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Introduction

Outline of the Talk

Aim: To fully simplify calculations of spin structure in Feynman diagrams

m Will first go through spinor helicity methods

m Then show how chirality-flow further simplifies

m Will first show massless QED and examples of how to implement it
m Then massless QCD and example
m Then massive EW and example

m Will conclude that often possible to calculate Feynman diagram in one line
using chirality flow

m More information available at hep-ph:2003.05877 and hep-ph:2011.10075
(both published in EPJC)
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Reminder: Lorentz Group Representations

Lorentz Group

Lorentz group elements: e/(?iitniK)  J: = rotations, K; = boosts

m Lorentz group generators ~ 2 copies of su(2) generators
m 50(3,1)c = su(2) @ su(2)
Group algebra defined by commutator relations
i, Jj) = iejwdk, i, K] = iewKi,  [Ki, Kj] = —iejxdk
+ 1 . _
N~ = E(J,-i/Ki), [N7,N]=0,

]
[N/_7 I\Ij_] = iﬁjjkN_ ’ [Nj+7 IV/+] = IeljkN;r
m Representations
m (0,0) scalars
] (%, 0) left-chiral and (0, %) right-chiral Weyl (2-component) spinors.
m (1,0)& (0, 1), Dirac (4-component) spinors.

2>
m (3, 1) vectors
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Spinor-Helicity: its Building Blocks

B Lorentz algebra so(3,1) = su(2) & su(2)
Sorertetey fomaten Consider massless particles: chirality ~ helicity
Spinors (use chiral basis, 7° = diag(—1,1)):
S _ 0 _ ]
(p)=v=(P)={ p) (p) (P) =1

u(p)=v(p)=(lpl 0) T (p)=V"(p)=(0 (p])

Vectors (r = arbitrary ref spinor, 7# = a“/\/ﬁ):

_ (7Pl _ [rlmlp)
)= ) = o
Vep'r, = p=Iplp| Vep'7, = p=|p)pl

Amplitude = funct. of Lorentz-invariant spinor inner products (numbers)

() = =iy = (llj) and [§] = =[] = [l () ~ [i] ~ v/2pi - pj
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Define Problem

z Groug
or-Helici

Kinematic part of Feynman diagrams slowed by spin and vector structures

Massless Chirality
Flow

Slowed by:
a m Spinor-helicity: Removing vector indices from Pauli matrices
) m Requires charge conjugations and Fierz identities, and/or antisymmetries
m Difficult to predict inner products obtained
Idea:
m In su(N) graphical reps for calculations removes index algebra
m E.g. using the colour-flow method, birdtracks, etc.
m Can we do same with spinor-helicity = su(2) @& su(2)??
m Will allow to go directly from Feynman diagram to inner products
m Will make it more intuitive to obtain inner products
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Creating Chirality Flow: Building Blocks

A flow is a directed line from one object to another
su(2) objects have dotted indices and su(2) objects undotted indices

m First step: Ansatz for spinor inner products (only possible Lorentz invariant)
(W1 Wa = () = =) = i
15107 = ] = =[] = s

m Spinors and Kronecker deltas follow

(= @ —~—1, o= @
5= @i, 1= @
_ o« 5} B _ 18 B a
50{,[3:]10{3_ ) 50'4:]]‘0'4_ iniil e

m Momentum dot defined for outer products

Z‘OM = *»ji‘pf,,, , Z|I]<I| _ 77>?ipi
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The QED Flow Rules: External Particles

Species Feynman Flow

u(pi) ‘_’—Z_ ‘—4—@
oo B‘K v=(p) ‘—4—1 ‘—»— J
L e | e ®
(o) | @ @«

Lorentz algebra so(3, 1) = su(2) @ su(2)
~—— ——
dotted undotted
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Building Blocks

QED

QED Examples

Qco

The QED Flow Rules: Vertices and Propagators

Feynman Flow
M \/— TNl oo
e 2/—4—
H iev/2 -
+ «
p i Di Zi Di
e 2 ——@->-- OrEZ -=> -
b
HANANAN Y s el B s

Lorentz algebra so(3, 1) = su(2) & su(2)
~—— =
dotted undotted
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An Illuminating Example: efe™ — v

P2 p3
Pl

- ¢ AAAAAN, B
or-Helicity ’@
Y l%—
€- A
CED Framples B b1 2!
Qcb <7 —>
Spinor helicity: _ |7, AL
o7 (Bl or -+ oo (a7 pe) 2Pl )
~ (r33)  [4rd]
p1+p4 A:—/A:—/
63 64
_ ((p1|7"]p1] + (1|7 |pal)[ral 7l pa) ((p1| 7" |P2] + (PalT"|P2])lps| 7w |r3)
<f33> [4[’4]
_ (1ra)([41](13) + [44](43))[rs2] _ (1ra)[41](13)[rs2]
<f33> [4[’4] N <f33> [4r4]
Fierz identities like (i|7#|j][k|7.|/)=(il) [K]] [ii]=0
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Lorentz Group

Spinor-Helicity Formalism

Building Blocks
QED
QED Examples
aco

Chirality flow:

Andrew Lifson (Lund/UC Louvain)

»
e+
+
~
- P1
<7
2
1

" (rs3)[4r4]

7
7
=
I+
=3
N
v
P
—
s
+

The Chirality Flow Formalism

An Illuminating Example: efe™ — v
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Lorentz Group

Spinor-Helicity Formalism

Building Blocks
QED
QED Examples
aco

Chirality flow:
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An Illuminating Example: efe™ — v

P2 3
+ 7 ¥
e hvavavavavat

3
y |+
Ly
=
AN T
- m Pi
«— e
2. <----—---- <----- T
B
1 £ =
+
(r33)[4r4] i s
b gome- 4
1 > s s
(1r4)[41](13)[r52]
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A complicated QED Example

.
1t —5—=

— + (=
27 3t o4
1 |
Lorentz Group & =1 —p2—ps i
Spinor-Helicity Formalism 5+ -—- - <4 ,_4_. R RN ) | SENS I I

( D3+ patps

Building Blocks ps + po + P10
QED T o -
QED Examples
acp

%

W Y MY
ool .
<
|
oY
T

(1)*

Compare to:

m Textbook QFT:
2 % Tr("y’“ ...fyum),
2 x Tr(’y‘” ...7u4)’
2 x photon spin sum
m Spinor-helicity:
5 charge conjugation/Fierz
+ rearranging
1

= (V2ei)®

~——" 512 534 Sg910 S125 S346 S8910 S910

Brol ey L121E410°9)
~—

vertices
photon propagators

X <<I’99>[9fg] + <rg10>[10fg]> <

fermion propagators

[33]
~—~
0

polarization vectors

(37) + [34](47) + [36](67))

X (7 (89)[91](12) — (89)[95](52) — (810)[10 1](12) — (810)[10 5](52})
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Lorentz Group

Spinor-Helicity

Building Blocks
QED
QED Examples
aco

ormalism

The Non-abelian Massless QCD Flow Vertices

Feynman Flow

1, a1 1

H2, a2 2 /. 1-2

13, a3
M, ay 12, a2
ig§ Z fa agbfba483
Z(27374)
i, Gy 43, a3

Arrow directions only consistently set within full diagram
Double line = g,,,,, momentum dot = p,,
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QCD Example: g1G1 — 92029

Lorentz Group qfr q{ qr . @
Spinor-Helicity Formalism N .
. 3 4
_ 195
Building Blocks 2Sq1 E]1 qu az <r1 >
QED . _
QED Examples a1 1+ a2
aco _ _
q . 22 q , 22
N ; \ K
h A \ . bl
=2 7 \ 2
+ pt r»Jl + S =
a1y @ aQ Tl

[- ' ] = {2[q1672]<q2671>([1q1]<q1r> + [1@1]<1r>)

—2[q11](1q1)(qer)[1G2] + 2[q11]<r571><qz1>[1qz]}
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Building Blocks
QED
QED Examples
acp

Massive Chirality Flow

Incoming Massive Spinors in Chirality Flow

Write massive objects as combinations of massless ones

B — pPil o Py2 _ 42 _ i _ _m_ —iep _ _m_
p P + aq-, (p ) q 0 , € «a (p"q) ) € «a [qp"]
Spinor Feynman Flow
P

<
|

S

| =

V+(p) ‘—<)_—_1]z (_\/ae*ltp ‘---< ----- q , ‘—(— pb)
p b

) | @——" ﬁehp""’ """ '
(p_ —Ja —ip [ q

u*(p) ‘—‘—f vee ®
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Some Remaining Massive Flow Rules

S pPr=ptiagt, (PP=F=0, a=L
Left and right chiral couplings may differ

s Feynman Dirac Flow
aeo y
Qch 0 CR \\\\,,,,
Hassive Gl Flow >\AA/" ie(PLCL + PRCr)Y" | iev2 -~ ~
CL == 0
. 3 i Di
P prm R o
— ' !
— Ipzfmz p2—m? i N 3
—Q@->-- mf £

Remaining SM massive chirality-flow rules in backup slides & hep-ph:2011.10075
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A Second Massive Example: fith > W — fifuhs

Lorentz Group

e m W boson simplifies (Cr = 0) 2 3

m Simplify with choices of g1,--- , g5
S m e o = M e P Jon — M
T e VETT [ainl] h

QED Examples 1_ 5/ 4+
m Scalar has no flow line
Massive Chirality Flow
~ C112C1 34\/02036" (72 #2)
i \_4_/ \_4_/
X | Vouet rraz4—5 — M4 .
v} 2 i » 7 ‘pi
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Conclusions

Conclusions and Outlook

m Chirality flow offers the shortest possible journey from Feynman diagram to
complex number

m Further simplifies the spinor helicity formalism
m Calculations often performed in a single step, particularly for massless diagrams

m Full standard model at tree level understood

m Useful at tree level for any model with only Dirac fermions and matries (Pauli
matrices), Minkowski metric, momenta, spin 0 and 1 bosons in Feynman rules

m Loops, recursions next on the agenda
m Useful for generators based on Feynman diagrams
m Useful for quick pen and paper calculations and checks
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Fermion Propagators in Chirality Flow

Backup Slides

su(2) objects have dotted indices and su(2) objects undotted indices
m We split p, , = p,~* split into two terms

é p = = p
pE\/ép“Tuﬁ: >0 pE\/EpMTgB: > @->--

m Momentum dot defined to represent slashed momenta
m In a propagator, we have p = >~ pi", p,-2 =0

=i Pi

p= o> =) |1’ for pf=0
i

- =i Pi

B el =iy for p2=0
i
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Fermion Vertices

Backup Slides

pr=pr+agt, (PP=¢F=0, a=F5

Fermion-vector vertex

0 Cr ——
>MN = ie(P.CL + PrCp)¥" = iev2 ~__ T
C. ——= 0

Fermion-scalar vertex ‘
CL 0
-- = ie(P.CL+ PrCgr) = ie o R
0 Cr >
8

Left and right chiral couplings may differ
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- Massive Polarisation Vectors

Backup Slides

pr=pttagt, (PP=¢=0, a=2Z

m External gauge bosons
bl . +1,Gf
[P’laT : 95 ¢ (p) = :
(ap’) el
1
(p) =" = —(p"" — ag")

m Translate to chirality flow

1 p’ 1 e P
6‘1(P)—>W Bkl et g » o éi(p) = @y

e (p) =

(ri)
e (p) —: lalel AAslelelele Zb , or €' (p) : @ - ]q)b
[P°ql ! el
'o) o @t ‘o) @t
ey (p) — e , or ey(p) — A
Andrew Lifson (Lund/Uéq_c}u/\/gn) m\/§

The Chirality Flow Formalism 26th May 2021 3/14



Fermion Lines with Multiple Emissions

Backup Slides

pr=prrag, PP=¢=0, a=F;

Fermion propagator

) A . =i Pi
i med® V2pt” _ i myos e
P2 —m2 \V2p,; mi.” P2 — m?

m Propagators and vertices don’t always contribute factor 7/7
m Have to update arrow swap procedure to include even number of 7/7

(i|Frhe  FhHent|f] = [j|rheneiFhen | i)
<,"7—-H1 rH2  pHen U> — _<j|7:#2n7:u2n—1 T |I>

[,'|7.u1 FH2 - FHen |j] — _U’Tﬂ2n7_-#2n—1 LT ‘,]

Arrow flips may induce minus signs! Care must be taken
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Backup Slides

A Massive Illuminating Example

Consider the same diagram of e; e, — v v, as before but include mass m,

P2 P3
m Obtain 3 new terms . 3
=S
m Simplify with choices of g1, go, 13, 14 L
m e o= i e e Jon = M [ n
" o) " ap] 2\ 7
D o e T3 - 3
j2) < R
—2ie2 >3 ) A r3
= 5 ®pi—pi-a — 04104281(902_901) {prmffu
(523 - me)(r33>[4r4] Looeeond " 7y
oo e oo 4
Q2 S 7?’ Py <------ 7:3
. R . s
+ me| /ane'¥? A — Joqe 2
[ L o« T4
[l A — 4
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Backup Slides

A Second Massive Example:

m W bosons simplifies (Cr = 0)
m Simplify with choices of g1,--- g5

ioi fo — —Mi 0 S = Mi
m era; wa) » © Vai [aip!]

m Scalar has no flow line

Step 1: Draw fermion lines: ~ CL’12\/C¥261¢2

x Craav/as(—€'") | /as(—e"*)

Andrew Lifson (Lund/UC Louvain)
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.43 43
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A Second Massive Example: fith > W — fifuhs

Backup Slides

m W bosons simplifies (Cr = 0) 2- 3t
m Simplify with choices of g1,--- g5 w

ioi fo — —Mi 0 Jo = M
" ervai ora) ervai [aip}] 1- h5/ 4t

m Scalar has no flow line

Step 2: Flip arrows and connect: Cy 12Cy a4\/azage’(¥2+#3)

42 \ /43 a2 \ 43
/a4ei994

PN . L PR
hd « 4

e
oy Qu P P
41 1 E 4
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The Helicity Basis in Massive Spinor Helicity

Backup Slides Decompose maSSive momentum p as sum Of maSSleSS ones
_ b2 _ 2 _ _
pr=prtagt, (PR=q?=0, a=L

q _ b _ 1 _
Spin measured along s* = 1(p"* — agt) = L(p* — 2ag")

m Consider eigenvectors/values of p,,;?)

PlPt/b] = At blPr/b] PIPs/b) = A blPr/b)
. Af/b R
Mo = p° £ || Pljp = (1, 2P)

See e.g. hep-ph:9805445, hep-ph:2011.10075 for more details
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The Helicity Basis in Massive Spinor Helicity

Backup Slides Decompose massive momentum p as sum of massless ones

q _ b _ 1 _
Spin measured along s* = 1(p"* — agt) = L(p* — 2ag")

m Consider eigenvectors/values of p,ﬁ)

PlPt/b] = At blPr/b] PIPs/b) = A blPr/b)
. Af/b R
Mo = p° £ || Pl = (1, 2P)

Conclusion: in helicity basis!

pr=pf+py, PE=pi=0, |pP—=p, a—=1, g—op

Spin measured along s* = L(p' — pb) = (||, p°p) = direction of motion!

See e.g. hep-ph:9805445, hep-ph:2011.10075 for more details
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Spinor-Helicity: Gauge Bosons in Terms of Spinors

Backup Slides

Lorentz algebra so(3,1) = su(2) & su(2)
Consider massless particles: chirality ~ helicity

Outgoing polarisation vectors:

™ riT"p)
& (p.r T \p]’ & (p. _
P =) P = o
(rlp"7.lp] [r|p"7.|p)
ceqr(pr)= ———F—=0 e (pr)= LT =0
p-es(p.r) ) p-e_(p.r) o]
Weyl eq. p#7,,|p]=0 Weyl eq. pt7,,|p)=0

(ri7pl [rlmulp) _ (ro)ll _
(ro)  [pr] (ro)lpr] =~
~ lor]=—[rp]

ex=(ex)*
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Simplest QED Example

Backup Slides

m Regular spinor-helicity = easy

e ut
+ + o2
2i ~ . ~3
e )\ — 7_065)\ )\0477—_}11)\,8
et u Se+e*( eah e+76)( K ap ”Jr)
2ie? - .. 2ie?
- oo XN A = e ut (et
soro e it N Aet s Se+e—[ plper)
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Backup Slides

Simplest QED Example

m Regular spinor-helicity = easy

e H+
+ + 2
2i : Y
= (Ae- argmetﬁ)(xg,rggxﬁg
el e ere
2ie? ~ . 2ie?
= Xe- s AN Ngi 5 = e ) (u"et
soro e et Ay Aer g = el e
m Helicity flow = super easy and intuitive
€. 't e~ wr
+ +
2ig? s e

= el ~atatated

Sete—
+ - ere _
. i e/—<—\\#
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Next Simplest QED Example

Backup Slides

m Regular spinor-helicity = easy
e et
<

H
|

—i2v/2e8 /- ; : <
_ L af o =p B 4+ Y
+ Sete— Sut1 ()\9770‘7” Ae+’5) (/\H_TNB(p‘ + P, ¢5W'(1’r)/\u+)

—i2v/2¢e?

B Sete—Su+1 <r1>

a = 3845 a = 3B 6
x (Ao 7 XN s+ X TS N )

(Rom o Aer o) %y 536

~ A Dot (Xe_’di‘f‘)\fA,V(; + Xe_,di\jﬁfﬁ)\,ﬁ),\hgfﬁ

Correct Answer

—_J 3
#\fim ([e‘1l<1r> + [e‘;ﬁ](;ﬁo) [t et)

Andrew Lifson (Lund/UC Louvain) The Chirality Flow Formalism 26th May 2021 10/14



Next Simplest QED Example

Backup Slides

m Helicity flow = super easy and intuitive

+

e I o+
v N 3 . U !
_ \\ N <
Lo TRV2e e e
+ T
Sete—S,+1(r1
ot " ete=u 1( >e/—<—\\lf

Correct Answer

—j 3
% (fe™1)(1) + [~ w1t ) 1t (e

Andrew Lifson (Lund/UC Louvain) The Chirality Flow Formalism

26th May 2021 11/14



Next Simplest QED Example

Backup Slides

m Helicity flow = super easy and intuitive

+

e n _ +
v N 3 . U !
_ \\ N <
R Y LY
+ T
Sete—S,+1(r1
et m ete  °u 1< > 6/—<—\\M7

m Immediately read off inner products

Correct Answer

—j 3
% (fe™1)(1) + [~ w1t ) 1t (e
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Colour Flow: a Quick Introduction

Backup Slides

Standard method in SU(N)-colour calculations:

Write all objects in terms of §;; = flows of colour (for snmpI|C|ty Tr =1)

0F=7 > i 25/7 =

>m< ><—%

ta 12 5,75;(]- 0i50 7

Te(£2[t°, £°])

17"kl
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Spinor-Helicity: Gauge Bosons in Terms of Spinors

Backup Slides

Lorentz algebra so(3,1) = su(2) & su(2)
Consider massless particles: chirality ~ helicity

Outgoing polarisation vectors:

u _ (r7]p] i _ [P
€ (par)_77 7(par)_
" (rp) [or]
m ris a (massless) arbitrary reference momentum (p - r # 0)
m Different r choices correspond to different gauges
/
s / nw o L (r I’>
€ (p,r)—e (pvr)_ —p
" " (r'p)(rp)
m Gauge invariant quantities must be r-invariant
m Choose r as conveniently as possible (remember (ij) = —(ji) s.t. (i) = 0)
m Variance under r — r’ good check of gauge invariance of (partial) amplitude
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Spinor-Helicity: Vectors and Removing ;1 Indices

Backup Slides

Lorentz algebra so(3,1) = su(2) & su(2)
Consider massless particles: chirality ~ helicity

Dirac matrices in chiral basis

7“:(¢%m “%#> Vart = (1,5), Vit =(1,-d),

Remove 7/7 matrices in amplitude with
Tk Tull) = (DTKY GlE) = [l

Fierz identity Charge Conjugation

Express (massless) p* in terms of spinors
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