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Positivity Bounds

2-to-2 forward amplitude (spin-0): _/\/[(3’ 0) = ¢, +@ 6484 4

To extract dim-8 effect, we consider: Dim-8 have leading energy
dependence only, s 2.

d2

C2 — @M(S, 0)

For elastic scattering 15 — 1J

Analyticity in s [A. Adams et al., JHEP 06]

(causality) ( )
s ds Mi(s,0
I = -
y jf 271 (s — M?)3
e d? 4 so(s) M? m?
g5z M0 = %/ds = o)

= positive up to power suppressed corrections

A\ )
Froissart bound ‘ 62 > 0

(unitarity)
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Elastic Positivity Bounds

Superposition elastic scattering:

o > O
O > O

General elastic bounds

o M., (s,0) :[u"';'ujfu,k’*fvl"‘]\/_f'id’”“Z > O]

: d? :
define Mkl = 77 M a(8,0) Arbitrary vectors EFTs can involve more than
one particles

with |u) = u’|), |v) = v7|j)

However, the elastic bounds are not the optimal !

When numbers of the fields n larger than 2
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Relevant developments

General 2-to-2 scattering of massless scalars:

MED= Y cpmdt

n+m>0
®cC,,n>2 e Co
@ One field ®t#0 e Multi-field
v

Higher-dimension coef. Bounds for multi-field

Beyond the forward limit

N. Arkani-Hamed, et al. 2012.15849], [T. Trott, 2011.10058 ], [CZ and
{B Bellazzini. et al. 2011.00037] | [A. Tolley et al., 2011.02400], S.-Y. Zhou PRL 125, 201601] [X.
’ ’ ' : [S. C-Huot. et al. 2011.02957] Li, et al, 2101.01191]

[L-Y Chiang, et al, 2105.02862]

d

This talk will focus on this direction
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2-to-2 forward scattering(t =~ 0) for ij — ki : f= L.jéds M(s,0)

Alm(s 2
e BNe ijkl d
ahcA(S) M f— ﬁMZJ%kl(S 0)

1 o (DiSCM?;j_)M(S’) DiSCM%-j_)M(S,))

" 2mi (s — M2/2)3 (s’ — M2/2)3

(eA)?

+ residues at poles

Optical theorem:  Dise M7 (s) = Z MI7X (s (MM_}X( ))

e e

> d,u m m kil . ij 1j—X
Mgkl — XMy il my =M
Zf RS TE R A x
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Convex cone nature . ... ..o oo

Mkl is positive linear

B o0 d (K] kl ’ )
Mgkl :Z/ ap My ”’T;X s+ (e 1) ‘ combination of
X Jenp T (n—M?2/2) ij, ki il ki
My "My T My My

ikl - . 4
mm) 1. MY™ is a convex cone We defined the cone as C"

Positivity bounds arise as boundary of cone!

Triangular cone

4-Higgs operators 15 3S

Os0 = (D) D,2] x [(D"®) D"2), Fs0 20, AN 4 N
Os1 = (D, @) D] x [(D,®) D*0], WP  Fso+Fs2 >0, 3 3A
Osz = [(D,®) D, ®] x [(D"®)! D ] Fso+ Fs1+ Fs2>0. :
1A
4-W operators
Oro = TF[WHVwﬁU]Tr[ Bwaﬁ] 4Fr1 + Fra >0,
Oro = Tr[Wea, WH Tr[Wy, W] FT’Q’ . 8FT:10—2 .

Or,1 = Tt [Wa WH]Tr[W), ﬁW““] 8Fr +4Fp +3Frs > 0,
Or,10 = Tr[W,,, W] Tr[W,s W7 12Fro + 4Fpy + 5Fp5 + 4Fp19 > 0,
Xu Li dFro+4Fr ) +3Fre + 12Fp 19 > 0.

Fro>0.
T2 2 0, 6-facet 4D cone




EFT without symmetry?

Solution : use the dual property of cone [X. Li, et al, 2101.01191]

Dual cone is defined as

{Q|VM eC'}

n C* is a cone.

B Hyperplane separation theorem—(C*)*=
it is enough to carve out exactly the C

C* is a set that contain all possible linear bounds

These properties make sure our bounds are complete
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Dual cone

posi. bounds
— vectors in dual cone
Independent possible Extremal Rays
bounds “ of cone C*

* A convex cone is closed under
additions and positive scalar
multiplications

« Extremal Ray (ER) : n{* cannot be
split into other vectors (like an edge

vector in polyhedral cone)

dual cone: C*

Xu Li PHENO. 2021 May. 26 9



Dual cone

How to find the ERs in dual cone? ...

Index symmetries of Mk

ik or jel “ Crossing symmetry: s & u

i i + kel “ Rotation symmetry (Pi around y-axis)
Defined a subspace of M : M € Sn' (Mz‘jkl — Ak gkl Milkj)

~n 4 . .
Dual cone: QO ¢ S" cross-antisymmetric

Q- M=>0
— Q’Ukl Z zjmkl 4 m m — 9 Zmzj Q’Uk‘l l

one will vanish

#Q@j’kl)%(]iQESixn » QH4ZST_2XRQQ§”4

Semi-definite matrices
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Dual cone---Spectrahedron

2 2 oy . . .« s
S’ ™" the set of n X n positive semi-definite

matrices forms a convex cone

2

AN

ﬂ4_ ‘?'12 n2 _}ﬂ4
Q" =s"" " NS

n2xn
S—l—

Spectrahedron: the intersection of a cone with a linear (affine)
subspace is well-defined in math
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Dual cone---Spectrahedron

Sfx"?: the set of n X n positive semi-definite

matrices forms a convex cone

2

AN

ﬂ4_ ‘?'12 n2 _}ﬂ4
Q" =s"" " NS

n2xn
S—l—

This object is a spectrahedron !

Spectrahedron: the intersection of a cone with a linear (affine)
subspace is well-defined in math

Ultimate goal : finding Bits of Spectrahedron!
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The “MC” approach

Randomly search ERs

‘.‘
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The “MC” approach

Randomly search ERs

‘- Start with a random point x

“ Find the (k-)face F(x)

See [Ramana & Goldman 1995]
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The “MC” approach

Randomly search ERs

Start with a random point x

Find the (k-)face F(x)

See [Ramana & Goldman 1995]

Take a random straight-line in F(x) that
crosses X. Find its intersection with the

boundary of the cone (this is a SDP).

W

«(
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The “MC” approach

Randomly search ERs

Start with a random point x

Find the (k-)face F(x)

See [Ramana & Goldman 1995]

Take a random straight-line in F(x) that
crosses X. Find its intersection with the
boundary of the cone (this is a SDP).

Take x to be the intersection point and
iterate, if F(x) is not dimension 1

® 4 & 80

If F(x) is dimension 1, An ER is found.
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The SDP approach

If ERs are finite: The “MC” approach is enough

If ERs are infinite: We need the SDP approach also

The semi-definite programming (SDP) approach:

— Given a M

min Q- - M
subject to Q € spectrahedron

If the minimum is not negative, then M is allowed by positivity.
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Applications




(General 2-scalar case

1
LD Fcijkloijkla Oijkt = 0,0,0" $;0,01.0" Py i, 4,k 1= 1,2
Using operators we can calculate )/*/*! | which is a function of C#’s
a b e e
Crossing symmetry §n° Q24 5 Q= boc f f
will restrict the form e f d b
e f b d
1. They are extremal
2. They are complete
kl = 11 22 12 21
ra® ab  ac ac g =11
ERs Q.. -> ab b*  be be 22 2
- ac bc 2¢> —ab  ab 12 With ¢ > ab
ac bc ab 2¢% — ab] 21

Q.. M >0 will give the bounds on C7’s !
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Positivity bounds for 2-scalar EFTs

Finally get bounds !

/01111 >0 and 4C5111C1212 — Cip5 >0
and {011120112201222 — C1111Cha92 — C1112Ca222 + Ciz12 (—Ciiaa + 4C1111Ca202) > 0

or {A = 3(4C1111Ca222 — C1112C1222) + (Cr122 + Ci212) > > 0

3CT 12

and — 2(Ch122 + C1212) < VA < Ca12 — 2C1120

\ + 2 (Cr122 + Cr212) 3] }

and 2A%? > 27 (0111103222 + 01211202222) —9(Cr122 + C1212) (8C1111C2222 + C1112C1222)

/

What ifn > 27

resort to the numerical approach
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4-gluon case ji—g w16 s

EFT operators:
Q4! (GG (GER,GPr) Q) | gABEACDB(GA GBI (G, GP#)
Q% (GA,GH)(GRGPro)  QB) | gABEGCDE (G GBI ) (GS, GPP)
Q¢! (G, GP) (G, GP#) , .
2 . aoc 1ar grc
0l (G, G (G Goe) Plus a (D6)? term: f*G. GG}

—

n-C >0 — ngiven by

0,0,0,1,0,0,0]  [0,0,6,3,7,2,0] [24,0,12,21,15,14,0]  [0,0,96, 24, 64, 40, —81]
0,0,1,1,1,0,0]  [8,6,1,6,0,2,0] [24,32,24,4,8,0,-27]  [40,32,80,4,0,0, —189]
2,0,1,0,0,0,0]  [0,6,3,12,5,0,0] [48,36,21,27,25,0,0]  [0,0,24, 120,40, 104, —81]
0,2,0,1,0,0,0]  [8,6,1,12,0,0,0] 32,40,4,80,0,0,-27]  [0,0,120,24,104, 40, —81]
[0,0,3,0,2,0,0]  [0.6,6.,9.,10,4,0] [0,48,0,48,0,40, —81]  [96, 0,144, 24, 64, 40, —81]
0,0,0,3,0,2,0]  [0,12,0,14,0,0,—9]  [24,0,36,24,16,40, —81] [48,0,96,24, 0, 40, —243]
1,1,2,2,0,0,0]  [0,0,8,8,0,8,—27] 0,0, 48,24, 32,40, —81]  [0,192,168, 96, 112, 120, —405]
6,0,3,0,2,0,0]  [12,0,14,0,0,0,—27] [0,0,24,48,16,56,—81]  [168, 480, 168, 156,56, 160, —729]
[4,2,2,1,2,0,0]  [6,8,12,1,0,0,—27]  [88,32,56,4,40,0,—27]  [264,384, 156, 168, 16,200, —729]
0,0,4,0,0,0,—9] [8,16,4,8,0,8,—27]  [96,42,27,84,25,0,0]  [288,384,216, 168,0, 200, —891]
6,0,6,0,5,0,0] [0,24,0,12,0,8,—27]  [96,66,42,39,50,4,0]  [480, 384, 480, 168, 160, 200, —729]
0,0,3,6,5,4,0]  [8,22,1,14,0,10,—27] [120,42,39,42,40,14,0] [336, 768,672, 216,0, 200, —2187]
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4-gluon case ji—g w16 s

EFT operators:

Q4! (GG (GER,GPr) Q) | gABEACDB(GA GBI (G, GP#)

Q(2) (Gﬁ‘yéA"”)(GfgéBm) Qgﬁ dABEdCDE(GﬁyéBuu)(GgaéDpa)

Qg‘z (GﬁVGBMV)(GﬁUGBPU) Pl D6 2 fabLGar/Gb,OGcﬂ

~ ~ us a term:
Q4 (G, GPw) (G4, GPro) (D6)
iG>0 ~ ngvenby OGRS

[0,0.0,1,0,0,0]  [0,0,6,3,7,2,0] 24,0,12,21,15,14, 0] [0,0,96,24, 64,40, —81]
[0,0,1,1,1,0,0]  [8,6,1,6,0,2,0] (24,32,24,4,8,0,—-27]  [40,32,80,4,0,0, —189]
[2,0.1,0,0,0,0]  [0,6,3,12,5,0,0] 48, 36,21, 27,25, 0,0] [0,0,24, 120, 40,104, —81]
(0,2,0,1,0,0,0] [8,6,1,12,0,0,0] (32,40,4,80,0,0,—27]  [0,0,120, 24,104, 40, —81]
[0,0.3,0,2,0,0]  [0,6,6,9,10,4,0] 0,48,0,48,0,40,—81]  [96,0, 144,24, 64, 40, —81]
[0,0,0,3,0,2,0]  [0,12,0,14,0,0,—9]  [24,0,36,24,16,40, —81] [48,0,96,24,0, 40, —243]
[1,1,2,2,0,0,0]  [0,0,8,8,0,8,—27] 0,0,48,24, 32,40, —81]  [0,192, 168,96, 112, 120, —405]
[6,0,3,0,2,0,0]  [12,0,14,0,0,0,—27]  [0,0,24,48,16,56, —81]  [168,480, 168, 156,56, 160, —729]
[4,2.2,1,2,0,0]  [6,8,12,1,0,0,—27]  [88,32,56,4,40,0,—27]  [264, 384,156, 168,16, 200, —729)
[0,0.4,0,0,0,—9] [8,16,4,8,0,8 —27]  [96,42,27,84,25,0,0] [288,384, 216, 168, 0, 200, —891]
[6,0.6,0,5,0,0] [0,24,0,12,0,8,—27]  [96, 66,42, 39, 50,4, 0] [480, 384, 480, 168, 160, 200, —729]
[0,0,3,6.5,4,0]  [8,22,1,14,0,10,—27] [120,42,39,42,40,14,0] [336,768,672,216,0, 200, —2187]
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Example: Spin-2 EFT

« dRGT massive gravity (n = 5) —— (c3, d5):
[PRL.106(2011) 231101, C. de Rham, et, al]
04"
Elastic: elastic approach(superposed) -_
[JHEP 04 (2016) 002. C. Cheung and G. Remmen] 021
" Allowed
< 00 . B
~0.112 ~021
~0.114} —0.47 /
-0.116} -04 -02 0.0 0.2 0.4
w
o 3
-0.118}
0120l Exact « Exact: SDP approach:
~0.122 : : : : : : L
001 0 001 002 improves slightly the minimum value of db.
c3
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Example: Spin-2 EFT

« dRGT massive gravity (n = 5) —— (c3, d5):

[PRL.106(2011) 231101, C. de Rham, et, al]

Elastic: elastic approach(superposed)
[JHEP 04 (2016) 002. C. Cheung and G. Remmen]

0.4j

Allowed

~0.112

~0.114}

~0.116} 0.4
Tp]
© Cs

~0.118}

o120l Exact » Exact: SDP approach:

~0.122 : : : : - - L

001 0 001 0.02 improves slightly the minimum value of db.
c3
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Summary

 Positive structures arise at the dim-8 level in EFT coefficient space,
as a consequence of axiomatic QFT principles.

* We convert the problem of finding bounds to a geometric problem:
finding the ERs of a spectrahedron.

— can be solved using the semi-definite programming

 Improved previous results, and gave some new results.
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Thank You!
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Non elastic bounds for n=3 l

Qex

|
—_ O OO OO O O -
— O = O oONDNO
O — = = = O Wb O
— =N O N O OO
—_—O = O = O =0 O
—_ === O === O
N = W=D = OO
—_ = == O === O
Qo = DN = = =N

Which can be apply in SM flavor sector (n=3 fields)

This is a rank-4 matrix, so it cannot be written as
uvuv, which is at most rank-2 by definition
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(General 2-scalar case

1
LD Fcijkloijkla Oijkl = 0,0:0"9,;0,01,0" ¢y
(4C1111 Cli22 Cri12 Criin2) Z b j“ j"
Cliz2 4C2222 Chiaza Chaze 24 _ ¢
Msca ar — / Q = Q —
1 Cii12  Ch222 Ci212 Ciiao e f d b
| Cii12 Chzae C'190 C212 | e f b d
ki= 11 22 12 21
a® ab  ac ac  ij =11
ERs Qex -> |ab 12 be be 29 With ¢ > ab
ac be 2¢2 — ab ab 12
| ac be ab 2¢% — ab| 21

variable substitution

Qu M = [0 25 1] Dot o )T,

2C111 Ciiiz Chiae
Chrii2 2C1212 Chaae

Cri22 Ciaz2 2C5%02

2

|

>0 Vr,s,weR, It is quartic !
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Example: EW Gauge Boson I i, 4,k 1 = W, B (Hypercharge gauge boson)

« SMEFT VVVV (aQGC) operators (W+B, n=12 modes):

(Anomalous quartic-gauge boson couplings)

 T-type:

Oro = Te[W, WHITe[Was WP Or, = Te[Wa, W Te[W,,s W]
Ora = Te[Wa, W Te[We, W¥] - Op g = Tr[Wo, W Te[Wos W]

Ors = Tr[W,, W+ B,5B*? Org = Te[Wa, WH| B, s BV
Or7 = Tr[Wo, WH?) Bg, B¥® Or11 = Te[W,, WH| B, B*?
OT78 - ngélwéaﬁéaﬁ OT,Q - Bapé'uﬁéﬁuéya
* S-type:

Oso = [(D,®) D, @] x [(D'®)' D" @),
Osy1 = [(D,®)' D"®] x [(D,®)' D" ],
Os2 = [(D,®)' D, ®] x [(D"®)' D ).

The aQGC couplings are used frequently to study
VBS and tri-boson process at LHC

Experimental limits are often given in term of
aQGC operators at LHC

[Phys.Lett.B 798 (2019) 134985, CMS]

359" (13 TeV)
g hICNlISI DN _ Expected 68% CL ]
J K f—— pecte: /0 2
> 100 | Freliminary. - Expected 95% CL
o) i o oy . — — Expected 99% CL |
b r / S e Observed 95% CL |
i L
< =
\__ 50_ ]
WD
0
r v\
\ -
50l | \‘
/
i P4
-100 L

50
Xu Li PHENO. 2021 May. 26 fs JA* (TeV4) 24



Example: EW Gauge Boson I i, 4,k | = W, B (Hypercharge gauge boson)

We reproduced bounds by [2009.04490, K. Yamashita, CZ and S.-Y. Zhou]

Linear: Quadratic:
Fro>0 Fro(Fra+ 4Fr19) > Fzzﬂ,u
AFry+Frp 20 16 (2 (Fro + Fra) + Fra) (2Frg + Fry) > (4Frs + Fro)?
Fra+8Fr020 32(2Frgs + Fryg) (3Fro + Py + 2Frg + 4Fr,10) > 3 (4Fr5 + Fry7)

8FT,0 + 4FT,1 + 3FT,2 >0

2v2\/ Fro (Fra + 8Fr0) > max (~Fr; — 4Fp,1, —4Fr — Fry +4Fn11)
].ZFT,(] + 4FT,1 + 5FT,2 + 4FT,10 >0

dFro+4Fr) + 3Fro +12F1 10> 0 4\/(8FT’D + 4FT11 + 3FT’2) (QFT’S + FT’Q)
4FPrg+ Fr7 >0 > max (—8Frs —4Fr¢ — 3Fr7,8Frs + Fry)
Fr7z >0 4\/FT’9 (lQFT,{] +4Fry +5Frs + 4FT,10)
>~
2brs +Fre 20 > max (—Fry —4Fp 11, —4Fpe — Fro +4Fp 1)
Fro >0
46/ (2Frs + Fro) (12Fpg + 4Fp + 5Fp + 4Fr 10)
> max [3 (SFTJ, + FTJ) ,—3 (SFT,5 +4Frs + SFTJ)]
\/E\/(‘lFT,s +3Fr9) (6Fr0 + 2F71 + 3Fr2 + 6F710)
> max (3(2Frs + Fra1), =3 (2Frs + 'y + Ira))
2\/(12FT,8 + TFrg) (12Fpo +4Fr1 + 5Fr 2 + 4Fr19)
> max (_12FT,5 — 4FT,6 - 5FT,7 - 2FT,11; 12FT,5 + FT,T - 2FT,11:
Xu Li
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At least for simple cases, the ext(G) can be found by inspection.

E.g. simplest case:

n=2, with some Z2 symmetry, e=f=0, T -> ai B0 0
b e 0 0
00 .d: b
There are two kinds of ERs 00 6w
° : a=b=c=0, d=1
o : ac=b?, d=|b|, a,c>0 A 3D cross section
of the 4D cone (a,b,c,d)
A
S
iN|
Ch Cy 00 ﬂ
M’Lj kl _ CQ 03 0 0 “;J€=
0 0= Cy Cs !%
0 (T ) B

01,03,04 2 0 and \ 0103 2 :tQCQ = C4

a6



Pheno applications...

s May change the interpretation of measurements.

Excluded

359 b (13 TeV)

— — Expected 68% CL

— — Expected 95% CL

S — — Expected 99% CL
~~._| —— Observed 95% CL

~N Jan 2019 Channel
fro /At

Jan 2019 Shannal
W n,.

— — Expected:68% CL

Expected 95% CL
— — Expected:99% CL
—— Observed 95% CL

figa IA°
fs IA°
fiqg IA”

fig7 A7 ~
H

H
.
—H

0

—2000

https://twiki.cern.ch/twiki/bin/view/CMSPublic/PhysicsResults
SMPaTGC#aQGC_Results
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s Infer UV model from EFT measurements

: Given the measured values of the operator coefficients around the electroweak scale,
to what extend can we possibly determine the nature of the new physics beyond the SM?

see also

Many BSM models

SM +
particle 2

SM +
particle 1

LLess UV DoFs

Less UV DoFs

SM +

SM + 2 :
particle 4

Slt\/ll+ ; particles
particie (3&4)
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