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Summary 
How does bad high energy growth get tamed in Extra Dimensional Models ?

MASSIVE SPIN-2 PARTICLES AND 
ENERGY GROWTHS

STABILIZING THE EXTRA DIMENSION VIA 
GOLDBERGER-WISE MECHANISM

MATRIX ELEMENTS AND CANCELLATIONS IN 
TOROIDAL AND AdS COMPACTIFICATIONS

MATRIX ELEMENTS AND CANCELLATIONS IN 
STABILIZED MODELS

Boundary value problem, Sum 
rules

Naive re-introduction of bad 
high energy behavior

Sum rules for the Stabilized 
model
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TABLE I. Cancellations in the (n, n) ! (n, n) 5DOT amplitude, where ✓ is the center-of-mass scattering angle and (cn✓, sn✓) =

(cosn✓, sinn✓).

expand the diagrams and total matrix element in s, and
label the coe�cients like so:

M(s, ✓) ⌘
X

�2Z
M

(�)
(✓) · s� (51)

In this paper, we will demonstrate that M
(�)

vanishes
for � > 1 and present the residual linear term in s.

V. CANCELLATIONS AND HIGH ENERGY
GROWTH OF AMPLITUDES

A. Cancellations in the orbifolded torus model

We first analyze the cancellations in the orbifolded
torus. While we have calculated all arbitrary scatter-
ing states, we present the (n, n) ! (n, n) process due to
the relative simplicity. The full matrix element is,

M
(5DOT)
(n,n)!(n,n) = Mcontact +Mradion +M0 +M2n (52)

The principle results were presented in [], here we ex-
pand and provide some additional details of the calcula-
tion. For the process (n, n) ! (n, n), we summarize the
growth and cancellation of amplitudes at every order in
s
�, starting from � = 5. Due to the KK number con-
servation for the 5DOT, the intermediate states for the
non-contact diagrams can only be a massive 2n state and
the massless graviton(0 state). In Table I we present the
growth of matrix elements for each diagram for the scat-
tering of longitudinal helicity modes. As expected, we
observe that the contact, as well as diagrams with mas-
sive intermediate propagator and the masless graviton
grow like s

5 as the highest power. However the diagram
with a radion intermediate state appears only at O(s3).
Note that the results for the massive intermediate prop-
agator 2n and the massless graviton are presented after
summing up the s, t and u channel diagrams. At O(s5)
and O(s4), the contact diagrams along with the massive
2n state and the massless graviton state cancel each other
out. The underlying reason for this due to a 4D di↵eo-
morphism invariance being part of the full 5D di↵eomor-
phism. This feature will be clearer when we discuss the
sum rules for cancellation. At order s

3 and s
2 however,

the massless radion plays an important role in the cancel-
lation, which will be elucidated in more detail within the

context of sum rules. In Fig. 2, we present the pattern
of cancellations at every order in s

�, for all phase space
points between (�⇡,⇡) for the scattering of KK states
(2, 2) ! (2, 2). We observe that although the angular
distributions for various individual diagrams are quite
di↵erent, the cancellations between various diagrams is
exact for every phase space point. Notice that the radion
plays a significant role in the cancellations from O(s3).
This cancellation is therefore extremely intricate, and re-
quires a subtle conspiracy between various field degrees
of freedom of the underlying 5D theory. Any calculation
that does not take into account the full field content and
all possible diagrams will encounter a high energy growth
greater than O(s), which is misleading and incorrect.

The only non-zero contribution therefore appears at
O(s). In general, for a process (k, l) ! (m,n) in the
5DOT model,

M
(1)

=
xklmn

2

256⇡rc
[7 + cos(2✓)] csc2 ✓ (53)

where xklmn is fully symmetric in its indices, ✓ being the
scatering angle and satisfies

xaaaa = 3, xaabb = 2, and xabcd = 1

when discrete KK momentum is conserved, and vanishes
when it is not. For the (n, n) ! (n, n) scattering there-
fore, we have,

M
(1)(✓) =

32

256⇡rc
[7 + cos(2✓)] csc2 ✓ (54)

Since 
2
/(⇡rc) = 8/M2

Pl
, the amplitude grows as s/M2

Pl

as expected. More importantly, for scattering of (n, n) !
(n, n) states, if we truncate the theory below 2n, the
amplitude will grow as s5, in the absence of the state 2n.
Thus the cut-o↵ scale for this theory is ⇤5, and not ⇤3,
as suggested in [].
Processes like (1, 4) ! (2, 3) are particularly nice

because discrete KK momentum conservation forbids a
massless intermediate, such that the full matrix element
is devoid of t- and u-channel singularities. For these, we
can directly compute the appropriately normalized par-
tial wave amplitude,

a
J

�a�b!�c�d
=

1

32⇡2

Z
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J

�i�f
(✓,�)Ma�b!�c�d
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I. INTRODUCTION

Compactified theories of extra dimensional gravity are a prime candidate for a theory of physics beyond the standard

model. It also serves as a primary motivation for a low energy e↵ective field theory originating from string theory

origins, the prime candidate for quantum gravity. The validity of extra-dimensional theories as a low energy EFT

is described in association with a scale where the theory is expected to be strongly coupled. In phenomenologically

attractive models like the Randall-Sundrum set up, where the extra dimensional geometry is Anti-De-Sitter, the EFT

validity is set by a low energy emergent scale that depends on the curvature of the ADS space and the radius of

the compactification. While the EFT scale is generally argued by the ADS/CFT correspondence, an explicit proof

was only recently shown in a series of papers by the authors of this work. In particular it was shown that although

individual Kaluza-Klein spin-2 resonance scattering amplitudes grew as fast as s
5
/⇤

2
⇡
m

8
n
(s being the centre of mass

energy and mn the n
th

spin-2 KK resonance) subtle cancellations lead to this anomalously fast high energy growth

tamed down to s/⇤
2
⇡
, ensuring that higher dimensional di↵eomorphism invariance is preserved and amplitudes are

unitary till the scale ⇤⇡ = MPLe
�⇡krc , where k is the curvature of the ADS space. The pattern of cancellation leads

to a set of sum rules at every order in the Laurent series expansion of the scattering amplitude, starting at s
5
.

The RS set up predicts a massless radial mode, the radion. The massless radion couples to the trace of the Stress-

Energy tensor, resembling a Brans-Dicke theory, which is phenomenologically inconsistent due to a variety of issues

similar to those that plague theories of massive Fierz-Pauli gravity. Additionally since the radion, a proxy for the

size of the extra dimension is unspecified by any dynamics, the geometry is unstable and eventually collapses due to

the Casimir force between the two branes. The stabilization of the extra dimension is performed by adding a bulk

modulii field, following the prescription of Goldberger-Wise, such that there is a non-trivial potential which lifts the

flat radion wave function in the extra dimension, generating a mass and providing a dynamic origin to the size of the

extra dimension.

The question we address in this paper is- How do scattering amplitudes of massive KK resonances behave in the

presence of a stabilizing bulk field and a massive radion ? Naively, plugging in a mass by hand to the radion re-

introduces a low energy divergence in the theory. It can be explicitly checked that in this case scattering amplitudes

of massive KK gravitons grow as M /
s
2
m

2
r

⇤2
⇡m

4
n
, thus suggesting an IR divergence in the limit mn ! 0. In this paper, we

show explicitly that in an an honest stabilization procedure that generates a mass for the radion, no such diveregences

occur, and the amplitudes are unitary untill the scale ⇤⇡, the emergent scale of the RS model.

II. SET UP

We begin our discussion by laying out the set up and various elements of this paper. In this section, we will lay out

the stabilization procedure, with a review of a specific model based on super-potentials. The ADS metric is described

by,

GMN =

✓
w(x, y)gµ⌫ 0

0 �v(x, y)
2

◆
. (1)

This is expressed in coordinates x
M

⌘ (x
µ
, y) such that the corresponding invariant interval ds

2
equals

ds
2
= (GMN )dx

M
dx

N
= (wgµ⌫)dx

µ
dx

⌫
� (v

2
)dy

2
, (2)

allowing for warping of the transverse four-dimensional space. The Minkowski metric ⌘MN is defined by ⌘MN =

(+1,�1,�1,�1,�1). Meanwhile, the inverse metric equals

eGMN
=

✓
g̃
µ⌫
/w(x, y) 0

0 �1/v(x, y)
2

◆
, (3)

where we denote the inverse with a tilde (e.g. eG ⌘ G
�1

and eg ⌘ g
�1

) along with the definitions for w, v and u,

w(x, y) = e
�2(A(y)+û)

(4)

v(x, y) = 1 + 2û (5)

û(x, y) ⌘
 r̂(x, y)

2
p
6

e
+k(2A(y)�⇡rc) . (6)

While r(x, y) is the scalar fluctuations, the tensor fluctuations are obtained by, gµ⌫ ! ⌘µ⌫ + ĥµ⌫ , where  is the 5D

Planck mass. In order to stabilize the extra dimensional set up, a bulk scalar is added with a non-trivial potential
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Stabilization of the 
extra dimension
! In the original RS formulation, the vev of the radion Þeld is 

associated with the length  of the extra-dimension - 
However, there is no dynamics (no potential) to generate 
this."

! The radion is massless and leads to a Brans-Dicke 
(Scalar-Tensor) theory of gravity and contradicts 
experiments when there is matter on the TeV Brane."

! The Goldberger -Wise mechanism stabilizes the extra-
dimension and makes the radion massive.

rc

Orbifolding a Compact Extra Dimension, like RS

Suppose there exists a compact extra dimension between two 4D
branes (aty = 0 and ! rc) with the metric GMN equal to...

" MN = Diag(+1 , ! 1, ! 1, ! 1, ! 1) = " µ! " " 55

at one of those branes (ßat 4D = our 4D). Next, orbifold:

Choose even solutions on [! ! rc, ! rc] =# massless particles

8 / 38

Mode expansion for gravity 
in a toroidal extra dimension

We will denote latin alphabets as the 5-D coordinates while greek indices are reserved

for 4-D coordinates. The 4-D part of the metricgµ! , is expanded in the weak Þeld

approximation around the ßat Minkowski metric! µ! as gµ! = ! µ! + " 4D hµ! , where

" 4D is a small coupling(weak Þeld expansion parameter). The Þeldsr and #µ are the

radion and the graviphoton respectively. The 5-D massless symmetric tensorhMN ,

that satisÞes the full 5-D di! eomorphism invariance, with 5 transverse degrees of

freedom is split into a tensorhµ! with two transverse degrees of freedom, a vector

#µ with two transverse degrees of freedom, and a scalar degree of freedom inr . The

5-D action is given by,

S = M 3
5

!
d4xdy

!
GR(5) . (3.2)

We denote the extra dimensional co-ordinate byy. Additionally, G is the deterimant

of the 5-D metric and R(5) is the 5-D Ricci scalar expanded as÷GMN RMN , where
÷GMN is the 5-D metric inverse, andRMN the 5-D Ricci tensor. We denote the 5-

D Planck mass byM5, which is related to the 4-D Planck mass byM 3
5 = M 2

P l /L .

The expansion of the metric inverse and determinant is detailed in Appendix A1.

The compactiÞcation allows us to expand the Þelds in fourier modes over the 5-D

co-ordinates. These read,

hµ! (x, y) =
!"

n= "!

hµ! ,n (x)ei " n y

hµ5(x, y) =
!"

n= "!

#µ(x, n)ei " n y

h55(x, y) =
!"

n= "!

r (x, n)ei " n y (3.3)

where n is an integer that characterizes the mode number with frequencies$n "
2#n
L . The orthogonality of the fourier expansion imposes,

#L
0 dye(i " m y)!

ei " n y = L%mn .

The Þeld hMN is broken to a tensor, vector, and a scalar ashµ,! (x), #µ(x), r (x)

respectively. Additionally, reality of the 5-D Þelds impose,

h#
µ! ,n = hµ! ," n , ##

µ,n = #µ," n , r #
n = &" n . (3.4)

Ð 7 Ð

We will denote latin alphabets as the 5-D coordinates while greek indices are reserved

for 4-D coordinates. The 4-D part of the metricgµ! , is expanded in the weak Þeld

approximation around the ßat Minkowski metric! µ! as gµ! = ! µ! + " 4D hµ! , where

" 4D is a small coupling(weak Þeld expansion parameter). The Þeldsr and #µ are the
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5-D action is given by,
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GR(5) . (3.2)

We denote the extra dimensional co-ordinate byy. Additionally, G is the deterimant

of the 5-D metric and R(5) is the 5-D Ricci scalar expanded as÷GMN RMN , where
÷GMN is the 5-D metric inverse, andRMN the 5-D Ricci tensor. We denote the 5-

D Planck mass byM5, which is related to the 4-D Planck mass byM 3
5 = M 2

P l /L .

The expansion of the metric inverse and determinant is detailed in Appendix A1.

The compactiÞcation allows us to expand the Þelds in fourier modes over the 5-D
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where n is an integer that characterizes the mode number with frequencies$n "
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L . The orthogonality of the fourier expansion imposes,

#L
0 dye(i " m y)!

ei " n y = L%mn .

The Þeld hMN is broken to a tensor, vector, and a scalar ashµ,! (x), #µ(x), r (x)

respectively. Additionally, reality of the 5-D Þelds impose,

h#
µ! ,n = hµ! ," n , ##

µ,n = #µ," n , r #
n = &" n . (3.4)

Ð 7 Ð

Graviphoton (massless spin-1 state from g !" ) has odd  
parity in y and does not play a role in this model 

ÒgraviphotonÓ

ÒradionÓ

Goldberger, Wise 2000 
De-Wolfe, Freedman, Karch, Gubser 2001 
Peloso, Koffman 2001 
Tanaka, Garriga 2001 
Smolyakov, Volobuev 2002 
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How scattering amplitudes behave for a massive radion

Matrix Elements: Relevant Diagrams
Consider elastic KK mode scattering: h(n)h(n) ! h(n)h(n)

Each h(n) has 5 helicity eigenvalues:! i " { # 2, # 1, 0, +1 , +2 } .

M ! 1! 2 ! ! 3 ! 4 =
!

k" 5

M (k)
! 1 ! 2 ! ! 3 ! 4

(" , #) sk

Recall: Þrst 2 KK #Õs in b-type =$ ($" %)
and %0 is independent of&, so ($" %0) = 0

M = +
!

S,T,U

"

# + +
!

j > 0

$

%

annnn ann r ann 0 ann j

bnnnn bnn r bnn 0 bnn j

bnnnn br nn b0nn bj nn

D. Foren 7 / 14

Contributions to the matrix Element

Add a naive mass term for the radion           massive radion propagator 

Re-introduction of a low energy cut-off

Conjecture : Contribution must cancel from from the dynamics of the larger problem 

so that the validity of the EFT must be   

Any mechanism of mass generation cannot simply provide a radion mass without adding 
additional dynamics. What can this additional dynamics be? - Goldberger-Wise 

mechanism.

∼Λ!

2

I. INTRODUCTION

CompactiÞed theories of extra dimensional gravity are a prime candidate for a theory of physics beyond the standard
model. It also serves as a primary motivation for a low energy e! ective Þeld theory originating from string theory
origins, the prime candidate for quantum gravity. The validity of extra-dimensional theories as a low energy EFT
is described in association with a scale where the theory is expected to be strongly coupled. In phenomenologically
attractive models like the Randall-Sundrum set up, where the extra dimensional geometry is Anti-De-Sitter, the EFT
validity is set by a low energy emergent scale that depends on the curvature of the ADS space and the radius of
the compactiÞcation. While the EFT scale is generally argued by the ADS/CFT correspondence, an explicit proof
was only recently shown in a series of papers by the authors of this work. In particular it was shown that although
individual Kaluza-Klein spin-2 resonance scattering amplitudes grew as fast ass5/ " 2

! m8
n (s being the centre of mass

energy andmn the nth spin-2 KK resonance) subtle cancellations lead to this anomalously fast high energy growth
tamed down to s/ " 2

! , ensuring that higher dimensional di! eomorphism invariance is preserved and amplitudes are
unitary till the scale " ! = M P L e! ! kr c , where k is the curvature of the ADS space. The pattern of cancellation leads
to a set of sum rules at every order in the Laurent series expansion of the scattering amplitude, starting ats5.

The RS set up predicts a massless radial mode, the radion. The massless radion couples to the trace of the Stress-
Energy tensor, resembling a Brans-Dicke theory, which is phenomenologically inconsistent due to a variety of issues
similar to those that plague theories of massive Fierz-Pauli gravity. Additionally since the radion, a proxy for the
size of the extra dimension is unspeciÞed by any dynamics, the geometry is unstable and eventually collapses due to
the Casimir force between the two branes. The stabilization of the extra dimension is performed by adding a bulk
modulii Þeld, following the prescription of Goldberger-Wise, such that there is a non-trivial potential which lifts the
ßat radion wave function in the extra dimension, generating a mass and providing a dynamic origin to the size of the
extra dimension.

The question we address in this paper is- How do scattering amplitudes of massive KK resonances behave in the
presence of a stabilizing bulk Þeld and a massive radion ? Naively, plugging in a mass by hand to the radion re-
introduces a low energy divergence in the theory. It can be explicitly checked that in this case scattering amplitudes
of massive KK gravitons grow asM ! s2 m 2

r
! 2

! m 4
n

, thus suggesting an IR divergence in the limitmn " 0. In this paper, we
show explicitly that in an an honest stabilization procedure that generates a mass for the radion, no such diveregences
occur, and the amplitudes are unitary untill the scale " ! , the emergent scale of the RS model.

II. SET UP

We begin our discussion by laying out the set up and various elements of this paper. In this section, we will lay out
the stabilization procedure, with a review of a speciÞc model based on super-potentials. The ADS metric is described
by,

GMN =
!

w(x, y)gµ" 0
0 # v(x, y)2

"
. (1)

This is expressed in coordinatesxM $ (xµ , y) such that the corresponding invariant interval ds2 equals

ds2 = ( GMN )dxM dxN = ( wgµ" )dxµ dx" # (v2)dy2 , (2)

allowing for warping of the transverse four-dimensional space. The Minkowski metric! MN is deÞned by! MN =
(+1 , # 1, # 1, # 1, # 1). Meanwhile, the inverse metric equals

#GMN =
!

÷gµ" /w (x, y) 0
0 # 1/v (x, y)2

"
, (3)

where we denote the inverse with a tilde (e.g.#G $ G! 1 and #g $ g! 1) along with the deÞnitions for w, v and u,

w(x, y) = e! 2(A (y)+öu) (4)

v(x, y) = 1 + 2öu (5)

öu(x, y) $
" ör (x, y)

2
%

6
e+ k(2A (y) ! ! r c ) . (6)

While r (x, y) is the scalar ßuctuations, the tensor ßuctuations are obtained by,gµ" " ! µ " + " öhµ" , where " is the 5D
Planck mass. In order to stabilize the extra dimensional set up, a bulk scalar is added with a non-trivial potential
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6

Goldberger Wise Mechanism in a nutshell

Compactified theories: Randall Sundrum model

3

LCC generates two types of terms. There are terms pro-
portional to |y|

0 2 which provide a 5D cosmological con-
stant in the bulk and terms proportional to |y|

00 which
generate tension on the branes (a prime indicates di↵er-
entiation with respect to y, e.g. f

0 = @yf). Combining
these Lagrangians yields the matter-free 5D theory:

L5D = LEH + LCC (8)

The 4D e↵ective theory is then defined from the action:

S =

Z
d
4
x


dy L5D

�
⌘

Z
d
4
x L

(e↵)
4D (9)

i.e. by integrating L5D across the extra dimension. A
nonzero LCC is necessary to cancel terms from LEH that
would otherwise generate a nonzero 4D cosmological con-
stant in the e↵ective theory. We do not yet consider sta-
bilizing the geometry, which would require an additional
Lagrangian with a bulk scalar. Additionally, although
the functions w(x, y), and v(x, y) are written in it’s most
general form, solution of Einstein’s equation and the re-
quirement of a vanishing e↵ective 4D cosmological con-
stant force the solutions to be either flat, or one with
negative curvature, i.e, over an ADS space.

B. The Randall-Sundrum Model

To be more specific, the vacuum solution of the
Randall-Sundrum (RS) model equals

⌘
(RS)
MN

⌘

✓
e
�2k|y|

⌘µ⌫ 0
0 �1

◆
(10)

for coordinates xM = (xµ
, y), where the nonzero warping

parameter k has units (Energy)+1. The vacuum solution,
along with the tuned brane tension terms yield a vanish-
ing cosmological constant. In the way we have set up the
problem, Eq. 8 and autmoatically ensure that this is the
case.

In conformal co-ordinates (xµ
, z) , the RS metric, a

patch of ADS5 can be written as,

ds
2 =

L
2

z2
(⌘µ⌫dx

µ
dx

⌫
� dz

2) (11)

The conformal transformations z ! �z, x
µ
! �x

µ, leave
the metric invariant. After orbifold projection the above
metric can be written as,

ds
2 =

1

(1 + kz)2
(⌘µ⌫dx

µ
dx

⌫
� dz

2)

= A
2(z)(⌘µ⌫dx

µ
dx

⌫
� dz

2) (12)

where L ⇠ 1/k is the curvature of the ADS space. The
zero mode graviton is localized at the Planck brane y = 0
(z = 0 in conformal coordinates), while the ‘TeV’ (IR)
brane is located at y = ⇡rc. The Planck brane and the
TeV brane breaks the conformal invariance of the RS

model explicitly. In a variant of the RS model, generally
called the RS2 model, the IR brane is sent to infinity(z !

1) , such that conformal invariance in restored on one
side of the ADS5 patch. This construction then describes
gravity localized on an infinite fifth dimension being dual
to a broken strongly coupled CFT and an e↵ective 4D
gravity.
In order to study the interactions of the e↵ective 4D

theory, we need a convenient way to describe the met-
ric fluctuations. Metric fluctuations are obtained by
perturbing the vacuum with field-dependent functions
weighted by the parameter . A judicious choice of met-
ric perturbation helps in simplifying the kinetic and mass
terms as well as the interaction terms originating from
the Ricci scalar 1. For example, consider perturbing gµ⌫

in GMN about the flat background ⌘µ⌫ ,

gµ⌫ ⌘ ⌘µ⌫ + ĥµ⌫ (13)

where the symmetric tensor field ĥµ⌫(x, y) is the 5D
graviton field. If Eq. (13) is the only appearance of
ĥµ⌫ in the perturbed metric, then the theory automati-
cally possesses the correct graviton physics. This is our
motivation for distinguishing w(x, y) and gµ⌫ within Eq.
(1) in the first place.

As for the rest of G(RS)
MN

, we choose to utilize the Ein-
stein frame parameterization, defined by

w(x, y) = e
�2(k|y|+û)

v(x, y) = 1 + 2û (14)

where

û(x, y) ⌘
 r̂

2
p
6
e
+k(2|y|�⇡rc ) (15)

The Einstein frame parameterization is advantageous
because it directly yields a canonical 4D e↵ective La-
grangian. At the level of the metric, this parameteriza-
tion equals

G
(RS)
MN

=

✓
e
�2(k|y|+û)(⌘µ⌫ + ĥµ⌫) 0

0 �(1 + 2û)2

◆
(16)

The scalar field r̂(x, y) in û(x, y) describes the 5D radion
field. Unlike the 5D graviton field, the 5D radion field
can be made y-independent via a gauge transformation
such that r̂(x, y) = r̂(x). Additionally, the graviton and

1 Consider the metric perturbation over the background ! MN in
conformal coordinates in RS, GMN = A 2(z)( ! MN + hMN ). An
expansion of the determinant and the Ricci scalar yields kinetic
and mass terms as well as interactions for the 4D graviton and the
radion. However it turns out that there are non-trivial mixing
terms between the graviton an the radion. This is a generic
feature of the expansion, and the mixing needs to be eliminated
by a Þeld redeÞnition. While for a simple torus compactiÞcation
a linear shift, hµ ! ! hµ ! + 1!

6
r su! ces, the corresponding shift

is much more complicated for the RS. In particular it needs a
two derivative shift over the radion Þelds.

3

L CC generates two types of terms. There are terms pro-
portional to |y|! 2 which provide a 5D cosmological con-
stant in the bulk and terms proportional to |y|!! which
generate tension on the branes (a prime indicates di! er-
entiation with respect to y, e.g. f ! = ! y f ). Combining
these Lagrangians yields the matter-free 5D theory:

L 5D = L EH + L CC (8)

The 4D e! ective theory is then deÞned from the action:

S =
!

d4x
"
dy L 5D

#
!

!
d4x L (e! )

4D (9)

i.e. by integrating L 5D across the extra dimension. A
nonzeroL CC is necessary to cancel terms fromL EH that
would otherwise generate a nonzero 4D cosmological con-
stant in the e! ective theory. We do not yet consider sta-
bilizing the geometry, which would require an additional
Lagrangian with a bulk scalar. Additionally, although
the functions w(x, y), and v(x, y) are written in itÕs most
general form, solution of EinsteinÕs equation and the re-
quirement of a vanishing e! ective 4D cosmological con-
stant force the solutions to be either ßat, or one with
negative curvature, i.e, over an ADS space.

B. The Randall-Sundrum Model

To be more speciÞc, the vacuum solution of the
Randall-Sundrum (RS) model equals

" (RS)
MN !

$
e" 2k |y | " µ ! 0

0 " 1

%
(10)

for coordinatesxM = ( xµ , y), where the nonzero warping
parameter k has units (Energy)+1 . The vacuum solution,
along with the tuned brane tension terms yield a vanish-
ing cosmological constant. In the way we have set up the
problem, Eq. 8 and autmoatically ensure that this is the
case.

In conformal co-ordinates (xµ , z) , the RS metric, a
patch of ADS 5 can be written as,

ds2 =
L 2

z2 (" µ ! dxµ dx! " dz2) (11)

The conformal transformations z # #z, xµ # #xµ , leave
the metric invariant. After orbifold projection the above
metric can be written as,

ds2 =
1

(1 + kz)2 (" µ ! dxµ dx! " dz2)

= A2(z)( " µ ! dxµ dx! " dz2) (12)

where L $ 1/k is the curvature of the ADS space. The
zero mode graviton is localized at the Planck braney = 0
(z = 0 in conformal coordinates), while the ÔTeVÕ (IR)
brane is located at y = $r c. The Planck brane and the
TeV brane breaks the conformal invariance of the RS

model explicitly. In a variant of the RS model, generally
called the RS2 model, the IR brane is sent to inÞnity(z #
%) , such that conformal invariance in restored on one
side of theADS 5 patch. This construction then describes
gravity localized on an inÞnite Þfth dimension being dual
to a broken strongly coupled CFT and an e! ective 4D
gravity.

In order to study the interactions of the e! ective 4D
theory, we need a convenient way to describe the met-
ric ßuctuations. Metric ßuctuations are obtained by
perturbing the vacuum with Þeld-dependent functions
weighted by the parameter%. A judicious choice of met-
ric perturbation helps in simplifying the kinetic and mass
terms as well as the interaction terms originating from
the Ricci scalar 1. For example, consider perturbinggµ!
in GMN about the ßat background " µ ! ,

gµ ! ! " µ ! + %öhµ! (13)

where the symmetric tensor Þeldöhµ! (x, y) is the 5D
graviton Þeld. If Eq. (13) is the only appearance of
öhµ! in the perturbed metric, then the theory automati-
cally possesses the correct graviton physics. This is our
motivation for distinguishing w(x, y) and gµ! within Eq.
(1) in the Þrst place.

As for the rest of G(RS)
MN , we choose to utilize the Ein-

stein frame parameterization, deÞned by

w(x, y) = e" 2(k |y |+öu) v(x, y) = 1 + 2öu (14)

where

öu(x, y) !
%ör

2
&

6
e+ k(2 |y |" " r c ) (15)

The Einstein frame parameterization is advantageous
because it directly yields a canonical 4D e! ective La-
grangian. At the level of the metric, this parameteriza-
tion equals

G(RS)
MN =

$
e" 2(k |y |+öu) (" µ ! + %öhµ! ) 0

0 " (1 + 2öu)2

%
(16)

The scalar Þeld ör (x, y) in öu(x, y) describes the 5D radion
Þeld. Unlike the 5D graviton Þeld, the 5D radion Þeld
can be madey-independent via a gauge transformation
such that ör (x, y) = ör (x). Additionally, the graviton and

1 Consider the metric perturbation over the background ⌘MN in
conformal coordinates in RS, GMN = A2(z)( ⌘MN + hMN ). An
expansion of the determinant and the Ricci scalar yields kinetic
and mass terms as well as interactions for the 4D graviton and the
radion. However it turns out that there are non-trivial mixing
terms between the graviton an the radion. This is a generic
feature of the expansion, and the mixing needs to be eliminated
by a Þeld redeÞnition. While for a simple torus compactiÞcation
a linear shift, hµ ! ! hµ ! + 1p

6
r su! ces, the corresponding shift

is much more complicated for the RS. In particular it needs a
two derivative shift over the radion Þelds.

3

LCC generates two types of terms. There are terms pro-
portional to |y|0 2 which provide a 5D cosmological con-
stant in the bulk and terms proportional to |y|00 which
generate tension on the branes (a prime indicates di! er-
entiation with respect to y, e.g. f 0 = ! y f ). Combining
these Lagrangians yields the matter-free 5D theory:

L5D = LEH + LCC (8)

The 4D e! ective theory is then deÞned from the action:

S =
!

d4x
"
dy L5D

#
!

!
d4x L

(e! )
4D (9)

i.e. by integrating L5D across the extra dimension. A
nonzeroLCC is necessary to cancel terms fromLEH that
would otherwise generate a nonzero 4D cosmological con-
stant in the e! ective theory. We do not yet consider sta-
bilizing the geometry, which would require an additional
Lagrangian with a bulk scalar. Additionally, although
the functions w(x, y), and v(x, y) are written in itÕs most
general form, solution of EinsteinÕs equation and the re-
quirement of a vanishing e! ective 4D cosmological con-
stant force the solutions to be either ßat, or one with
negative curvature, i.e, over an ADS space.

B. The Randall-Sundrum Model

To be more speciÞc, the vacuum solution of the
Randall-Sundrum (RS) model equals

" (RS)
MN !

$
e�2k |y |" µ ! 0

0 " 1

%
(10)

for coordinatesxM = ( xµ , y), where the nonzero warping
parameter k has units (Energy)+1 . The vacuum solution,
along with the tuned brane tension terms yield a vanish-
ing cosmological constant. In the way we have set up the
problem, Eq. 8 and autmoatically ensure that this is the
case.

In conformal co-ordinates (xµ , z) , the RS metric, a
patch of ADS 5 can be written as,

ds2 =
L 2

z2 (" µ ! dxµ dx! " dz2) (11)

The conformal transformations z # #z, xµ # #xµ , leave
the metric invariant. After orbifold projection the above
metric can be written as,

ds2 =
1

(1 + kz)2 (" µ ! dxµ dx! " dz2)

= A2(z)( " µ ! dxµ dx! " dz2) (12)

where L $ 1/k is the curvature of the ADS space. The
zero mode graviton is localized at the Planck braney = 0
(z = 0 in conformal coordinates), while the ÔTeVÕ (IR)
brane is located at y = $r c. The Planck brane and the
TeV brane breaks the conformal invariance of the RS

model explicitly. In a variant of the RS model, generally
called the RS2 model, the IR brane is sent to inÞnity(z #
%) , such that conformal invariance in restored on one
side of theADS 5 patch. This construction then describes
gravity localized on an inÞnite Þfth dimension being dual
to a broken strongly coupled CFT and an e! ective 4D
gravity.

In order to study the interactions of the e! ective 4D
theory, we need a convenient way to describe the met-
ric ßuctuations. Metric ßuctuations are obtained by
perturbing the vacuum with Þeld-dependent functions
weighted by the parameter%. A judicious choice of met-
ric perturbation helps in simplifying the kinetic and mass
terms as well as the interaction terms originating from
the Ricci scalar 1. For example, consider perturbinggµ!
in GMN about the ßat background " µ ! ,

gµ ! ! " µ ! + %öhµ! (13)

where the symmetric tensor Þeldöhµ! (x, y) is the 5D
graviton Þeld. If Eq. (13) is the only appearance of
öhµ! in the perturbed metric, then the theory automati-
cally possesses the correct graviton physics. This is our
motivation for distinguishing w(x, y) and gµ! within Eq.
(1) in the Þrst place.

As for the rest of G(RS)
MN , we choose to utilize the Ein-

stein frame parameterization, deÞned by

w(x, y) = e�2(k |y |+öu) v(x, y) = 1 + 2öu (14)

where

öu(x, y) !
%ör
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The Einstein frame parameterization is advantageous
because it directly yields a canonical 4D e! ective La-
grangian. At the level of the metric, this parameteriza-
tion equals

G(RS)
MN =
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e�2(k |y |+öu) (" µ ! + %öhµ! ) 0

0 " (1 + 2öu)2
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The scalar Þeld ör (x, y) in öu(x, y) describes the 5D radion
Þeld. Unlike the 5D graviton Þeld, the 5D radion Þeld
can be madey-independent via a gauge transformation
such that ör (x, y) = ör (x). Additionally, the graviton and

1
Consider the metric perturbation over the background ! MN in

conformal coordinates in RS, GMN = A2
(z)(! MN + hMN ). An

expansion of the determinant and the Ricci scalar yields kinetic

and mass terms as well as interactions for the 4D graviton and the

radion. However it turns out that there are non-trivial mixing

terms between the graviton an the radion. This is a generic

feature of the expansion, and the mixing needs to be eliminated

by a field redefinition. While for a simple torus compactification

a linear shift, hµ ⌫ ! hµ ⌫ +
1p
6
r su�ces, the corresponding shift

is much more complicated for the RS. In particular it needs a

two derivative shift over the radion fields.

Einstein Frame

3

LCC generates two types of terms. There are terms pro-
portional to |y|

! 2 which provide a 5D cosmological con-
stant in the bulk and terms proportional to |y|

!! which
generate tension on the branes (a prime indicates di! er-
entiation with respect to y, e.g. f

! = @yf). Combining
these Lagrangians yields the matter-free 5D theory:

L5D = LEH + LCC (8)

The 4D e! ective theory is then defined from the action:

S =

!
d
4
x

"
dy L5D

#
!

!
d
4
x L

(e↵)
4D (9)

i.e. by integrating L5D across the extra dimension. A
nonzero LCC is necessary to cancel terms from LEH that
would otherwise generate a nonzero 4D cosmological con-
stant in the e! ective theory. We do not yet consider sta-
bilizing the geometry, which would require an additional
Lagrangian with a bulk scalar. Additionally, although
the functions w(x, y), and v(x, y) are written in it’s most
general form, solution of Einstein’s equation and the re-
quirement of a vanishing e! ective 4D cosmological con-
stant force the solutions to be either flat, or one with
negative curvature, i.e, over an ADS space.

B. The Randall-Sundrum Model

To be more specific, the vacuum solution of the
Randall-Sundrum (RS) model equals

⌘
(RS)
MN !

$
e

" 2k |y |
⌘µ ! 0

0 " 1

%
(10)

for coordinates xM = (xµ
, y), where the nonzero warping

parameter k has units (Energy)+1. The vacuum solution,
along with the tuned brane tension terms yield a vanish-
ing cosmological constant. In the way we have set up the
problem, Eq. 8 and autmoatically ensure that this is the
case.

In conformal co-ordinates (xµ
, z) , the RS metric, a

patch of ADS5 can be written as,

ds
2 =

L
2

z2
(⌘µ ! dx

µ
dx

! " dz
2) (11)

The conformal transformations z # �z, x
µ # �x

µ , leave
the metric invariant. After orbifold projection the above
metric can be written as,

ds
2 =

1

(1 + kz)2
(⌘µ ! dx

µ
dx

! " dz
2)

= A
2(z)(⌘µ ! dx

µ
dx

! " dz
2) (12)

where L $ 1/k is the curvature of the ADS space. The
zero mode graviton is localized at the Planck brane y = 0
(z = 0 in conformal coordinates), while the ‘TeV’ (IR)
brane is located at y = ⇡rc. The Planck brane and the
TeV brane breaks the conformal invariance of the RS

model explicitly. In a variant of the RS model, generally
called the RS2 model, the IR brane is sent to infinity(z #
%) , such that conformal invariance in restored on one
side of the ADS5 patch. This construction then describes
gravity localized on an infinite fifth dimension being dual
to a broken strongly coupled CFT and an e! ective 4D
gravity.
In order to study the interactions of the e! ective 4D

theory, we need a convenient way to describe the met-
ric fluctuations. Metric fluctuations are obtained by
perturbing the vacuum with field-dependent functions
weighted by the parameter . A judicious choice of met-
ric perturbation helps in simplifying the kinetic and mass
terms as well as the interaction terms originating from
the Ricci scalar 1. For example, consider perturbing gµ !
in GMN about the flat background ⌘µ ! ,

gµ ! ! ⌘µ ! + ĥµ ! (13)

where the symmetric tensor field ĥµ ! (x, y) is the 5D
graviton field. If Eq. (13) is the only appearance of
ĥµ ! in the perturbed metric, then the theory automati-
cally possesses the correct graviton physics. This is our
motivation for distinguishing w(x, y) and gµ ! within Eq.
(1) in the first place.

As for the rest of G(RS)
MN , we choose to utilize the Ein-

stein frame parameterization, defined by

w(x, y) = e
" 2(k |y |+û)

v(x, y) = 1 + 2û (14)

where

û(x, y) !
 r̂

2
&
6
e
+k(2|y |" " r c ) (15)

The Einstein frame parameterization is advantageous
because it directly yields a canonical 4D e! ective La-
grangian. At the level of the metric, this parameteriza-
tion equals

G
(RS)
MN =

$
e

" 2(k |y |+û)(⌘µ ! + ĥµ ! ) 0
0 " (1 + 2û)2

%
(16)

The scalar field r̂(x, y) in û(x, y) describes the 5D radion
field. Unlike the 5D graviton field, the 5D radion field
can be made y-independent via a gauge transformation
such that r̂(x, y) = r̂(x). Additionally, the graviton and

1 Consider the metric perturbation over the background ! MN in
conformal coordinates in RS, GMN = A2(z)( ! MN + hMN ). An
expansion of the determinant and the Ricci scalar yields kinetic
and mass terms as well as interactions for the 4D graviton and the
radion. However it turns out that there are non-trivial mixing
terms between the graviton an the radion. This is a generic
feature of the expansion, and the mixing needs to be eliminated
by a Þeld redeÞnition. While for a simple torus compactiÞcation
a linear shift, hµ ! ! hµ ! + 1!

6
r su! ces, the corresponding shift

is much more complicated for the RS. In particular it needs a
two derivative shift over the radion Þelds.

Conformal co-ordinates : patch of ADS

3

LCC generates two types of terms. There are terms pro-
portional to |y|! 2 which provide a 5D cosmological con-
stant in the bulk and terms proportional to |y|!! which
generate tension on the branes (a prime indicates di! er-
entiation with respect to y, e.g. f ! = @yf ). Combining
these Lagrangians yields the matter-free 5D theory:

L5D = LEH + LCC (8)

The 4D e! ective theory is then deÞned from the action:

S =
Z

d4x

dy L5D

�
⌘

Z
d4x L

(e↵)
4D (9)

i.e. by integrating L5D across the extra dimension. A
nonzeroLCC is necessary to cancel terms fromLEH that
would otherwise generate a nonzero 4D cosmological con-
stant in the e! ective theory. We do not yet consider sta-
bilizing the geometry, which would require an additional
Lagrangian with a bulk scalar. Additionally, although
the functions w(x, y), and v(x, y) are written in itÕs most
general form, solution of EinsteinÕs equation and the re-
quirement of a vanishing e! ective 4D cosmological con-
stant force the solutions to be either ßat, or one with
negative curvature, i.e, over an ADS space.

B. The Randall-Sundrum Model

To be more speciÞc, the vacuum solution of the
Randall-Sundrum (RS) model equals

⌘
(RS)
MN

⌘

✓
e" 2k|y|

⌘µ⌫ 0
0 �1

◆
(10)

for coordinatesxM = ( xµ, y), where the nonzero warping
parameter k has units (Energy)+1. The vacuum solution,
along with the tuned brane tension terms yield a vanish-
ing cosmological constant. In the way we have set up the
problem, Eq. 8 and autmoatically ensure that this is the
case.

In conformal co-ordinates (xµ, z) , the RS metric, a
patch of ADS 5 can be written as,

ds2 =
L 2

z2
(⌘µ⌫dxµdx⌫

� dz2) (11)

The conformal transformations z ! �z, xµ
! �xµ, leave

the metric invariant. After orbifold projection the above
metric can be written as,

ds2 =
1

(1 + kz)2
(⌘µ⌫dxµdx⌫

� dz2)

= A2(z)(⌘µ⌫dxµdx⌫
� dz2) (12)

where L ⇠ 1/k is the curvature of the ADS space. The
zero mode graviton is localized at the Planck braney = 0
(z = 0 in conformal coordinates), while the ÔTeVÕ (IR)
brane is located at y = ⇡r c. The Planck brane and the
TeV brane breaks the conformal invariance of the RS

model explicitly. In a variant of the RS model, generally
called the RS2 model, the IR brane is sent to inÞnity(z !

1) , such that conformal invariance in restored on one
side of theADS 5 patch. This construction then describes
gravity localized on an inÞnite Þfth dimension being dual
to a broken strongly coupled CFT and an e! ective 4D
gravity.

In order to study the interactions of the e! ective 4D
theory, we need a convenient way to describe the met-
ric ßuctuations. Metric ßuctuations are obtained by
perturbing the vacuum with Þeld-dependent functions
weighted by the parameter. A judicious choice of met-
ric perturbation helps in simplifying the kinetic and mass
terms as well as the interaction terms originating from
the Ricci scalar 1. For example, consider perturbinggµ⌫
in GMN about the ßat background ⌘µ⌫ ,

gµ⌫ ⌘ ⌘µ⌫ + öhµ⌫ (13)

where the symmetric tensor Þeldöhµ⌫(x, y) is the 5D
graviton Þeld. If Eq. (13) is the only appearance of
öhµ⌫ in the perturbed metric, then the theory automati-
cally possesses the correct graviton physics. This is our
motivation for distinguishing w(x, y) and gµ⌫ within Eq.
(1) in the Þrst place.

As for the rest of G(RS)
MN

, we choose to utilize the Ein-
stein frame parameterization, deÞned by

w(x, y) = e" 2(k|y|+û) v(x, y) = 1 + 2öu (14)

where

öu(x, y) ⌘
 ör
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The Einstein frame parameterization is advantageous
because it directly yields a canonical 4D e! ective La-
grangian. At the level of the metric, this parameteriza-
tion equals

G(RS)
MN

=
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e" 2(k|y|+û)(⌘µ⌫ + öhµ⌫) 0
0 �(1 + 2öu)2
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The scalar Þeld ör (x, y) in öu(x, y) describes the 5D radion
Þeld. Unlike the 5D graviton Þeld, the 5D radion Þeld
can be madey-independent via a gauge transformation
such that ör (x, y) = ör (x). Additionally, the graviton and

1
Consider the metric perturbation over the background ⌘MN in

conformal coordinates in RS, GMN = A2
(z)(⌘MN + hMN ). An

expansion of the determinant and the Ricci scalar yields kinetic

and mass terms as well as interactions for the 4D graviton and the

radion. However it turns out that there are non-trivial mixing

terms between the graviton an the radion. This is a generic

feature of the expansion, and the mixing needs to be eliminated

by a field redefinition. While for a simple torus compactification

a linear shift, hµ⌫ ! hµ⌫ +
1p
6
r su�ces, the corresponding shift

is much more complicated for the RS. In particular it needs a

two derivative shift over the radion fields.
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Figure 4: The generation of an exponential hierarchy.

This term corresponds to the 4D action, so that we can read o↵ the value
of the e↵ective 4D Planck mass:

M
2
Pl

= (1� e
�2kL)M3

/k.

We see that it weakly depends on the size of the extra dimension L, provided
kL is moderately large.

Putting our two last results together, we see that the weak scale is ex-
ponentially suppressed along the extra dimension, while the gravity scale is
mostly independent of it (see fig.4).

In conclusion, in a theory where the values of all the bare parameters
(M,⇤,�1, v) are determined by the Planck scale, an exponential hierarchy
can be naturally generated between the weak and the gravity scales. Thus
the Randall-Sundrum model provides an original solution to the Hierarchy
Problem.

Remarkably, the e↵ective Planck mass remains finite even if we take the
decompactification limit L!1. This case where there is only one brane is
known as the Randall-Sundrum II model (RS2). The fact that there could
be an infinite extra dimension and still a 4D gravity as we experience it
results from the localization of gravity around the brane at y = 0, which we
now turn our attention to.
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s5 s4 s3 s2

M contact ! ! 2r 7
c [7+ c2θ ]s2

θ
3072n8"

! 2r 5
c [63−196c2θ+ 5c4θ ]

9216n6"
! 2r 3

c [−185+ 692c2θ+ 5c4θ ]
4608n4" ! ! 2r c[5+ 47c2θ ]

72n2"

M 2n
! 2r 7

c [7+ c2θ ]s2
θ

9216n8"
! 2r 5

c [−13+ c2θ ]s2
θ

1152n6"
! 2r 3

c [97+ 3c2θ ]s2
θ

1152n4"
! 2r c[−179+ 116c2θ−c4θ ]
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M 0
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c [7+ c2θ ]s2
θ
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! 2r 5

c [−9+ 140c2θ−3c4θ ]
9216n6"

! 2r 3
c [15−270c2θ−c4θ ]

2304n4"
! 2r c[175+ 624c2θ+ c4θ ]

1152n2"

M r adi on 0 0 ! ! 2r 3
cs2

θ
64n4"

! 2r c[7+ c2θ ]
96n2"

Sum 0 0 0 0

TABLE I. Cancellations in the (n, n) " (n, n) 5DOT amplitude, where θ is the center-of-mass

scattering angle and (cn#, sn#) = (cos nθ, sin nθ).

Bulk and brane cosmological constants are added to the action to ensure the effective 4D

background remains flat.5 The following RS1 metric generalizes the earlier 5DOT metric

(which is recovered by taking krc → 0 with finite rc) [30]

GMN =

%

&'
e−2(k|y|+û)

(
ηµν + κĥµν

)
0

0 −(1 + 2û)2

*

+,

û ≡ κr̂

2
√
6
e+k(2|y|−πrc) . (7)

and is similarly canonical by construction. The new parameter k has dimensions of mass

and determines the curvature of the internal AdS5 space.

In the ‘large krc limit’ (krc ≳ 5), the KKmode masses equalmn = kxne
−kr c" , where xn are

zeroes of the Bessel function of the first kind. The location of the IR (TeV) brane determines

an emergent scale Λ" ≡ MP le
−kr c" that controls the radion and KK mode coupling strengths.

Λ" is exponentially suppressed relative to the 4D Planck scale that determines graviton

couplings (M2
P l = M3

5/k at large krc). As we will show directly massive spin-2 scattering

amplitudes in RS1 are suppressed by Λ" .

Computing massive spin-2 scattering amplitudes in RS1 proceeds much like in the 5DOT,

but with fewer conveniences (e.g., see [31]). Since the internal space is curved, the harmonic

functions are related to Bessel functions, but the resulting spectrum is similar to that of the

5DOT: a massless radion and graviton, and a tower of massive spin-2 KK states labeled by

the number of nodes across the internal space. However, in RS1 there is no analog of KK

momentum conservation, and so there are nonzero 3- and 4-point interactions between almost

5
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s5 s4 s3 s2

Mcontact −κ2r7c [7+c2θ]s
2
θ

3072n8π
κ2r5c [63−196c2θ+5c4θ]

9216n6π
κ2r3c [−185+692c2θ+5c4θ]

4608n4π
−κ2rc[5+47c2θ]

72n2π

M2n
κ2r7c [7+c2θ]s

2
θ

9216n8π

κ2r5c [−13+c2θ]s
2
θ

1152n6π

κ2r3c [97+3c2θ]s
2
θ

1152n4π
κ2rc[−179+116c2θ−c4θ]

1152n2π

M0
κ2r7c [7+c2θ]s

2
θ

4608n8π
κ2r5c [−9+140c2θ−3c4θ]

9216n6π
κ2r3c [15−270c2θ−c4θ]

2304n4π
κ2rc[175+624c2θ+c4θ]

1152n2π

Mradion 0 0 −κ2r3cs
2
θ

64n4π
κ2rc[7+c2θ]

96n2π

Sum 0 0 0 0

TABLE I. Cancellations in the (n, n) → (n, n) 5DOT amplitude, where θ is the center-of-mass

scattering angle and (cnθ, snθ) = (cosnθ, sinnθ).

Bulk and brane cosmological constants are added to the action to ensure the effective 4D

background remains flat.5 The following RS1 metric generalizes the earlier 5DOT metric

(which is recovered by taking krc → 0 with finite rc) [30]

GMN =

%

&'
e−2(k|y|+û)

(
ηµν + κĥµν

)
0

0 −(1 + 2û)2

*

+,

û ≡ κr̂

2
√
6
e+k(2|y|−πrc) . (7)

and is similarly canonical by construction. The new parameter k has dimensions of mass

and determines the curvature of the internal AdS5 space.

In the ‘large krc limit’ (krc ≳ 5), the KKmode masses equalmn = kxne
−krcπ, where xn are

zeroes of the Bessel function of the first kind. The location of the IR (TeV) brane determines

an emergent scale Λπ ≡ MPle
−krcπ that controls the radion and KK mode coupling strengths.

Λπ is exponentially suppressed relative to the 4D Planck scale that determines graviton

couplings (M2
Pl = M3

5/k at large krc). As we will show directly massive spin-2 scattering

amplitudes in RS1 are suppressed by Λπ.

Computing massive spin-2 scattering amplitudes in RS1 proceeds much like in the 5DOT,

but with fewer conveniences (e.g., see [31]). Since the internal space is curved, the harmonic

functions are related to Bessel functions, but the resulting spectrum is similar to that of the

5DOT: a massless radion and graviton, and a tower of massive spin-2 KK states labeled by

the number of nodes across the internal space. However, in RS1 there is no analog of KK

momentum conservation, and so there are nonzero 3- and 4-point interactions between almost
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states we find (here θ is the center-of-mass scattering angle)

M
(5)

= M
(4)

= M
(3)

= M
(2)

= 0

M
(1)

(θ) =
3κ2

256πr c
[7 + cos(2θ)] csc2 θ .

(4)

As anticipated, the amplitude does not grow like s5 (or even s3) despite individual con-

tributions growing as fast as s5. Instead, there are cancellations
4
which lead to the total

amplitude’s growing only like s. Note the amplitude is proportional to κ2/πrc = 8/M2
Pl, and

is hence suppressed by the 4D Planck scale.

Additional calculations confirm cancellations that tamp growth down to O(s) for other

2 → 2 scattering processes as well, including processes like (1, 4) → (2, 3) to which the radion

and graviton cannot contribute due to KK number conservation. For processes lacking t-

and u-channel IR divergences, we can directly compute the properly normalized partial-wave

helicity amplitude [28]

aJ
λaλb! λcλd

=
1

32π2

"
dΩ D J

λiλf
(θ,φ)Maλb! λcλd

(s, θ,φ) , (5)

We find the largest (helicity-0, spin-0) partial wave amplitude has the leading behavior

aJ =0
00! 00(14 → 23) =

s
M 2

Pl

ln
#
sr 2c

$
+ . . . . (6)

From this we conclude that 4D 2 → 2 scattering amplitudes from the 5DOT become large

at s ≃ M2
Pl.

Finally, while each individual scattering amplitude grows only like s, as in the case of

compactified Yang-Mills theory [29] there are coupled channels of the first N KK modes

whose scattering amplitudes grow like Ns/M2
Pl. Following [29], by identifying N ∝

√
src

we recover the expected s3/2/M3
5 growth underlying five-dimensional gravity—and directly

demonstrate the theory is valid up to a scale Λ3/2 = M5 as suggested in [13].

ANTI-DESITTER SPACE

Next consider the analogous calculation in RS1 [24]. RS1 is a truncated and orbifolded

Anti-de-Sitter space (AdS5), bounded on either end by UV (Planck) and IR (TeV) branes.

4
Note that the radion contributes at O(s3) as shown in [13]. However, if the theory is truncated below level

2n, the 2nth KK mode is absent and its contributions from the second row of Table I are not included.

Thus, the total amplitude in the truncated theory grows like O(s5) – not like O(s3) as [13] had suggested.
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s5 s4 s3 s2

M contact ! ! 2r 7
c [7+ c2! ]s2

!
3072n8"

! 2r 5
c [63! 196c2! + 5c4! ]

9216n6"
! 2r 3

c [! 185+ 692c2! + 5c4! ]
4608n4" ! ! 2r c [5+ 47c2! ]

72n2"

M 2n
! 2r 7

c [7+ c2! ]s2
!

9216n8"
! 2r 5

c [! 13+ c2! ]s2
!

1152n6"
! 2r 3

c [97+ 3c2! ]s2
!

1152n4"
! 2r c [! 179+ 116c2! ! c4! ]

1152n2"

M 0
! 2r 7

c [7+ c2! ]s2
!

4608n8"
! 2r 5

c [! 9+ 140c2! ! 3c4! ]
9216n6"

! 2r 3
c [15! 270c2! ! c4! ]

2304n4"
! 2r c [175+ 624c2! + c4! ]

1152n2"

M r adi on 0 0 ! ! 2r 3
c s2

!
64n4"

! 2r c [7+ c2! ]
96n2"

Sum 0 0 0 0

TABLE I. Cancellations in the (n, n) " (n, n) 5DOT amplitude, where θ is the center-of-mass

scattering angle and (cn#, sn#) = (cos nθ, sin nθ).

Bulk and brane cosmological constants are added to the action to ensure the effective 4D

background remains flat.5 The following RS1 metric generalizes the earlier 5DOT metric

(which is recovered by taking krc → 0 with finite rc) [30]

GM N =

!

"
#

e! 2(k |y |+ öu)
$
ηµν + κöhµν

%
0

0 −(1 + 2öu)2

&

'
(

öu ≡ κör

2
√

6
e+ k(2|y |! πr c) . (7)

and is similarly canonical by construction. The new parameter k has dimensions of mass

and determines the curvature of the internal AdS5 space.

In the ‘large krc limit’ (krc ! 5), the KKmode masses equalmn = kxne
! kr c" , where xn are

zeroes of the Bessel function of the first kind. The location of the IR (TeV) brane determines

an emergent scale Λ" ≡ MP le
! kr c" that controls the radion and KK mode coupling strengths.

Λ" is exponentially suppressed relative to the 4D Planck scale that determines graviton

couplings (M2
P l = M3

5/k at large krc). As we will show directly massive spin-2 scattering

amplitudes in RS1 are suppressed by Λ" .

Computing massive spin-2 scattering amplitudes in RS1 proceeds much like in the 5DOT,

but with fewer conveniences (e.g., see [31]). Since the internal space is curved, the harmonic

functions are related to Bessel functions, but the resulting spectrum is similar to that of the

5DOT: a massless radion and graviton, and a tower of massive spin-2 KK states labeled by

the number of nodes across the internal space. However, in RS1 there is no analog of KK

momentum conservation, and so there are nonzero 3- and 4-point interactions between almost

5 Here we address 5D gravity and ignore mat ter.
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Mass spectrum

Randall, Sundrum, 1999 
Randall, Poratti, Arkani Hamed , 2002 
Rattazzi 2003 

• The vevs at the two branes are different. 
• The vev  interpolates the two different vevs at the the two branes and 

must be a non-trivial function of the 5D coordinate. 
• After mixing and applying the gauge fixing constraint, we are left with a 

potential , which, after minimization leads to a non-zero vev for the 
radion field.  

" 0(y)

V(⟨ ̂r⟩)

M2
P l =

M3

k
[1 − e−2krcπ], (2)

so that, even for large krc, MP l is of order M. Because of the exponential factor in the

spacetime metric, a field confined to the 3-brane at φ = π with mass parameter m0 will have

physical mass m0e−krcπ and for krc around 12, the weak scale is dynamically generated from

a fundamental scale M which is on the order of the Planck mass. Furthermore, Kaluza-Klein

gravitational modes have TeV scale mass splittings and couplings [8]. Similarly, a bulk field

with mass on the order of M has low-lying Kaluza-Klein excitations that reside primarily

near φ = π and hence, from a four-dimensional perspective, have masses on the order of the

weak scale [9].

In the scenario presented in ref. [4], rc is associated with the vacuum expectation value

of a massless four-dimensional scalar field. This modulus field has zero potential and conse-

quently rc is not determined by the dynamics of the model. For this scenario to be relevant,

it is necessary to find a mechanism for generating a potential to stabilize the value of rc. Here

we show that such a potential can arise classically from the presence of a bulk scalar with

interaction terms that are localized to the two 3-branes1. The minimum of this potential

can be arranged to yield a value of krc ∼ 10 without fine tuning of parameters.

Imagine adding to the model a scalar field Φ with the following bulk action

Sb =
1

2

!
d4x

! π

−π
dφ

√
G

"
GAB∂AΦ∂BΦ − m2Φ2

#
, (3)

where GAB with A, B = µ, φ is given by Eq. (1). We also include interaction terms on the

hidden and visible branes (at φ = 0 and φ = π respectively) given by

Sh = −
!

d4x
√
−ghλh

"
Φ2 − v2

h

#2
, (4)

and

Sv = −
!

d4x
√
−gvλv

"
Φ2 − v2

v

#2
, (5)

where gh and gv are the determinants of the induced metric on the hidden and visible branes

respectively. Note that Φ and vv,h have mass dimension 3/2, while λv,h have mass dimension

−2. Kinetic terms for the scalar field can be added to the brane actions without changing

1Other proposals for stabilizing the r c modulus can be found in ref. [10].
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V! (r c) = k!v2
h + 4ke! 4kr c! (vv ! vhe! "kr c! )2

!

1 +
!
4

"

! k!vhe! (4+ ")kr c ! (2vv ! vhe! "kr c! ) (13)

where terms of order! 2 are neglected (but!kr c is not treated as small). Ignoring terms

proportional to ! , this potential has a minimum at

kr c =
! 4

"

" k2

m2
ln

#vh

vv

$

. (14)

With ln( vh/v v) of order unity, we only needm2/k 2 of order 1/ 10 to get kr c " 10. Clearly,

no extreme Þne tuning of parameters is required to get the right magnitude for kr c. For

instance, takingvh/v v = 1.5 and m/k = 0.2 yields kr c # 12.

The stress tensor for the scalar Þeld can be written asTAB
s = TAB

k + TAB
m , where for

large kr c:

T##
k # !

k2

2r 2
c

%
(4 + ! )(vv ! vhe! "kr c! )e! (4+ ")( kr c ! ! $) ! !vhe! "$

&2
, (15)

Tµ%
k #

k2

2
e2$#µ%

%
(4 + ! )(vv ! vhe! "kr c! )e! (4+ ")( kr c ! ! $) ! !vhe! "$

&2
, (16)

and

T##
m # !

2k2!
r 2

c

%
(vv ! vhe! "kr c! )e! (4+ ")( kr c ! ! $) + vhe! "$

&2
, (17)

Tµ%
m # ! 2k2e2$#µ%!

%
(vv ! vhe! "kr c! )e! (4+ ")( kr c ! ! $) + vhe! "$

&2
. (18)

As long asv2
h/M 3 and v2

v/M 3 are small,TAB
s can be neglected in comparison to the stress

tensor induced by the bulk cosmological constant. It is therefore safe to ignore the inßuence

of the scalar Þeld on the background geometry for the computation of V(r c). A similar

criterion ensures that the stress tensor induced by the bulkcosmological constant is dominant

for kr c " 1.

One might worry that the validity of Eq. (13) and Eq. (14) requires unnaturally large

values of$h and $v. We will check that this is not the case by computing the leading 1/ $

correction to the potential. To obtain this correction, we linearize Eq. (9) and Eq. (10)

about the large$ solution. Neglecting terms of order! , the VEVs are shifted by

%! (0) =
k

$hv2
h
e! (4+ ")kr c ! (vv ! vhe! "kr c! ), (19)

%! (" ) = !
k

$vv2
v
(vv ! vhe! "kr c! ), (20)

and thus (neglecting subleading exponentials ofkr c" )
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Goldberger-Wise Mechanism in a nutshell

Compactified theories: Randall Sundrum model

3

LCC generates two types of terms. There are terms pro-
portional to |y|

0 2 which provide a 5D cosmological con-
stant in the bulk and terms proportional to |y|

00 which
generate tension on the branes (a prime indicates di↵er-
entiation with respect to y, e.g. f

0 = @yf). Combining
these Lagrangians yields the matter-free 5D theory:

L5D = LEH + LCC (8)

The 4D e↵ective theory is then defined from the action:

S =

Z
d
4
x


dy L5D

�
⌘

Z
d
4
x L

(e↵)
4D (9)

i.e. by integrating L5D across the extra dimension. A
nonzero LCC is necessary to cancel terms from LEH that
would otherwise generate a nonzero 4D cosmological con-
stant in the e↵ective theory. We do not yet consider sta-
bilizing the geometry, which would require an additional
Lagrangian with a bulk scalar. Additionally, although
the functions w(x, y), and v(x, y) are written in it’s most
general form, solution of Einstein’s equation and the re-
quirement of a vanishing e↵ective 4D cosmological con-
stant force the solutions to be either flat, or one with
negative curvature, i.e, over an ADS space.

B. The Randall-Sundrum Model

To be more specific, the vacuum solution of the
Randall-Sundrum (RS) model equals

⌘
(RS)
MN

⌘

✓
e
�2k|y|

⌘µ⌫ 0
0 �1

◆
(10)

for coordinates xM = (xµ
, y), where the nonzero warping

parameter k has units (Energy)+1. The vacuum solution,
along with the tuned brane tension terms yield a vanish-
ing cosmological constant. In the way we have set up the
problem, Eq. 8 and autmoatically ensure that this is the
case.

In conformal co-ordinates (xµ
, z) , the RS metric, a

patch of ADS5 can be written as,

ds
2 =

L
2

z2
(⌘µ⌫dx

µ
dx

⌫
� dz

2) (11)

The conformal transformations z ! �z, x
µ
! �x

µ, leave
the metric invariant. After orbifold projection the above
metric can be written as,

ds
2 =

1

(1 + kz)2
(⌘µ⌫dx

µ
dx

⌫
� dz

2)

= A
2(z)(⌘µ⌫dx

µ
dx

⌫
� dz

2) (12)

where L ⇠ 1/k is the curvature of the ADS space. The
zero mode graviton is localized at the Planck brane y = 0
(z = 0 in conformal coordinates), while the ‘TeV’ (IR)
brane is located at y = ⇡rc. The Planck brane and the
TeV brane breaks the conformal invariance of the RS

model explicitly. In a variant of the RS model, generally
called the RS2 model, the IR brane is sent to infinity(z !

1) , such that conformal invariance in restored on one
side of the ADS5 patch. This construction then describes
gravity localized on an infinite fifth dimension being dual
to a broken strongly coupled CFT and an e↵ective 4D
gravity.
In order to study the interactions of the e↵ective 4D

theory, we need a convenient way to describe the met-
ric fluctuations. Metric fluctuations are obtained by
perturbing the vacuum with field-dependent functions
weighted by the parameter . A judicious choice of met-
ric perturbation helps in simplifying the kinetic and mass
terms as well as the interaction terms originating from
the Ricci scalar 1. For example, consider perturbing gµ⌫

in GMN about the flat background ⌘µ⌫ ,

gµ⌫ ⌘ ⌘µ⌫ + ĥµ⌫ (13)

where the symmetric tensor field ĥµ⌫(x, y) is the 5D
graviton field. If Eq. (13) is the only appearance of
ĥµ⌫ in the perturbed metric, then the theory automati-
cally possesses the correct graviton physics. This is our
motivation for distinguishing w(x, y) and gµ⌫ within Eq.
(1) in the first place.

As for the rest of G(RS)
MN

, we choose to utilize the Ein-
stein frame parameterization, defined by

w(x, y) = e
�2(k|y|+û)

v(x, y) = 1 + 2û (14)

where
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The Einstein frame parameterization is advantageous
because it directly yields a canonical 4D e↵ective La-
grangian. At the level of the metric, this parameteriza-
tion equals

G
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The scalar field r̂(x, y) in û(x, y) describes the 5D radion
field. Unlike the 5D graviton field, the 5D radion field
can be made y-independent via a gauge transformation
such that r̂(x, y) = r̂(x). Additionally, the graviton and

1 Consider the metric perturbation over the background ! MN in
conformal coordinates in RS, GMN = A 2(z)( ! MN + hMN ). An
expansion of the determinant and the Ricci scalar yields kinetic
and mass terms as well as interactions for the 4D graviton and the
radion. However it turns out that there are non-trivial mixing
terms between the graviton an the radion. This is a generic
feature of the expansion, and the mixing needs to be eliminated
by a Þeld redeÞnition. While for a simple torus compactiÞcation
a linear shift, hµ ! ! hµ ! + 1!

6
r su! ces, the corresponding shift

is much more complicated for the RS. In particular it needs a
two derivative shift over the radion Þelds.
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L CC generates two types of terms. There are terms pro-
portional to |y|! 2 which provide a 5D cosmological con-
stant in the bulk and terms proportional to |y|!! which
generate tension on the branes (a prime indicates di! er-
entiation with respect to y, e.g. f ! = ! y f ). Combining
these Lagrangians yields the matter-free 5D theory:

L 5D = L EH + L CC (8)

The 4D e! ective theory is then deÞned from the action:

S =
!

d4x
"
dy L 5D
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!
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4D (9)

i.e. by integrating L 5D across the extra dimension. A
nonzeroL CC is necessary to cancel terms fromL EH that
would otherwise generate a nonzero 4D cosmological con-
stant in the e! ective theory. We do not yet consider sta-
bilizing the geometry, which would require an additional
Lagrangian with a bulk scalar. Additionally, although
the functions w(x, y), and v(x, y) are written in itÕs most
general form, solution of EinsteinÕs equation and the re-
quirement of a vanishing e! ective 4D cosmological con-
stant force the solutions to be either ßat, or one with
negative curvature, i.e, over an ADS space.

B. The Randall-Sundrum Model

To be more speciÞc, the vacuum solution of the
Randall-Sundrum (RS) model equals

" (RS)
MN !

$
e" 2k |y | " µ ! 0

0 " 1

%
(10)

for coordinatesxM = ( xµ , y), where the nonzero warping
parameter k has units (Energy)+1 . The vacuum solution,
along with the tuned brane tension terms yield a vanish-
ing cosmological constant. In the way we have set up the
problem, Eq. 8 and autmoatically ensure that this is the
case.

In conformal co-ordinates (xµ , z) , the RS metric, a
patch of ADS 5 can be written as,

ds2 =
L 2

z2 (" µ ! dxµ dx! " dz2) (11)

The conformal transformations z # #z, xµ # #xµ , leave
the metric invariant. After orbifold projection the above
metric can be written as,

ds2 =
1

(1 + kz)2 (" µ ! dxµ dx! " dz2)

= A2(z)( " µ ! dxµ dx! " dz2) (12)

where L $ 1/k is the curvature of the ADS space. The
zero mode graviton is localized at the Planck braney = 0
(z = 0 in conformal coordinates), while the ÔTeVÕ (IR)
brane is located at y = $r c. The Planck brane and the
TeV brane breaks the conformal invariance of the RS

model explicitly. In a variant of the RS model, generally
called the RS2 model, the IR brane is sent to inÞnity(z #
%) , such that conformal invariance in restored on one
side of theADS 5 patch. This construction then describes
gravity localized on an inÞnite Þfth dimension being dual
to a broken strongly coupled CFT and an e! ective 4D
gravity.

In order to study the interactions of the e! ective 4D
theory, we need a convenient way to describe the met-
ric ßuctuations. Metric ßuctuations are obtained by
perturbing the vacuum with Þeld-dependent functions
weighted by the parameter%. A judicious choice of met-
ric perturbation helps in simplifying the kinetic and mass
terms as well as the interaction terms originating from
the Ricci scalar 1. For example, consider perturbinggµ!
in GMN about the ßat background " µ ! ,

gµ ! ! " µ ! + %öhµ! (13)

where the symmetric tensor Þeldöhµ! (x, y) is the 5D
graviton Þeld. If Eq. (13) is the only appearance of
öhµ! in the perturbed metric, then the theory automati-
cally possesses the correct graviton physics. This is our
motivation for distinguishing w(x, y) and gµ! within Eq.
(1) in the Þrst place.

As for the rest of G(RS)
MN , we choose to utilize the Ein-

stein frame parameterization, deÞned by

w(x, y) = e" 2(k |y |+öu) v(x, y) = 1 + 2öu (14)

where
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The Einstein frame parameterization is advantageous
because it directly yields a canonical 4D e! ective La-
grangian. At the level of the metric, this parameteriza-
tion equals
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The scalar Þeld ör (x, y) in öu(x, y) describes the 5D radion
Þeld. Unlike the 5D graviton Þeld, the 5D radion Þeld
can be madey-independent via a gauge transformation
such that ör (x, y) = ör (x). Additionally, the graviton and

1 Consider the metric perturbation over the background ⌘MN in
conformal coordinates in RS, GMN = A2(z)( ⌘MN + hMN ). An
expansion of the determinant and the Ricci scalar yields kinetic
and mass terms as well as interactions for the 4D graviton and the
radion. However it turns out that there are non-trivial mixing
terms between the graviton an the radion. This is a generic
feature of the expansion, and the mixing needs to be eliminated
by a Þeld redeÞnition. While for a simple torus compactiÞcation
a linear shift, hµ ! ! hµ ! + 1p
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r su! ces, the corresponding shift

is much more complicated for the RS. In particular it needs a
two derivative shift over the radion Þelds.
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LCC generates two types of terms. There are terms pro-
portional to |y|0 2 which provide a 5D cosmological con-
stant in the bulk and terms proportional to |y|00 which
generate tension on the branes (a prime indicates di! er-
entiation with respect to y, e.g. f 0 = ! y f ). Combining
these Lagrangians yields the matter-free 5D theory:
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The 4D e! ective theory is then deÞned from the action:

S =
!

d4x
"
dy L5D

#
!

!
d4x L

(e! )
4D (9)

i.e. by integrating L5D across the extra dimension. A
nonzeroLCC is necessary to cancel terms fromLEH that
would otherwise generate a nonzero 4D cosmological con-
stant in the e! ective theory. We do not yet consider sta-
bilizing the geometry, which would require an additional
Lagrangian with a bulk scalar. Additionally, although
the functions w(x, y), and v(x, y) are written in itÕs most
general form, solution of EinsteinÕs equation and the re-
quirement of a vanishing e! ective 4D cosmological con-
stant force the solutions to be either ßat, or one with
negative curvature, i.e, over an ADS space.

B. The Randall-Sundrum Model

To be more speciÞc, the vacuum solution of the
Randall-Sundrum (RS) model equals
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for coordinatesxM = ( xµ , y), where the nonzero warping
parameter k has units (Energy)+1 . The vacuum solution,
along with the tuned brane tension terms yield a vanish-
ing cosmological constant. In the way we have set up the
problem, Eq. 8 and autmoatically ensure that this is the
case.

In conformal co-ordinates (xµ , z) , the RS metric, a
patch of ADS 5 can be written as,

ds2 =
L 2

z2 (" µ ! dxµ dx! " dz2) (11)

The conformal transformations z # #z, xµ # #xµ , leave
the metric invariant. After orbifold projection the above
metric can be written as,

ds2 =
1

(1 + kz)2 (" µ ! dxµ dx! " dz2)

= A2(z)( " µ ! dxµ dx! " dz2) (12)

where L $ 1/k is the curvature of the ADS space. The
zero mode graviton is localized at the Planck braney = 0
(z = 0 in conformal coordinates), while the ÔTeVÕ (IR)
brane is located at y = $r c. The Planck brane and the
TeV brane breaks the conformal invariance of the RS

model explicitly. In a variant of the RS model, generally
called the RS2 model, the IR brane is sent to inÞnity(z #
%) , such that conformal invariance in restored on one
side of theADS 5 patch. This construction then describes
gravity localized on an inÞnite Þfth dimension being dual
to a broken strongly coupled CFT and an e! ective 4D
gravity.

In order to study the interactions of the e! ective 4D
theory, we need a convenient way to describe the met-
ric ßuctuations. Metric ßuctuations are obtained by
perturbing the vacuum with Þeld-dependent functions
weighted by the parameter%. A judicious choice of met-
ric perturbation helps in simplifying the kinetic and mass
terms as well as the interaction terms originating from
the Ricci scalar 1. For example, consider perturbinggµ!
in GMN about the ßat background " µ ! ,

gµ ! ! " µ ! + %öhµ! (13)

where the symmetric tensor Þeldöhµ! (x, y) is the 5D
graviton Þeld. If Eq. (13) is the only appearance of
öhµ! in the perturbed metric, then the theory automati-
cally possesses the correct graviton physics. This is our
motivation for distinguishing w(x, y) and gµ! within Eq.
(1) in the Þrst place.

As for the rest of G(RS)
MN , we choose to utilize the Ein-

stein frame parameterization, deÞned by

w(x, y) = e�2(k |y |+öu) v(x, y) = 1 + 2öu (14)

where

öu(x, y) !
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The Einstein frame parameterization is advantageous
because it directly yields a canonical 4D e! ective La-
grangian. At the level of the metric, this parameteriza-
tion equals

G(RS)
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The scalar Þeld ör (x, y) in öu(x, y) describes the 5D radion
Þeld. Unlike the 5D graviton Þeld, the 5D radion Þeld
can be madey-independent via a gauge transformation
such that ör (x, y) = ör (x). Additionally, the graviton and
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(z)(! MN + hMN ). An

expansion of the determinant and the Ricci scalar yields kinetic

and mass terms as well as interactions for the 4D graviton and the

radion. However it turns out that there are non-trivial mixing

terms between the graviton an the radion. This is a generic

feature of the expansion, and the mixing needs to be eliminated

by a field redefinition. While for a simple torus compactification

a linear shift, hµ ⌫ ! hµ ⌫ +
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r su�ces, the corresponding shift

is much more complicated for the RS. In particular it needs a

two derivative shift over the radion fields.
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LCC generates two types of terms. There are terms pro-
portional to |y|

! 2 which provide a 5D cosmological con-
stant in the bulk and terms proportional to |y|

!! which
generate tension on the branes (a prime indicates di! er-
entiation with respect to y, e.g. f

! = @yf). Combining
these Lagrangians yields the matter-free 5D theory:

L5D = LEH + LCC (8)

The 4D e! ective theory is then defined from the action:
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i.e. by integrating L5D across the extra dimension. A
nonzero LCC is necessary to cancel terms from LEH that
would otherwise generate a nonzero 4D cosmological con-
stant in the e! ective theory. We do not yet consider sta-
bilizing the geometry, which would require an additional
Lagrangian with a bulk scalar. Additionally, although
the functions w(x, y), and v(x, y) are written in it’s most
general form, solution of Einstein’s equation and the re-
quirement of a vanishing e! ective 4D cosmological con-
stant force the solutions to be either flat, or one with
negative curvature, i.e, over an ADS space.

B. The Randall-Sundrum Model

To be more specific, the vacuum solution of the
Randall-Sundrum (RS) model equals

⌘
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$
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0 " 1
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for coordinates xM = (xµ
, y), where the nonzero warping

parameter k has units (Energy)+1. The vacuum solution,
along with the tuned brane tension terms yield a vanish-
ing cosmological constant. In the way we have set up the
problem, Eq. 8 and autmoatically ensure that this is the
case.

In conformal co-ordinates (xµ
, z) , the RS metric, a

patch of ADS5 can be written as,

ds
2 =

L
2

z2
(⌘µ ! dx

µ
dx

! " dz
2) (11)

The conformal transformations z # �z, x
µ # �x

µ , leave
the metric invariant. After orbifold projection the above
metric can be written as,
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µ
dx

! " dz
2)

= A
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where L $ 1/k is the curvature of the ADS space. The
zero mode graviton is localized at the Planck brane y = 0
(z = 0 in conformal coordinates), while the ‘TeV’ (IR)
brane is located at y = ⇡rc. The Planck brane and the
TeV brane breaks the conformal invariance of the RS

model explicitly. In a variant of the RS model, generally
called the RS2 model, the IR brane is sent to infinity(z #
%) , such that conformal invariance in restored on one
side of the ADS5 patch. This construction then describes
gravity localized on an infinite fifth dimension being dual
to a broken strongly coupled CFT and an e! ective 4D
gravity.
In order to study the interactions of the e! ective 4D

theory, we need a convenient way to describe the met-
ric fluctuations. Metric fluctuations are obtained by
perturbing the vacuum with field-dependent functions
weighted by the parameter . A judicious choice of met-
ric perturbation helps in simplifying the kinetic and mass
terms as well as the interaction terms originating from
the Ricci scalar 1. For example, consider perturbing gµ !
in GMN about the flat background ⌘µ ! ,

gµ ! ! ⌘µ ! + ĥµ ! (13)

where the symmetric tensor field ĥµ ! (x, y) is the 5D
graviton field. If Eq. (13) is the only appearance of
ĥµ ! in the perturbed metric, then the theory automati-
cally possesses the correct graviton physics. This is our
motivation for distinguishing w(x, y) and gµ ! within Eq.
(1) in the first place.

As for the rest of G(RS)
MN , we choose to utilize the Ein-

stein frame parameterization, defined by

w(x, y) = e
" 2(k |y |+û)

v(x, y) = 1 + 2û (14)

where
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The Einstein frame parameterization is advantageous
because it directly yields a canonical 4D e! ective La-
grangian. At the level of the metric, this parameteriza-
tion equals
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The scalar field r̂(x, y) in û(x, y) describes the 5D radion
field. Unlike the 5D graviton field, the 5D radion field
can be made y-independent via a gauge transformation
such that r̂(x, y) = r̂(x). Additionally, the graviton and

1 Consider the metric perturbation over the background ! MN in
conformal coordinates in RS, GMN = A2(z)( ! MN + hMN ). An
expansion of the determinant and the Ricci scalar yields kinetic
and mass terms as well as interactions for the 4D graviton and the
radion. However it turns out that there are non-trivial mixing
terms between the graviton an the radion. This is a generic
feature of the expansion, and the mixing needs to be eliminated
by a Þeld redeÞnition. While for a simple torus compactiÞcation
a linear shift, hµ ! ! hµ ! + 1!

6
r su! ces, the corresponding shift

is much more complicated for the RS. In particular it needs a
two derivative shift over the radion Þelds.
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LCC generates two types of terms. There are terms pro-
portional to |y|! 2 which provide a 5D cosmological con-
stant in the bulk and terms proportional to |y|!! which
generate tension on the branes (a prime indicates di! er-
entiation with respect to y, e.g. f ! = @yf ). Combining
these Lagrangians yields the matter-free 5D theory:

L5D = LEH + LCC (8)

The 4D e! ective theory is then deÞned from the action:

S =
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i.e. by integrating L5D across the extra dimension. A
nonzeroLCC is necessary to cancel terms fromLEH that
would otherwise generate a nonzero 4D cosmological con-
stant in the e! ective theory. We do not yet consider sta-
bilizing the geometry, which would require an additional
Lagrangian with a bulk scalar. Additionally, although
the functions w(x, y), and v(x, y) are written in itÕs most
general form, solution of EinsteinÕs equation and the re-
quirement of a vanishing e! ective 4D cosmological con-
stant force the solutions to be either ßat, or one with
negative curvature, i.e, over an ADS space.

B. The Randall-Sundrum Model

To be more speciÞc, the vacuum solution of the
Randall-Sundrum (RS) model equals

⌘
(RS)
MN

⌘

✓
e" 2k|y|

⌘µ⌫ 0
0 �1

◆
(10)

for coordinatesxM = ( xµ, y), where the nonzero warping
parameter k has units (Energy)+1. The vacuum solution,
along with the tuned brane tension terms yield a vanish-
ing cosmological constant. In the way we have set up the
problem, Eq. 8 and autmoatically ensure that this is the
case.

In conformal co-ordinates (xµ, z) , the RS metric, a
patch of ADS 5 can be written as,

ds2 =
L 2

z2
(⌘µ⌫dxµdx⌫

� dz2) (11)

The conformal transformations z ! �z, xµ
! �xµ, leave

the metric invariant. After orbifold projection the above
metric can be written as,
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where L ⇠ 1/k is the curvature of the ADS space. The
zero mode graviton is localized at the Planck braney = 0
(z = 0 in conformal coordinates), while the ÔTeVÕ (IR)
brane is located at y = ⇡r c. The Planck brane and the
TeV brane breaks the conformal invariance of the RS

model explicitly. In a variant of the RS model, generally
called the RS2 model, the IR brane is sent to inÞnity(z !

1) , such that conformal invariance in restored on one
side of theADS 5 patch. This construction then describes
gravity localized on an inÞnite Þfth dimension being dual
to a broken strongly coupled CFT and an e! ective 4D
gravity.

In order to study the interactions of the e! ective 4D
theory, we need a convenient way to describe the met-
ric ßuctuations. Metric ßuctuations are obtained by
perturbing the vacuum with Þeld-dependent functions
weighted by the parameter. A judicious choice of met-
ric perturbation helps in simplifying the kinetic and mass
terms as well as the interaction terms originating from
the Ricci scalar 1. For example, consider perturbinggµ⌫
in GMN about the ßat background ⌘µ⌫ ,

gµ⌫ ⌘ ⌘µ⌫ + öhµ⌫ (13)

where the symmetric tensor Þeldöhµ⌫(x, y) is the 5D
graviton Þeld. If Eq. (13) is the only appearance of
öhµ⌫ in the perturbed metric, then the theory automati-
cally possesses the correct graviton physics. This is our
motivation for distinguishing w(x, y) and gµ⌫ within Eq.
(1) in the Þrst place.

As for the rest of G(RS)
MN

, we choose to utilize the Ein-
stein frame parameterization, deÞned by

w(x, y) = e" 2(k|y|+û) v(x, y) = 1 + 2öu (14)

where
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The Einstein frame parameterization is advantageous
because it directly yields a canonical 4D e! ective La-
grangian. At the level of the metric, this parameteriza-
tion equals
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The scalar Þeld ör (x, y) in öu(x, y) describes the 5D radion
Þeld. Unlike the 5D graviton Þeld, the 5D radion Þeld
can be madey-independent via a gauge transformation
such that ör (x, y) = ör (x). Additionally, the graviton and
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expansion of the determinant and the Ricci scalar yields kinetic

and mass terms as well as interactions for the 4D graviton and the

radion. However it turns out that there are non-trivial mixing

terms between the graviton an the radion. This is a generic

feature of the expansion, and the mixing needs to be eliminated

by a field redefinition. While for a simple torus compactification
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r su�ces, the corresponding shift

is much more complicated for the RS. In particular it needs a
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Figure 4: The generation of an exponential hierarchy.

This term corresponds to the 4D action, so that we can read o↵ the value
of the e↵ective 4D Planck mass:

M
2
Pl

= (1� e
�2kL)M3

/k.

We see that it weakly depends on the size of the extra dimension L, provided
kL is moderately large.

Putting our two last results together, we see that the weak scale is ex-
ponentially suppressed along the extra dimension, while the gravity scale is
mostly independent of it (see fig.4).

In conclusion, in a theory where the values of all the bare parameters
(M,⇤,�1, v) are determined by the Planck scale, an exponential hierarchy
can be naturally generated between the weak and the gravity scales. Thus
the Randall-Sundrum model provides an original solution to the Hierarchy
Problem.

Remarkably, the e↵ective Planck mass remains finite even if we take the
decompactification limit L!1. This case where there is only one brane is
known as the Randall-Sundrum II model (RS2). The fact that there could
be an infinite extra dimension and still a 4D gravity as we experience it
results from the localization of gravity around the brane at y = 0, which we
now turn our attention to.
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Sum 0 0 0 0

TABLE I. Cancellations in the (n, n) " (n, n) 5DOT amplitude, where θ is the center-of-mass

scattering angle and (cn#, sn#) = (cos nθ, sin nθ).

Bulk and brane cosmological constants are added to the action to ensure the effective 4D

background remains flat.5 The following RS1 metric generalizes the earlier 5DOT metric

(which is recovered by taking krc → 0 with finite rc) [30]

GMN =

%

&'
e−2(k|y|+û)

(
ηµν + κĥµν

)
0

0 −(1 + 2û)2

*

+,

û ≡ κr̂

2
√
6
e+k(2|y|−πrc) . (7)

and is similarly canonical by construction. The new parameter k has dimensions of mass

and determines the curvature of the internal AdS5 space.

In the ‘large krc limit’ (krc ≳ 5), the KKmode masses equalmn = kxne
−kr c" , where xn are

zeroes of the Bessel function of the first kind. The location of the IR (TeV) brane determines

an emergent scale Λ" ≡ MP le
−kr c" that controls the radion and KK mode coupling strengths.

Λ" is exponentially suppressed relative to the 4D Planck scale that determines graviton

couplings (M2
P l = M3

5/k at large krc). As we will show directly massive spin-2 scattering

amplitudes in RS1 are suppressed by Λ" .

Computing massive spin-2 scattering amplitudes in RS1 proceeds much like in the 5DOT,

but with fewer conveniences (e.g., see [31]). Since the internal space is curved, the harmonic

functions are related to Bessel functions, but the resulting spectrum is similar to that of the

5DOT: a massless radion and graviton, and a tower of massive spin-2 KK states labeled by

the number of nodes across the internal space. However, in RS1 there is no analog of KK

momentum conservation, and so there are nonzero 3- and 4-point interactions between almost

5
Here we address 5D gravity and ignore matter.
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s5 s4 s3 s2

Mcontact −κ2r7c [7+c2θ]s
2
θ

3072n8π
κ2r5c [63−196c2θ+5c4θ]

9216n6π
κ2r3c [−185+692c2θ+5c4θ]

4608n4π
−κ2rc[5+47c2θ]

72n2π

M2n
κ2r7c [7+c2θ]s

2
θ

9216n8π

κ2r5c [−13+c2θ]s
2
θ

1152n6π

κ2r3c [97+3c2θ]s
2
θ

1152n4π
κ2rc[−179+116c2θ−c4θ]

1152n2π

M0
κ2r7c [7+c2θ]s

2
θ

4608n8π
κ2r5c [−9+140c2θ−3c4θ]

9216n6π
κ2r3c [15−270c2θ−c4θ]

2304n4π
κ2rc[175+624c2θ+c4θ]

1152n2π

Mradion 0 0 −κ2r3cs
2
θ

64n4π
κ2rc[7+c2θ]

96n2π

Sum 0 0 0 0

TABLE I. Cancellations in the (n, n) → (n, n) 5DOT amplitude, where θ is the center-of-mass

scattering angle and (cnθ, snθ) = (cosnθ, sinnθ).
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5/k at large krc). As we will show directly massive spin-2 scattering

amplitudes in RS1 are suppressed by Λπ.

Computing massive spin-2 scattering amplitudes in RS1 proceeds much like in the 5DOT,

but with fewer conveniences (e.g., see [31]). Since the internal space is curved, the harmonic

functions are related to Bessel functions, but the resulting spectrum is similar to that of the

5DOT: a massless radion and graviton, and a tower of massive spin-2 KK states labeled by

the number of nodes across the internal space. However, in RS1 there is no analog of KK

momentum conservation, and so there are nonzero 3- and 4-point interactions between almost
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Here we address 5D gravity and ignore matter.
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states we find (here θ is the center-of-mass scattering angle)

M
(5)

= M
(4)

= M
(3)

= M
(2)

= 0

M
(1)

(θ) =
3κ2

256πr c
[7 + cos(2θ)] csc2 θ .

(4)

As anticipated, the amplitude does not grow like s5 (or even s3) despite individual con-

tributions growing as fast as s5. Instead, there are cancellations
4
which lead to the total

amplitude’s growing only like s. Note the amplitude is proportional to κ2/πrc = 8/M2
Pl, and

is hence suppressed by the 4D Planck scale.

Additional calculations confirm cancellations that tamp growth down to O(s) for other

2 → 2 scattering processes as well, including processes like (1, 4) → (2, 3) to which the radion

and graviton cannot contribute due to KK number conservation. For processes lacking t-

and u-channel IR divergences, we can directly compute the properly normalized partial-wave

helicity amplitude [28]

aJ
λaλb! λcλd

=
1

32π2

"
dΩ D J

λiλf
(θ,φ)Maλb! λcλd

(s, θ,φ) , (5)

We find the largest (helicity-0, spin-0) partial wave amplitude has the leading behavior

aJ =0
00! 00(14 → 23) =

s
M 2

Pl

ln
#
sr 2c

$
+ . . . . (6)

From this we conclude that 4D 2 → 2 scattering amplitudes from the 5DOT become large

at s ≃ M2
Pl.

Finally, while each individual scattering amplitude grows only like s, as in the case of

compactified Yang-Mills theory [29] there are coupled channels of the first N KK modes

whose scattering amplitudes grow like Ns/M2
Pl. Following [29], by identifying N ∝

√
src

we recover the expected s3/2/M3
5 growth underlying five-dimensional gravity—and directly

demonstrate the theory is valid up to a scale Λ3/2 = M5 as suggested in [13].

ANTI-DESITTER SPACE

Next consider the analogous calculation in RS1 [24]. RS1 is a truncated and orbifolded

Anti-de-Sitter space (AdS5), bounded on either end by UV (Planck) and IR (TeV) branes.

4
Note that the radion contributes at O(s3) as shown in [13]. However, if the theory is truncated below level

2n, the 2nth KK mode is absent and its contributions from the second row of Table I are not included.

Thus, the total amplitude in the truncated theory grows like O(s5) – not like O(s3) as [13] had suggested.
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Anti-de-Sitter space (AdS5), bounded on either end by UV (Planck) and IR (TeV) branes.
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Note that the radion contributes at O(s3) as shown in [13]. However, if the theory is truncated below level

2n, the 2nth KK mode is absent and its contributions from the second row of Table I are not included.

Thus, the total amplitude in the truncated theory grows like O(s5) – not like O(s3) as [13] had suggested.
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s5 s4 s3 s2

M contact ! ! 2r 7
c [7+ c2! ]s2

!
3072n8"

! 2r 5
c [63! 196c2! + 5c4! ]

9216n6"
! 2r 3

c [! 185+ 692c2! + 5c4! ]
4608n4" ! ! 2r c [5+ 47c2! ]

72n2"

M 2n
! 2r 7

c [7+ c2! ]s2
!

9216n8"
! 2r 5

c [! 13+ c2! ]s2
!

1152n6"
! 2r 3

c [97+ 3c2! ]s2
!

1152n4"
! 2r c [! 179+ 116c2! ! c4! ]

1152n2"

M 0
! 2r 7

c [7+ c2! ]s2
!

4608n8"
! 2r 5

c [! 9+ 140c2! ! 3c4! ]
9216n6"

! 2r 3
c [15! 270c2! ! c4! ]

2304n4"
! 2r c [175+ 624c2! + c4! ]

1152n2"

M r adi on 0 0 ! ! 2r 3
c s2

!
64n4"

! 2r c [7+ c2! ]
96n2"

Sum 0 0 0 0

TABLE I. Cancellations in the (n, n) " (n, n) 5DOT amplitude, where θ is the center-of-mass

scattering angle and (cn#, sn#) = (cos nθ, sin nθ).

Bulk and brane cosmological constants are added to the action to ensure the effective 4D

background remains flat.5 The following RS1 metric generalizes the earlier 5DOT metric

(which is recovered by taking krc → 0 with finite rc) [30]

GM N =

!

"
#

e! 2(k |y |+ öu)
$
ηµν + κöhµν

%
0

0 −(1 + 2öu)2

&

'
(

öu ≡ κör

2
√

6
e+ k(2|y |! πr c) . (7)

and is similarly canonical by construction. The new parameter k has dimensions of mass

and determines the curvature of the internal AdS5 space.

In the ‘large krc limit’ (krc ! 5), the KKmode masses equalmn = kxne
! kr c" , where xn are

zeroes of the Bessel function of the first kind. The location of the IR (TeV) brane determines

an emergent scale Λ" ≡ MP le
! kr c" that controls the radion and KK mode coupling strengths.

Λ" is exponentially suppressed relative to the 4D Planck scale that determines graviton

couplings (M2
P l = M3

5/k at large krc). As we will show directly massive spin-2 scattering

amplitudes in RS1 are suppressed by Λ" .

Computing massive spin-2 scattering amplitudes in RS1 proceeds much like in the 5DOT,

but with fewer conveniences (e.g., see [31]). Since the internal space is curved, the harmonic

functions are related to Bessel functions, but the resulting spectrum is similar to that of the

5DOT: a massless radion and graviton, and a tower of massive spin-2 KK states labeled by

the number of nodes across the internal space. However, in RS1 there is no analog of KK

momentum conservation, and so there are nonzero 3- and 4-point interactions between almost

5 Here we address 5D gravity and ignore mat ter.
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Mass spectrum

Randall, Sundrum, 1999 
Randall, Poratti, Arkani Hamed , 2002 
Rattazzi 2003 

•  is the non trivial, y dependent vev of the scalar field. Without this there is no 
mixing between the modulus and the bulk scalar. 

•  
• Residual gauge invariance of the action:  

• Fix this gauge with the choice:  
          
• Radion and GW-scalars described by a single 5D field  One tower of 4D scalars

" 0(y)

̂r → ̂r − 2∂y#y , ̂f → ̂f − ∂y" 0#y

⟹

than n, that takes part in the scattering amplitude, and therefore there is incomplete

cancellation at every powers. Therefore the amplitude will grow likes5/ (M 2
P l m

8),

and therfore the strong coupling scale is set by! 5.

4 CompactiÞed extra dimensions in RS

5 Conclusions

Acknowledgements

A Metrics and determinants

The four dimensional metricgµ! is expanded around the ßat Minkowski background

! µ! as gµ! ! ! µ! + " hµ! . We use the metric convention! µ! = Diag(1, " 1, " 1, " 1).

We requiregµ" ÷g#! = ##
! where ÷g = g! 1. The inverse is thus given by

÷gµ! =
+ "!

n=0

(" " )n [! (! h)n ]µ! (A.1)

and

"
" detg =

+ "#

n=1

exp
$
"

(" " )n

2n
tr [(! h)n ]

%
(A.2)

=
+ "#

n=1

+ "!

mn =0

1
mn!

$
"

(" " )n

2n
tr [(! h)n ]

%mn

=
+ "#

n=1

+ "!

mn =0

(" 1)mn

mn!(2n)mn
(" " )námn tr [(! h)n ]mn

The overall brackets imply contractions to leave the free indices wherever they ap-

pear. The Þrst few terms in the expansion of the inverse and the determinant is,

÷g"$ = ! "$ " " h"$ + " 2[hh]"$ " " 3[hhh]"$ + + O(" 4) (A.3)
"

" detg = 1 +
"
2

h +
" 2

8

&
h2 " 2[hh]

'
+

" 3

48

&
h3 " 6h[hh] + 8[hhh]

'
+ O(" 4)(A.4)

The 5-D metric for the orbifolded torus is,

GMN =

(
gµ! " " 2e+2 %&$µ$! " e+2 %&$µ

" e+2 %&$! " e+2 %&

)

(A.5)

Ð 16 Ð
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4D Field content of the Stabilized model

Tower of Gravitons Tower of Scalars

m0=0

mgw

SL 1 SL 2

• Two Sturm-Liouville problems 
• Radion is identified as the lightest mode of the tower of scalars 
• We refer to the heavier modes as “GW scalars” 
• Radion contribution to the amplitude must cancel with a combination GW scalars 

and gravitons

mr

2

I. INTRODUCTION

CompactiÞed theories of extra dimensional gravity are a prime candidate for a theory of physics beyond the standard
model. It also serves as a primary motivation for a low energy e! ective Þeld theory originating from string theory
origins, the prime candidate for quantum gravity. The validity of extra-dimensional theories as a low energy EFT
is described in association with a scale where the theory is expected to be strongly coupled. In phenomenologically
attractive models like the Randall-Sundrum set up, where the extra dimensional geometry is Anti-De-Sitter, the EFT
validity is set by a low energy emergent scale that depends on the curvature of the ADS space and the radius of
the compactiÞcation. While the EFT scale is generally argued by the ADS/CFT correspondence, an explicit proof
was only recently shown in a series of papers by the authors of this work. In particular it was shown that although
individual Kaluza-Klein spin-2 resonance scattering amplitudes grew as fast ass5/ " 2

! m8
n (s being the centre of mass

energy andmn the nth spin-2 KK resonance) subtle cancellations lead to this anomalously fast high energy growth
tamed down to s/ " 2

! , ensuring that higher dimensional di! eomorphism invariance is preserved and amplitudes are
unitary till the scale " ! = M P L e! ! kr c , where k is the curvature of the ADS space. The pattern of cancellation leads
to a set of sum rules at every order in the Laurent series expansion of the scattering amplitude, starting ats5.

The RS set up predicts a massless radial mode, the radion. The massless radion couples to the trace of the Stress-
Energy tensor, resembling a Brans-Dicke theory, which is phenomenologically inconsistent due to a variety of issues
similar to those that plague theories of massive Fierz-Pauli gravity. Additionally since the radion, a proxy for the
size of the extra dimension is unspeciÞed by any dynamics, the geometry is unstable and eventually collapses due to
the Casimir force between the two branes. The stabilization of the extra dimension is performed by adding a bulk
modulii Þeld, following the prescription of Goldberger-Wise, such that there is a non-trivial potential which lifts the
ßat radion wave function in the extra dimension, generating a mass and providing a dynamic origin to the size of the
extra dimension.

The question we address in this paper is- How do scattering amplitudes of massive KK resonances behave in the
presence of a stabilizing bulk Þeld and a massive radion ? Naively, plugging in a mass by hand to the radion re-
introduces a low energy divergence in the theory. It can be explicitly checked that in this case scattering amplitudes
of massive KK gravitons grow asM ! s2 m 2

r
! 2

! m 4
n

, thus suggesting an IR divergence in the limitmn " 0. In this paper, we
show explicitly that in an an honest stabilization procedure that generates a mass for the radion, no such diveregences
occur, and the amplitudes are unitary untill the scale " ! , the emergent scale of the RS model.

II. SET UP

We begin our discussion by laying out the set up and various elements of this paper. In this section, we will lay out
the stabilization procedure, with a review of a speciÞc model based on super-potentials. The ADS metric is described
by,

GMN =
!

w(x, y)gµ" 0
0 # v(x, y)2

"
. (1)

This is expressed in coordinatesxM $ (xµ , y) such that the corresponding invariant interval ds2 equals

ds2 = ( GMN )dxM dxN = ( wgµ" )dxµ dx" # (v2)dy2 , (2)

allowing for warping of the transverse four-dimensional space. The Minkowski metric! MN is deÞned by! MN =
(+1 , # 1, # 1, # 1, # 1). Meanwhile, the inverse metric equals

#GMN =
!

÷gµ" /w (x, y) 0
0 # 1/v (x, y)2

"
, (3)

where we denote the inverse with a tilde (e.g.#G $ G! 1 and #g $ g! 1) along with the deÞnitions for w, v and u,

w(x, y) = e! 2(A (y)+öu) (4)

v(x, y) = 1 + 2öu (5)

öu(x, y) $
" ör (x, y)

2
%

6
e+ k(2A (y) ! ! r c ) . (6)

While r (x, y) is the scalar ßuctuations, the tensor ßuctuations are obtained by,gµ" " ! µ " + " öhµ" , where " is the 5D
Planck mass. In order to stabilize the extra dimensional set up, a bulk scalar is added with a non-trivial potential
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one for the scalar sector which includes the GW scalars and the resonances. We start with the KK graviton sector.
The SL equation for the ßat-stabilized model with general weight factorsp and ! , read,

d
d"

!

(p + #p)
d"$n

d"

#

+ ( q + #q) $$n = ! $µ2
n (! + #! ) $$n , (21)

The unstabilized version of the simpliÞed model is ßat, with a Sturm-Liouville problem that can be obtained by
setting ÷k " 0, such that the weight factor and the shifts are,

p # 1 , #p ! 4%2" 2 ; q # 0, #q = 0; ! # 1, #! = ! 2%2" 2 (22)

To Þrst order in perturbation theory, formally expanding the wave function, and the eigen values as

$$n = $n + #$n , $µ2
n = µ2

n + #µ2
n (23)

where #$n and #µ2
n are Þrst order shifts, the SL equation can be written as,

d2($n + #$n )
d" 2 = ! (µ2

n + #µ2
n )( ! + #! )($n + #$n ) (24)

The unstabilized SL equation is,

d2$n

d" 2 = ! µ2
n $n (25)

with boundary conditions,
%
%
%d! n

d"

%
%
%
" =0

=
%
%
%d! n

d"

%
%
%
" = #

= 0. The eigen values areµ2
n = n2, with normalized eigen-functions

given by,

$0 =
1

$
2

$n = ! cos(n" ) (26)

At Þrst order in perturbation theory, formally expanding the wave function, we can compute the co-e! cients cnm in
Rayleigh Schrodinger perturbation theory, with the perturbed wave function given by.

#$n =
&

m

cnm $m (27)

Calculating the appropriate Rayleigh Schrodinger coe! cients for the perturbed theory we obtain,

c00 =
%2

&

' #

0
d" " 2 =

%2&2

3
(28)

cnn = 2
' #

0
d"

" 2%2(cos(n" ))2

&
=

(
2&2n2 + 3

)
%2

6n2 (29)

cn 0 =
4
&

' #

0
d" $ 0" 2 =

4
$

2(! 1)n

n2 (30)

cnm = 2
' #

0
d"

2n" 2%2(n cos(m" ) cos(n" ) ! 2m sin(m" ) sin(n" ))
&(n2 ! m2)

= !
8n2%2(! 1)m + n

(
n2 ! 3m2

)

(m ! n)3(m + n)3 (31)

The shift in the eigen-values can also be calculated from RS perturbation theory, with

#' n = !
' #

0
d"

%2(4" 2n2 sin2(n" ) ! 2" 2n2 cos2(n" ))
&

= %2(3 !
2&2n2

3
) (32)

We can also obtain the full perturbed wave function by directly solving the Sturm-Liouville equation by directly
solving the inhomogeneous di" erential equation to Þrst order. The Þrst order inhomogenous equation is,

d2#$n (" )
d" 2 !

(
! #' n ! 2" 2n2)

cos(n" ) + n2#$n (" ) + 8 n" sin(n" )#$n = 0 (33)

4

where k is the curvature, and u a dimensionfull parameter in 5 dimensions. wherei = 0 , ! represents the Planck and
the TeV branes respectively. For the above potential, the warp factorA(y) and the background VEV can be exactly
solved to obtain,

A(y) = k|y| +
" 2#2

P

96
(e! 2u|y | ! 1) " ÷k|y| +

" 2#2
P

24
u2|y|2 " ÷kr c|$| +

" 2#2
P

24
u2r 2

c |$|2 (15)

#0(y) = "# 1e! u |y | " "# P e! ur c |! | (16)

where we have deÞned÷k # k ! " 2 # 2
P u

48 . In the Þnal step, we have changed co-ordinates fromy $ $ as y = r c$.
Formally, we will treat A0(y) = ÷k|y| = ÷kr c|$|, wherer c is the compactiÞcation radius, as the unperturbed warp factor,
while the term proportional to l2 will be treated in a perturbative expansion.

Before moving on to the details of the full DFKG model, letÕs consider a simpler model, which we call the ÓFlat-
stabilizedÓ model. We express the warp factorA($) as,

A($) = ÷kr c|$| +
" 2#2

P

24
u2r 2

c |$|2 = ÷kr c|$| + %2|$|2 (17)

where %2 = " 2 # 2
P

24 u2r 2
c . Within this model, we can take ÷k $ 0, such that the unperturbed set up is ßat. The ßat

extra-dimensional set up, with a massless radion stabilized by theO(%2) warping obtained from the potential.

A($) " %2|$|2 (18)

Note that while this model does not solve the Ôhierarchy problemÕ, nevertheless it is a self consistent model in itÕs
own right, and the phenomenological issues that plague a simple compactiÞed orbifolded model can be evaded entirely.
The phenomenological implications of this simpliÞed set up will be discussed in a di! erent work. For the purposes of
this paper, we will use it to show that scattering amplitudes in this model is well behaved before proceeding on to
the full DFKG model.

The metric and the scalar ßuctuations are given by,

" = #0 + "# (19)

r (x, y) = eF (x,y ) (20)

The gauge condition that relates the scalar sector to the radion is,

#(x, y) =
3
2

e2A (y)

" 2#"2
0

&F (x, y)
&y

(21)

III. THE QUADRATIC LAGRANGIAN AND INTERACTIONS

IV. THE COUPLED STURM LIOUVILLE PROBLEM

The derivation of the quadratic Lagrangian in the previous section enables us to construct the Sturm-Liouville (SL)
problem of the system. This consists, of two sectors, the pure spin-2 part, which we will call the graviton SL problem,
and scalar sector, consisting of the radion,r (x, y) and the bulk scalar part, which will be denoted by Goldberger-Wise
(GW) scalars. The radion wave function, formally a part of the gravity sector of the problem is intertwined with the
GW scalar sector by a gauge condition. Before delving into the complexities of the scalar SL problem, we summarize
the e! ect of the backreacting terms on the graviton sector. We will use SL perturbation theory for mass, wave function
and weights, to derive sum rules in perturbation theory.

A. SL problem for the ßat-stabilized model

1. KK graviton sector

Before proceeding to the details of the SL problem for the full model, we brießy discuss the simpliÞed model,
described earlier. There are two distinct Sturm-Liouville problems, one for the Spin-2 KK graviton resonances, and
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The above di! erential equation is subject to boundary conditions,
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and the normalization condition,
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which Þxes all the undetermined constants of the solution. The solution to the above di! erential equation is
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Evaluating the Fourier coe" cients, one can show that the solutions obtained via RS perturbation theory and a direct
solution of the inhomogeneous di! erential equation are identical, as expected.

2. Scalar sector

Next we look at the scalar sector of this problem, which includes the radion and what we would call a tower of
GW scalars obtained from the stabilizing bulk scalar. The radion and the GW scalar are intertwined by the gauge
condition described in the previous section. The SL equation for the scalar sector reads, for the wave function&n ,
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(n ) &n (38)

For the ßat-stabilized model, the warp factor for the unstabilized solution is 0, while to Þrst order it is given by,

A(#) = (2#2 (39)

The VEV of the stabilizing potential, and itÕs derivative that appears in the SL problem,
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P exp[! 2ur c#] = 24(2 exp[! 2ur c#] (40)

The scalar wave functions are subject to Neumann boundary conditions,
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To Þrst order, the SL equation for the full DFKG model reads,
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Plugging in the VEV, to Þrst order, the above equation reduces to,
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For the ßat-Stabilized model, A(#) = (2#2, and therefore to leading order the SL equation is simply,

d2&n

d#2 = ! µ2
(n ) &n (44)

with a solution

&n = Nngw cos(n#) (45)
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Dynamics of the Stabilized model
• Step 1 : Obtain the vacuum solutions for the potential V 
• Step 2 : Perturb around the vacuum solution   
• Step 3 : Expand the Lagrangian, obtain Canonical quadratic and interaction terms 
• Step 4 : Obtain the relevant SL problem and couplings (overlap integrals)

3

structure. The 5D Lagrangian consists of several pieces, consisting of an Einstein-Hilbert part, a cosmological constant
part , and a potential term. Additionally, as we will observe, in order to bring the lagrangian to a form that yields
canonical quadratic we will need to add total derivatives akin to the Gibbons-Hawking-York term. The action can be
written as,
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where SCC and SGHY are the cosmological constant and the Gibbons-Hawking-York terms,V (! ) is the scalar
potential, and and %i (! ) are the brane tension terms. The vacuum solutions are obtained by solving EinsteinÕs Þeld
equations
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where #0 is the vacuum expectation value of the scalar Þeld! . Additionally, the Euler-Lagrange equation for the
scalar Þeld VEV reads,
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Here prime denotes derivative with respect to the extra dimensional coordinatey, while the sum overi refers to brane-
tension terms on the respective boundaries. A particular class of exactly solvable models inspired by superpotentials,
is described by,
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with a solution to the Þrst order equations, 1
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The above simultaneously solves both the EinsteinÕs Þeld equation as well as Euler-Lagrange equations for the scalar
Þeld #. For simple choices of the superpotentialW , one can obtain exact solutions to the background VEV#0, as
well as the warp factor A(y). For the superpotential considered by [],

W (! ) =
6k
! 2 ! u! 2 (13)

along with brane-tensions,

%i (#) = Wi (! i ) + W !
i (! ! ! i ) + &2

i (! ! ! i )2 (14)

1 This whole part is nearly verbatim from Csak«õ, e.g. Eqs. 2.14 and 2.15 of that paper and the surrounding discussion. This doesnÕt
need to be the case, especially given our notations elsewhere donÕt even use Csak«õÕs notations. We canÕt simultaneously be upset with
another group using our notations and equations (e.g. the scalar matter paper), and then go and do the same thing. (Although, IÕm
personally perfectly okay with others using our notations; itÕs good to see them catching on!) More importantly, even if a citation is
added, itÕs plagiarism to copy what is essentially just a fragment of otherÕs work, and even if itÕs in a draft. I wonÕt be sharing my .tex
Þles until it is made crystal clear what work is ours versus others.

Yields a massless graviton + a spin-2 tower + a radion 

Yields a tower of scalars (GW scalars)  
that mix with the radion
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Generates a non-trivial VEV :  
Mixes radion and scalar

Constraint and gauge condition :
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Sturm Liouville Problem of the two towers

Graviton Sector Scalar Sector

4

where k is the curvature, and u a dimensionfull parameter in 5 dimensions. wherei = 0 , ! represents the Planck and
the TeV branes respectively. For the above potential, the warp factorA(y) and the background VEV can be exactly
solved to obtain,

A(y) = k|y| +
" 2#2

P

96
(e! 2u|y | ! 1) " ÷k|y| +

" 2#2
P

24
u2|y|2 " ÷kr c|$| +

" 2#2
P

24
u2r 2

c |$|2 (15)

#0(y) = "# 1e! u |y | " "# P e! ur c |! | (16)

where we have deÞned÷k # k ! " 2 # 2
P u

48 . In the Þnal step, we have changed co-ordinates fromy $ $ as y = r c$.
Formally, we will treat A0(y) = ÷k|y| = ÷kr c|$|, wherer c is the compactiÞcation radius, as the unperturbed warp factor,
while the term proportional to l2 will be treated in a perturbative expansion.

Before moving on to the details of the full DFKG model, letÕs consider a simpler model, which we call the ÓFlat-
stabilizedÓ model. We express the warp factorA($) as,

A($) = ÷kr c|$| +
" 2#2

P

24
u2r 2

c |$|2 = ÷kr c|$| + %2|$|2 (17)

where %2 = " 2 # 2
P

24 u2r 2
c . Within this model, we can take ÷k $ 0, such that the unperturbed set up is ßat. The ßat

extra-dimensional set up, with a massless radion stabilized by theO(%2) warping obtained from the potential.

A($) " %2|$|2 (18)

Note that while this model does not solve the Ôhierarchy problemÕ, nevertheless it is a self consistent model in itÕs
own right, and the phenomenological issues that plague a simple compactiÞed orbifolded model can be evaded entirely.
The phenomenological implications of this simpliÞed set up will be discussed in a di! erent work. For the purposes of
this paper, we will use it to show that scattering amplitudes in this model is well behaved before proceeding on to
the full DFKG model.

The metric and the scalar ßuctuations are given by,

" = #0 + "# (19)

r (x, y) = eF (x,y ) (20)

The gauge condition that relates the scalar sector to the radion is,

#(x, y) =
3
2

e2A (y)

" 2#"2
0

&F (x, y)
&y

(21)

The Graviton SL equation is given by

d
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"
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n e! 2A ( ! ) ' n (22)

subject to boundary conditions,
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#
#
#
! =0
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#
#
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d' n

d$

#
#
#
#
! = $

= 0 (23)

where µn = mn r c. and normalization,
$ $

0
d$ e! 2A ( ! ) ' n ($)' m ($) = !( n,m (24)

III. THE QUADRATIC LAGRANGIAN AND INTERACTIONS

IV. THE COUPLED STURM LIOUVILLE PROBLEM

The derivation of the quadratic Lagrangian in the previous section enables us to construct the Sturm-Liouville (SL)
problem of the system. This consists, of two sectors, the pure spin-2 part, which we will call the graviton SL problem,

Boos et al 2002,2005 
Peloso, Koffman, Frolov 2001 
Tanaka, Garriga, Montes 2003 
Chivukula, Foren, Mohan, Sengupta, Simmons 2021

⟹ Neumann b.c.

Mode  
Decomposition

SL equation

Boundary Conditions

Normalization

Simplification in the “Stiff Wall” limit
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Interactions and sum rules of the stabilized model

• Cubic and quartic interactions of gravitons follow the same pattern as the 
unstabilized case — and are true for arbitrary warping . 

• Difference : All radion-graviton interactions replaced by radion + scalar tower - 
these are only relevant at O(s3) and lower. 

• We are able to prove the O(s5) & O(s4) and a linear combination of O(s3) & O(s2) 
sum rules analytically and for arbitrary warping  that are consistent with 
Einsteins equations.

A(y)

A(y)

O(s5) & O(s4) Sum Rules are the same

 includes :  
1.Radion  
2.graviton  
3.massive spin2 
4.GW- scalars 

x

The Lorentz structure of the  
r hh vertex remains unchanged
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rules obtained from matrix element cancellations are, assuming quadratic
radion terms work out:

!
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Compare this to the analogous unstabilized expressions:
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The key fact we didnÕt previously note was that the stabilization procedure
would augment the values of the pure spin-2 couplings, thereby embedding
a dependence on the spin-0 masses. The new rules reproduce the old rules
in the limit that an! n! (i ) " an! n! (0) ! i, 0 (i.e. the massive spin-0 states do not
couple to the massive spin-2 states) andµ(0) " 0 (i.e. the radion is massless).
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O(s3 )& O(s2) Sum Rules

Compare to unstabilized 

Stabilized
Sum over GW scalars + radion
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öhµ! (x, y) =
1

!
! r c

+ !!

n=0

öh(n)
µ! (x) " n(#) (1)

öR(x, y) =
1

!
! r c

"
ör (x) $0(#) +

+ !!

n=1

ög(n) (x) $n(#)
#

(2)

respectively, with mass spectra{ µn} = { mnrc} and { µ(n) } = { m(n)r c} re-
spectively, then
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lim
u# 0

am! n! (k) = ekr c# bm! n! r (1 # ' 0,k ) (5)

Proofs for the B-to-A rules,

bn! n! j =
1
2

%
µ2

n # µ2
j

&
annj bj ! n! n =

1
2

µ2
j annj bn! n! nn =

1
3

µ2
n annnn

and the Þrst three sum rules,
!

j

a2
jnn = annnn

!

j

µ2
j a2

jnn =
4
3

µ2
nannnn

!

j

µ4
j a2

jnn = 4cnnnn +
4
3

µ4
nannnn

are una! ected by the stabilization mechanic. The Þnal
'

j µ6
j a2

jnn sum rule is
changed, as well as the relation between spin-0 and spin-2 couplings. The new

1

If the spin-2 and spin-0 towers KK decompose as

öhµ! (x, y) =
1

!
! r c

+ !!

n=0

öh(n)
µ! (x) " n(#) (1)

öR(x, y) =
1

!
! r c

"
ör (x) $0(#) +

+ !!

n=1

ög(n) (x) $n(#)
#

(2)

respectively, with mass spectra{ µn} = { mnrc} and { µ(n) } = { m(n)r c} re-
spectively, then

cnnnn "
1
!

$
d# %" 6 (&" " n)4 (3)

and

an! n! (i ) "
1
!

$ + #

" #
d# %" 2 (&" " n) (&" " n) $i (4)

Note that we expect, for the sti! wall DFGK model in the large kr c limit,

lim
u# 0

am! n! (k) = ekr c# bm! n! r (1 # ' 0,k ) (5)

Proofs for the B-to-A rules,

bn! n! j =
1
2

%
µ2

n # µ2
j

&
annj bj ! n! n =

1
2

µ2
j annj bn! n! nn =

1
3

µ2
n annnn

and the Þrst three sum rules,
!

j

a2
jnn = annnn

!

j

µ2
j a2

jnn =
4
3

µ2
nannnn

!

j

µ4
j a2

jnn = 4cnnnn +
4
3

µ4
nannnn

are una! ected by the stabilization mechanic. The Þnal
'

j µ6
j a2

jnn sum rule is
changed, as well as the relation between spin-0 and spin-2 couplings. The new

1

11



Verification of sum rules for an explicit (DFGK) model

• A class of stabilization models inspired by Superpotentials 
• Exactly Solvable, with a back reaction that can be treated in perturbation theory

VEV of the bulk scalar

4

where k is the curvature, and u a dimensionfull parameter in 5 dimensions. wherei = 0 , ! represents the Planck and
the TeV branes respectively. For the above potential, the warp factorA(y) and the background VEV can be exactly
solved to obtain,
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48 . In the Þnal step, we have changed co-ordinates fromy $ $ as y = r c$.
Formally, we will treat A0(y) = ÷k|y| = ÷kr c|$|, wherer c is the compactiÞcation radius, as the unperturbed warp factor,
while the term proportional to l2 will be treated in a perturbative expansion.

Before moving on to the details of the full DFKG model, letÕs consider a simpler model, which we call the ÓFlat-
stabilizedÓ model. We express the warp factorA($) as,
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extra-dimensional set up, with a massless radion stabilized by theO(%2) warping obtained from the potential.

A($) " %2|$|2 (18)

Note that while this model does not solve the Ôhierarchy problemÕ, nevertheless it is a self consistent model in itÕs
own right, and the phenomenological issues that plague a simple compactiÞed orbifolded model can be evaded entirely.
The phenomenological implications of this simpliÞed set up will be discussed in a di! erent work. For the purposes of
this paper, we will use it to show that scattering amplitudes in this model is well behaved before proceeding on to
the full DFKG model.

III. THE QUADRATIC LAGRANGIAN AND INTERACTIONS

IV. THE COUPLED STURM LIOUVILLE PROBLEM

The derivation of the quadratic Lagrangian in the previous section enables us to construct the Sturm-Liouville (SL)
problem of the system. This consists, of two sectors, the pure spin-2 part, which we will call the graviton SL problem,
and scalar sector, consisting of the radion,r (x, y) and the bulk scalar part, which will be denoted by Goldberger-Wise
(GW) scalars. The radion wave function, formally a part of the gravity sector of the problem is intertwined with the
GW scalar sector by a gauge condition. Before delving into the complexities of the scalar SL problem, we summarize
the e! ect of the backreacting terms on the graviton sector. We will use SL perturbation theory for mass, wave function
and weights, to derive sum rules in perturbation theory.

A. SL problem for the ßat-stabilized model

1. KK graviton sector

Before proceeding to the details of the SL problem for the full model, we brießy discuss the simpliÞed model,
described earlier. There are two distinct Sturm-Liouville problems, one for the Spin-2 KK graviton resonances, and
one for the scalar sector which includes the GW scalars and the resonances. We start with the KK graviton sector.
The SL equation for the ßat-stabilized model with general weight factorsp and &, read,

d
d$

!

(p + ' p)
d"( n

d$

#

+ ( q + ' q) $( n = ! $µ2
n (&+ '&) $( n , (19)

The unstabilized version of the simpliÞed model is ßat, with a Sturm-Liouville problem that can be obtained by
setting ÷k $ 0, such that the weight factor and the shifts are,

p # 1 , ' p ! 4%2$2 ; q # 0, ' q = 0; &# 1, '& = ! 2%2$2 (20)

Flat-Stablized model : Warp factor generated from the bulk potential

•  is a perturbative parameter related to the bulk 
mass of the scalar field. 

• Extra dimension is stabilized at  or greater 

•  must be a non-constant function of the 
5D coordinate since it interpolates the vevs at 
the two branes. Simplest possible function:   

• Unstabilized limit : 

$

*($2)
∂y" 0(y)

$2

$ → 0
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Wave-Function and spectrum for the flat-stabilized model

• Solve for wave-function and masses to 
leading order in   

• We are able to derive closed form analytic 
expressions 

• We are able to show explicit verification of 
the sum rules analytically by plugging in 
these expressions into the sum rules. 

• Graviton scattering amplitudes for the flat 
stabilized model grow at O(s).  

• Also, this works as a good cross-check of 
our calculations.

$2

Chivukula, Foren, Mohan, Sengupta, Simmons 2021
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Checking sum rules for the full DFGK model for a warped Geometry

! Analyze the sum-rules in perturbation theory to   

! Calculate perturbed graviton sector and scalar sector wave-function and masses  

! We have closed form expressions - but these are too ungainly to be shown here.

*($2)

Chivukula, Foren, Mohan, Sengupta, Simmons: In preparation
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Summary -again
How do bad high energy growth get tamed in Extra Dimensional Models

MASSIVE SPIN-2 PARTICLES AND 
ENERGY GROWTHS

STABILIZING THE EXTRA DIMENSION VIA 
GOLDBERGER-WISE MECHANISM

MATRIX ELEMENTS AND CANCELLATIONS IN 
TOROIDAL AND AND ADS COMPACTIFICATIONS

MATRIX ELEMENTS AND CANCELLATIONS IN 
STABILIZED MODELS

Boundary value problem, Sum 
rules

Naive re-introduction of bad 
high energy behavior

Two towers and sum rules for 
the Stabilized model

→ s5

m8M2
pl

7

s5 s4 s3 s2

Mcontact �
2r7

c
[7+c2✓ ]s

2
✓

3072n8⇡

2r5
c
[63�196c2✓+5c4✓ ]

9216n6⇡

2r3
c
[�185+692c2✓+5c4✓ ]

4608n4⇡
�

2rc[5+47 c2✓ ]
72n2⇡

M2n
2r7

c
[7+c2✓ ]s

2
✓

9216n8⇡

2r5
c
[�13+c2✓ ]s

2
✓

1152n6⇡

2r3
c
[97+3 c2✓ ]s

2
✓

1152n4⇡
2rc[�179+116c2✓�c4✓ ]

1152n2⇡

M0
2r7

c
[7+c2✓ ]s

2
✓

4608n8⇡

2r5
c
[�9+140c2✓�3c4✓ ]

9216n6⇡

2r3
c
[15�270c2✓�c4✓ ]

2304n4⇡
2rc[175+624 c2✓+c4✓ ]

1152n2⇡

Mradion 0 0 �
2r3

c
s2
✓

64n4⇡
2rc[7+c2✓ ]

96n2⇡

Sum 0 0 0 0

TABLE I. Cancellations in the (n, n) ! (n, n) 5DOT amplitude, where ✓ is the center-of-mass scattering angle and (cn✓, sn✓) =

(cosn✓, sinn✓).

expand the diagrams and total matrix element in s, and
label the coe�cients like so:

M(s, ✓) ⌘
X

�2Z
M

(�)
(✓) · s� (51)

In this paper, we will demonstrate that M
(�)

vanishes
for � > 1 and present the residual linear term in s.

V. CANCELLATIONS AND HIGH ENERGY
GROWTH OF AMPLITUDES

A. Cancellations in the orbifolded torus model

We first analyze the cancellations in the orbifolded
torus. While we have calculated all arbitrary scatter-
ing states, we present the (n, n) ! (n, n) process due to
the relative simplicity. The full matrix element is,

M
(5DOT)
(n,n)!(n,n) = Mcontact +Mradion +M0 +M2n (52)

The principle results were presented in [], here we ex-
pand and provide some additional details of the calcula-
tion. For the process (n, n) ! (n, n), we summarize the
growth and cancellation of amplitudes at every order in
s
�, starting from � = 5. Due to the KK number con-
servation for the 5DOT, the intermediate states for the
non-contact diagrams can only be a massive 2n state and
the massless graviton(0 state). In Table I we present the
growth of matrix elements for each diagram for the scat-
tering of longitudinal helicity modes. As expected, we
observe that the contact, as well as diagrams with mas-
sive intermediate propagator and the masless graviton
grow like s

5 as the highest power. However the diagram
with a radion intermediate state appears only at O(s3).
Note that the results for the massive intermediate prop-
agator 2n and the massless graviton are presented after
summing up the s, t and u channel diagrams. At O(s5)
and O(s4), the contact diagrams along with the massive
2n state and the massless graviton state cancel each other
out. The underlying reason for this due to a 4D di↵eo-
morphism invariance being part of the full 5D di↵eomor-
phism. This feature will be clearer when we discuss the
sum rules for cancellation. At order s

3 and s
2 however,

the massless radion plays an important role in the cancel-
lation, which will be elucidated in more detail within the

context of sum rules. In Fig. 2, we present the pattern
of cancellations at every order in s

�, for all phase space
points between (�⇡,⇡) for the scattering of KK states
(2, 2) ! (2, 2). We observe that although the angular
distributions for various individual diagrams are quite
di↵erent, the cancellations between various diagrams is
exact for every phase space point. Notice that the radion
plays a significant role in the cancellations from O(s3).
This cancellation is therefore extremely intricate, and re-
quires a subtle conspiracy between various field degrees
of freedom of the underlying 5D theory. Any calculation
that does not take into account the full field content and
all possible diagrams will encounter a high energy growth
greater than O(s), which is misleading and incorrect.

The only non-zero contribution therefore appears at
O(s). In general, for a process (k, l) ! (m,n) in the
5DOT model,

M
(1)

=
xklmn

2

256⇡rc
[7 + cos(2✓)] csc2 ✓ (53)

where xklmn is fully symmetric in its indices, ✓ being the
scatering angle and satisfies

xaaaa = 3, xaabb = 2, and xabcd = 1

when discrete KK momentum is conserved, and vanishes
when it is not. For the (n, n) ! (n, n) scattering there-
fore, we have,

M
(1)(✓) =

32

256⇡rc
[7 + cos(2✓)] csc2 ✓ (54)

Since 
2
/(⇡rc) = 8/M2

Pl
, the amplitude grows as s/M2

Pl

as expected. More importantly, for scattering of (n, n) !
(n, n) states, if we truncate the theory below 2n, the
amplitude will grow as s5, in the absence of the state 2n.
Thus the cut-o↵ scale for this theory is ⇤5, and not ⇤3,
as suggested in [].
Processes like (1, 4) ! (2, 3) are particularly nice

because discrete KK momentum conservation forbids a
massless intermediate, such that the full matrix element
is devoid of t- and u-channel singularities. For these, we
can directly compute the appropriately normalized par-
tial wave amplitude,

a
J

�a�b!�c�d
=

1

32⇡2

Z
d⌦ D

J

�i�f
(✓,�)Ma�b!�c�d

(s, ✓,�) ,

(55)
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I. INTRODUCTION

Compactified theories of extra dimensional gravity are a prime candidate for a theory of physics beyond the standard

model. It also serves as a primary motivation for a low energy e↵ective field theory originating from string theory

origins, the prime candidate for quantum gravity. The validity of extra-dimensional theories as a low energy EFT

is described in association with a scale where the theory is expected to be strongly coupled. In phenomenologically

attractive models like the Randall-Sundrum set up, where the extra dimensional geometry is Anti-De-Sitter, the EFT

validity is set by a low energy emergent scale that depends on the curvature of the ADS space and the radius of

the compactification. While the EFT scale is generally argued by the ADS/CFT correspondence, an explicit proof

was only recently shown in a series of papers by the authors of this work. In particular it was shown that although

individual Kaluza-Klein spin-2 resonance scattering amplitudes grew as fast as s
5
/⇤

2
⇡
m

8
n
(s being the centre of mass

energy and mn the n
th

spin-2 KK resonance) subtle cancellations lead to this anomalously fast high energy growth

tamed down to s/⇤
2
⇡
, ensuring that higher dimensional di↵eomorphism invariance is preserved and amplitudes are

unitary till the scale ⇤⇡ = MPLe
�⇡krc , where k is the curvature of the ADS space. The pattern of cancellation leads

to a set of sum rules at every order in the Laurent series expansion of the scattering amplitude, starting at s
5
.

The RS set up predicts a massless radial mode, the radion. The massless radion couples to the trace of the Stress-

Energy tensor, resembling a Brans-Dicke theory, which is phenomenologically inconsistent due to a variety of issues

similar to those that plague theories of massive Fierz-Pauli gravity. Additionally since the radion, a proxy for the

size of the extra dimension is unspecified by any dynamics, the geometry is unstable and eventually collapses due to

the Casimir force between the two branes. The stabilization of the extra dimension is performed by adding a bulk

modulii field, following the prescription of Goldberger-Wise, such that there is a non-trivial potential which lifts the

flat radion wave function in the extra dimension, generating a mass and providing a dynamic origin to the size of the

extra dimension.

The question we address in this paper is- How do scattering amplitudes of massive KK resonances behave in the

presence of a stabilizing bulk field and a massive radion ? Naively, plugging in a mass by hand to the radion re-

introduces a low energy divergence in the theory. It can be explicitly checked that in this case scattering amplitudes

of massive KK gravitons grow as M /
s
2
m

2
r

⇤2
⇡m

4
n
, thus suggesting an IR divergence in the limit mn ! 0. In this paper, we

show explicitly that in an an honest stabilization procedure that generates a mass for the radion, no such diveregences

occur, and the amplitudes are unitary untill the scale ⇤⇡, the emergent scale of the RS model.

II. SET UP

We begin our discussion by laying out the set up and various elements of this paper. In this section, we will lay out

the stabilization procedure, with a review of a specific model based on super-potentials. The ADS metric is described

by,

GMN =

✓
w(x, y)gµ⌫ 0

0 �v(x, y)
2

◆
. (1)

This is expressed in coordinates x
M

⌘ (x
µ
, y) such that the corresponding invariant interval ds

2
equals

ds
2
= (GMN )dx

M
dx

N
= (wgµ⌫)dx

µ
dx

⌫
� (v

2
)dy

2
, (2)

allowing for warping of the transverse four-dimensional space. The Minkowski metric ⌘MN is defined by ⌘MN =

(+1,�1,�1,�1,�1). Meanwhile, the inverse metric equals

eGMN
=

✓
g̃
µ⌫
/w(x, y) 0

0 �1/v(x, y)
2

◆
, (3)

where we denote the inverse with a tilde (e.g. eG ⌘ G
�1

and eg ⌘ g
�1

) along with the definitions for w, v and u,

w(x, y) = e
�2(A(y)+û)

(4)

v(x, y) = 1 + 2û (5)

û(x, y) ⌘
 r̂(x, y)

2
p
6

e
+k(2A(y)�⇡rc) . (6)

While r(x, y) is the scalar fluctuations, the tensor fluctuations are obtained by, gµ⌫ ! ⌘µ⌫ + ĥµ⌫ , where  is the 5D

Planck mass. In order to stabilize the extra dimensional set up, a bulk scalar is added with a non-trivial potential

!

!
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Summary

• Determined the Lagrangian of the stabilized model up to quartic order - this is 
non-trivial 

• First calculation to involve full dynamics of a stabilized model. 

• Cancellations due to different diagrams reduce O(s5) growth to O(s). 

• Compactified theories of extra dimensions -> No low energy cut-off 

• Validity of 4D EFT - does not depend on modulus stabilization 
• 5D Planck Scale for flat stabilized models 
•  for warped RS model 

• Unstabilized model: Cancellations between single tower of states and 
couplings. 

• Stabilized model: Cancellations between two towers. 

• Uncovered sum rules that ensure  this cancellation. This also provides a cross-
check for our wavefunctions, couplings and masses- important for 
implementing in phenomenological applications.  

Λ!
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