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Motivation and summary

Heterotic string compactifications: long history of particle physics models

Minkowski 4D N = 1 vacua:
Calabi–Yau manifolds with vector bundles

Strominger–Hull systems with flux and bundles.

Moduli stabilisation? No RR flux.

How many moduli?

Moduli of these configurations needed to determine the low-energy physics.

This talk: heterotic compactifications on G2 structure manifolds

Heterotic 4D N = 1/2 domain wall solutions
(may “uplift” non-perturbatively to non-SUSY AdS solutions.)

Infinitesimal moduli of heterotic systems with G2 holonomy/structure
(some relevance also for (non-SUSY) M-theory and type II compact.)

Moduli of heterotic system captured by Atiyah-like bundles.
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Heterotic supersymmetric vacua

Heterotic string to O(α′)

Bosonic fields: Metric G , B-field B, dilaton φ, gauge field A

Fermionic fields: Gravitino ΨM , dilatino λ, gaugino χ

Compactifications

M10 =ME × X : SUSY ⇐⇒ nowhere vanishing spinor η on X

Killing spinor equations

∇Hη =

(
∇M +

1

8
/HM

)
η = 0(

/∇φ̂+
1

12
/H

)
η = 0

/Fη = 0

where /O = γMOM , etc.

Bianchi identity dH = α′

4 (trR ∧ R − trF ∧ F )
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4D Heterotic N = 1 Minkowski vacua

6D Geometry:

∇Hη = 0 ⇐⇒ X has conformally balanced SU(3) structure

⇐⇒ d(e−2φΨ) = 0 = d(e−2φω ∧ ω).

No H-flux ⇐⇒ X is Calabi–Yau dΨ = 0 = dω.

Candelas, et.al.:85, Hull:86; Strominger:86, Ivanov, Papadopoulos:00; Gauntlett, et.al.:03,...

Gauge fields → vector bundle V

/Fη = 0 =⇒
I F (0,2) = F (2,0) = 0  holomorphic V
I HYM equation Fyω = 0  polystable holomorphic V

Candelas, et.al.:85,Donaldson:85, Uhlenbeck, Yau:86, Li, Yau:87,...
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4D Heterotic N = 1/2 DW vacua
Lukas et al:10, 11, 12, 13; Gray, ML, Lüst:12, de la Ossa, ML, Svanes:14,16

7D Geometry

4D domain wall vacuum: M10 =M4 ×W X (r) ≡M3 × Y
M4 =M3 × R, M3 AdS or Minkowski

X(t): SU(3) structure

t

Y : G2 structure

Domain wall direction

X(t): SU(3) structure

t

Y : G2 structure

Domain wall direction

1
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4D Heterotic N = 1/2 DW vacua
Lukas et al:10, 11, 12, 13; Gray, ML, Lüst:12, de la Ossa, ML, Svanes:14,16

7D Geometry:

∇Hη = 0 ⇐⇒ Y has integrable G2 structure

⇐⇒ d(e−2φψ) = 0 , dϕ = τ0 ψ + 3
2 dφ ∧ ϕ+ ∗τ3.

for positive 3-form ϕ and ψ = ∗ϕ.

No H-flux ⇐⇒ Y has G2 holonomy

Embed SU(3) in G2: ϕ = dr ∧ ω(r) + Re(Ψ(r)) .

G2 torsion classes: Fernandez–Gray:82, Chiossi–Salamon:02

Gauge fields → vector bundle V

/Fη = 0 =⇒ instanton bundle: F ∧ ψ = 0.
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Infinitesimal Moduli of Heterotic SUSY Vacua

4D N = 1 vacua: deformations of (X ,V ,H)

I X : conformally balanced complex 3-fold
I V : holomorphic polystable gauge bundle
I H: α′ corrected BI

“Atiyah class stabilization”

Infinitesimal moduli

=

Deformations of holomorphic structure on extension bundle of Atiyah type.

Atiyah:57, Kodaira, Spencer:58,60, Candelas, de la Ossa:91, Becker,et.al:05,06,

Anderson,et.al:10,11,13, Fu, Yau:11,Anderson, Gray, Sharpe:14, de la Ossa, Svanes:14,

Garcia-Fernandez,et.al:13,15,...

4D N = 1/2 vacua: deformations of (Y ,V ,H)

I Y integrable G2 structure manifold
I V : instanton gauge bundle
I H: α′ corrected BI

de la Ossa, ML, Svanes:16 + in progress, Clarke,et.al:16
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Infinitesimal Moduli: Heterotic G2 systems

Naive moduli space

Y : integrable G2 structure manifold (H = 0: G2 holonomy)
V : instanton gauge bundle

∂tψ,∂tϕ: geometric moduli
Joyce:96, Dai–Wang–Wei:03, de Boer–Naqvi–Shomer:05,...

∂tA: Vector bundle moduli H1(Y ,End(V ))

∂tB: deformations of B-field, H = dB + α′(...)
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Infinitesimal Moduli: Heterotic G2 holonomy system

Geometric moduli for G2 holonomy

∂tψ =
1

3!
Ma

t ∧ ψbcda dx
bcd , Ma

t = Mt b
a dxb

∂tϕ = −1

2
Mt

a ∧ ϕbca dx
bc

Diffeomorphisms: LVψ = − 1
3! (dθV

a) ∧ ψbcda dx
bcd

where dθ is a connection for TY -valued forms.

Preserve dψ = 0 = dϕ: constraints on dθMt

Compact G2 manifold: TMG2hol
∼= H3

d(Y ) ⊂ H1
ďθ

(Y ,TY )

Canonical G2 cohomology (integrable G2 str.)
Reyes-Carrion:93, Fernandez–Ugarte:98
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Infinitesimal Moduli: Heterotic G2 holonomy system

G2 “Atiyah” class stabilization

Instanton condition F ∧ ψ = 0: couples bundle and geometric moduli

ďA(∂tA) = −F̌(∆t) .

∆t ∈ Λ1(Y ,TY ), ďA, F̌ : project to G2 7 irrep

“Atiyah” map

F : Λp(Y ,TY ) −→ Λp+1(Y ,End(V ))

∆ 7→ F(∆) = −Fab dx
b ∧∆a .

Bianchi identity dAF = 0 =⇒ F̌ is a map in cohomology

Corrected moduli space for bundle and geometric moduli:

TM(Y ,V ) ⊂ H1
ďA

(End(V ))⊕ ker(F̌)
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Infinitesimal Moduli: Heterotic G2 holonomy system

Infinitesimal moduli space for bundle and geometry:

TM(Y ,V ) ⊂ H1
ďA

(End(V ))⊕ ker(F̌)

Remark 1: B-field deformations

Infinitesimal moduli of G2-holonomy metrics only spans part of H1
ďθ

(Y ,TY )):

H1
ďθ

(Y ,TY )) ∼= Ȟ1(Y ,TY ) = Š1(Y ,TY ) ⊕Ǎ1(Y ,TY )

Ǎ1(Y ,TY ) is spanned by ∂tB

All ∂tB are in the kernel of F̌ .

Thus easily incorporate B-field deformations in the infinitesimal moduli space.
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Infinitesimal Moduli: Heterotic G2 holonomy system

Infinitesimal moduli space for bundle, geometry and B-field:

TM(Y ,V ,B)
∼= H1

ďA
(End(V ))⊕ ker(F̌)

Remark 2: Extension bundle

Use the G2 Atiyah map F̌ to define a new bundle

0 −→ End(V ) −→ E −→ TY −→ 0 ,

E has connection DE :

DE =

(
ďA F̌
0 ďθ

)
.

D2
E = 0 ⇐⇒ F̌(ďθ(∆)) + ďA(F̌(∆)) = 0 (cf Atiyah algebroid for N = 1).

H1
DE

(Y ,E ) is the moduli space:

0→ H1
ďA

(Y ,End(V ))→ H1
DE

(E )→ H1
ďθ

(Y ,TY ))
F̌−→ H2

ďA
(Y ,End(V ))→ ... .
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Infinitesimal Moduli: Heterotic integrable G2 system

Geometric moduli for integrable G2 structure

Diffeomorphisms: LVψ = − 1
3! (dθV

a) ∧ ψbcda dx
bcd

where dθ is a connection for TY -valued forms.

Preserve τ2 = 0: (ďθ∆a
t ) ∧ ψbcda dx

bcd = 0

∂tϕ =⇒ Variational constraints on torsion

F̌ , Ř maps

SUSY + BI =⇒ EOM if θ is an instanton connection: R(θ) ∧ ψ = 0.

R map: completely analogous to F .

Extra moduli for connection variations.
Related to field redefinitions as for N = 1 system?

F̌ , Ř in fact map all geometric moduli to ďA,ďθ-closed forms
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Infinitesimal Moduli: Heterotic integrable G2 system

Corrected moduli space for bundle, instanton and geometric moduli:

H1
ďA

(End(V ))⊕ H1
ďθ

(End(TY ))⊕ ker(F̌ + Ř)

Last equation to bring in: Bianchi identity dH = α′

4 (trR ∧ R − trF ∧ F )

Recall from N = 1: Anderson,et.al:14, de la Ossa, Svanes:14

Vary BI together with H = dcω  map H : Λp(X ,E ) −→ Λp+1(X ,T ∗X )
I H well-defined in cohomology
I finite-dim moduli space

N = 1/2 de la Ossa, ML, Svanes:17XX

Vary BI together with H = 1
6 τ0 ϕ− τ1yψ − τ3  map H

I H well-defined in cohomology X
I finite-dim moduli space X
I moduli ∼ deformations of Atiyah-like bundle X

Compare heterotic generalised geometry. Clarke, Garcia-Fernandez, Tipler:16
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Conclusions and outlook

Conclusions

4D heterotic N = 1/2 DW solutions
I Y Integrable G2 structure ⊃ G2 holonomy
I X Conformally balanced (non-complex) SU(3) structure

Infinitesimal moduli of G2 holonomy manifold Y w. instanton bundle V :

H1
ďA

(End(V ))⊕ ker(F̌)

Infinitesimal moduli captured by H1
DE

(Y ,E ) of extension bundle

0 −→ End(V ) −→ E −→ TY −→ 0 ,

Similar structure for moduli of heterotic int. G2 system (Y ,V ,H).

Outlook

Relation of SU(3) and G2 structure moduli spaces for domain wall solutions.

Relevance for deformations of M-theory and type II string compactifications.
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Thank You
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Manifolds with G2 structure
Fernandez–Gray:82, Chiossi–Salamon:02

Decomposition of forms

Λk(Y ) decomposes into Λk
p(Y ), p denotes G2 irrep. Find these using ϕ:

Example: Λ1 = Λ1
7 = T ∗Y ∼= TY

=⇒ any β ∈ Λ2 decomposes as β = αyϕ+ γ , where α ∈ Λ1 and γyϕ = 0

Λ0 = Λ0
1 ,

Λ1 = Λ1
7 = T ∗Y ∼= TY ,

Λ2 = Λ2
7 ⊕ Λ2

14 ,

Λ3 = Λ3
1 ⊕ Λ3

7 ⊕ Λ3
27 .
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Canonical G2 cohomology

Decomposition of de Rham cohomology
Reyes-Carrion:93,Fernandez–Ugarte:98

Analogue of Dolbeault operator on a complex manifold: project d onto G2 irreps.

The differential operator ď is defined by

ď0 = d , ď1 = π7 ◦ d , ď2 = π1 ◦ d .

τ2 = 0 ⇐⇒ ď2 = 0, so can construct differential, elliptic complex

0→ Λ0(Y )
ď−→ Λ1(Y )

ď−→ Λ2
7(Y )

ď−→ Λ3
1(Y )→ 0

H∗
ď

(Y ) is “canonical G2-cohomology of Y ”.

This generalizes to TY -valued forms: Elliptic complex

0→ Λ0(TY )
ďθ−→ Λ1(TY )

ďθ−→ Λ2
7(TY )

ďθ−→ Λ3
1(TY )→ 0

with finite-dim cohomology groups Hp

ďθ
(Y ,TY ), if R(θ) ∧ ψ = 0
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Infinitesimal moduli: N = 1

Impose full set of N = 1 constraints: “Atiyah class stabilization”

Stability F ∧ ω ∧ ω: stable under first order deformations

Holomorphic bundle F ∧Ψ = 0

Instanton connection: R(∇) ∧Ψ = 0

α′ corrected BI

 equivalent to deformations of the holomorphic structure on an extension
bundle of Atiyah type.

Atiyah:57, Donaldson:85, Uhlenbeck, Yau:86 Li, Yau:87, Fu, Yau:11,

Anderson,Gray, Lukas, Ovrut:10,11,13, Anderson, Gray, Sharpe:14, de la Ossa, Svanes:14,

Garcia-Fernandez, et.al:13,15...
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