendelstein

Upper bounds on linear growth rates I

For low-beta plasmas (6B, = 0), the free energy production rate can be bounded from above

1/2
D) < B leallmasl( [ Fio@)? 2 (561 +of1641) 0

Ta|(‘)‘A||k|2>1/2

a

= 3" naleatiral 5o /2 <M<na, ba)léxl2 + N (110, ba)

since the electrostatic potential (quasineutrality) and the magnetic potential (Ampere’s law) are bounded
through the triangle and Cauchy-Schwarz inequalities

The free energy thus must be bounded from below so to obtain that D/H is a bound for y
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Wendelstein

Optimal modes £

Normal modes: modes of the linearised gyrokinetic equation with dependence ~e ™'t and y = Im[w] growth
rate over time

Optimal modes: eigenmodes of % = £ + LT, with £ linear operator and # Hermitian linear operator

- Optimal growth is only instantaneous

Fo 1
Hapgp and Dyp g read: Har8b = 6a8p + " ; - d’ v'g, [—Uaﬁbwla’#{b + a8 (Y323, + %a‘ﬁgb)]
alalh
i FaO 1 3.7 7 / / /
Dabgb - in T n_b d’v 8p [w*a (1 - 37741/2) (Ganlﬂlanb - 8a£b¢3a¢3b - 8a8bw5a¢5b)

— wy (1 —31n,/2) (Uan%aW{b — €a8pV3aWy, — SaSbWSaT/fgb)
+ Wyalla (O—ao—beaw{b - 8a8bw4aw:;b - gasbwGawgb)

Y, are velocity-dependent functions, proportional to J,, and J;,
—WxpNp (O'aO'b’lfla’ﬁﬁb - 8a8b’ﬁ3a’ﬁ£b - 8a8b’ﬁ5a’ﬁéb)]
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Wendelstein

Optimal modes £

« Eigenproblem solutions form a complete orthogonal basis for the space of distribution functions g,

1
« Only a small set of velocity moments &n, = — / d’ v¥..g. appear in the equation

g

* Plus, they appear in linear combinations i, so the dimensionality is reduced from 6N, to 6

 The upper bound is obtained by rewriting everything as a function of k,,, taking moments of the equation
and summing over all species

- Closed linear system for i,
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Wendelstein

Bounds on nonlinear growth I

The linear growth rate can never exceed
Ymax — Slip “Ybound (k)

Now, the total free energy can be obtained by summing over all k and it follows from Boltzmann’s H-theorem
that

dHtot
<2 D(k,t
i <20

Since each term is subject to the bound D(k,t) < Ypbound(k)H (k, t)

dIn Htot

< 2 max
dt "

the growth rate of the total free energy is bounded by twice the maximum linear growth rate

dIn Htot

Similarly, the rate at which free energy decays in absence of collisions can be derived yr

2 - 2’Ymax

lower bound due to the conversion k - —k since D is odd in k while H is even
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Wendelstein

Nonlocal gyrokinetic instabilities I

« Kink modes and tearing modes need a gyrokinetic treatment in a thin layer around a resonant magnetic
surface, where magnetic reconnection may occur

 However, they take their energy from the exterior region and depend on the overall plasma current profile

- Not described by a magnetic flux-tube and thus not subject to the bounds

« On the other hand, microtearing modes are driven by local gradients

- subject to bound on electromagnetic instabilities
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