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Outline
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▶ Results
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tt̄ spin correlations at the LHC

ATLAS: “Observation of quantum entanglement with top quarks ...”
D = –0.537± 0.002(stat.)± 0.019(syst.) for 340GeV < mtt < 380GeV.

D < −1/3 signals entanglement;
Expected value from various MC generators is about D = −0.46.
Tension with theoretical predictions

3 / 39



Searches for scalar and pseudo-scalar decaying into tt̄

Interest in this topic is also fueled by experimental searches for BSM
scalars and/or pseudoscalars coupled to the tt̄ system. The pseudo-scalar
decays into a tt̄ state in a spin singlet state, and correlation observables
can help in enhancing the signal.

▶ The precision of these very delicate measurement is outstanding,
and challenges our current production/decay models.

▶ There is some tension with current production/decay models.
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▶ To ease the tension, theoretical models obtained by adding an ηt
bound state to the SM production mechanism have been proposed
by [Maltoni,Severy,Vryonidou,2024]

▶ Some authors are improving MC generator by including full
treatment of threshold-enhanced contributions to tt̄ production in
the non-relativistic approximation [Fuks,Hagiwara,Ma,Zheng,2024].

▶ Claims of observation of the ηt bound state are appearing in talks.
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Lots of attention in the literature:

2003.02280 Entanglement and quantum tomography with top quarks at the LHC
2102.11883 Testing Bell Inequalities at the LHC with Top-Quark Pairs
2110.10112 Quantum tops at the LHC: from entanglement to Bell inequalities
2203.05582 Quantum information with top quarks in QCD
2203.05619 Quantum SMEFT tomography: Top quark pair production at the LHC
2205.00542 Improved tests of entanglement and Bell inequalities with LHC tops
2208.11723 Constraining new physics in entangled two-qubit systems: top-quark,
tau-lepton and photon pairs
2210.09330 Quantum entanglement and top spin correlations in SMEFT at higher
orders
2305.07075 Entanglement and Bell inequalities with boosted ttbar
2307.06991 Postdecay quantum entanglement in top pair production
2401.08751 Quantum detection of new physics in top-quark pair production at the
LHC
2401.10988 A closer look at post-decay ttbar entanglement
2407.01672 Optimizing entanglement and Bell inequality violation in top antitop
events
2402.07972 Quantum entanglement and Bell inequality violation at colliders
(REVIEW)

2403.14757 New physics in spin entanglement
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The top spin

It turns out that, in leptonic top decays, in the top rest frame
the top spin is the positive spin eigenstate of the projection of the spin
operator along the direction of the anti-lepton, i.e.

⃗̂
ℓ · σ⃗ st = st

where st is the top non-relativistic spinor. (by CP,
⃗̂
ℓ · σ⃗ st̄ = −st̄)

Thus, spin correlation properties in top pair production are easily studied
in events where both top quarks decay leptonically.
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It is amusing that we can prove this fact in two lines of spinor algebra:

B ∼ ūbγ
µ(1− γ5)ut ū

c
ℓγµ(1 + γ5)v

c
ν = ūcℓ (1− γ5)ut ūb(1 + γ5)v

c
ν

where the superscript c denotes the charge conjugate (right handed)
spinor, and a Fierz identity has been used.
Writing down the antilepton direction in the top rest frame in a covariant
form

s =
m

pl · pt
pl −

1

m
pt (1)

we find

ūcℓ (1− γ5)ut = ūcℓ (1− γ5)

(
1 + γ5/s

2
+

1− γ5/s

2

)
ut

where, using the Dirac equation for the spinors, the second term in the
round bracket is easily seen to give zero contribution.
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tt̄ in singlet spin state

Production at threshold is dominated by s-wave tt̄ states. In this limit 4
independent spin states for a tt̄ pair can be constructed: a spin singlet
(spin 0) and a spin triplet (spin 1) state.

Spin triplet production will yield a spin mixed state, since it will generally
be the sum of three (spin 1) polarizations.

Spin singlet is instead a pure state

| ↑↓⟩ − | ↓↑⟩√
2

.

At threshold:

▶ qq̄ → tt̄ (at Born level) is dominated
by the triplet state, since production
proceeds through a spin 1 gluon;

▶ gg → tt̄ (at Born level) is dominated
by the singlet state, since a spin zero
state cannot couple to two massless
vectors (Landau-Yan theorem).
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tt̄ spin correlations at the LHC

In the dileptonic tt̄ events one defines the observable

chel = ℓ⃗+ · ℓ⃗− .

where the lepton directions ℓ⃗± are defined starting from a frame in the tt̄
CM system, that is boosted in turn to the t and t̄ rest frame.
For a (non-relativistic) tt̄ pair in a spin singlet state, by simple Quantum
Mechanics we find that chel is distributed as

1

σ

dσ

dchel
=

1 + chel
2

(observe that it vanishes when the top spins are aligned)
We also obtain immediately

⟨chel⟩ =
1

3

and introduces the quantity D = −3⟨chel⟩, that equals -1 for a pure spin
singlet state. D < −1/3 signals quantum entanglement.
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In summary

▶ gg → tt̄ prevails

▶ Near threshold: tt̄ in s-wave: spin 0 (singlet) or 1 (triplet)

▶ Spin 1 forbidden by the Landau-Yang theorem (same that forbids
Z → γγ): only singlet allowed (LY argument).

So: we expect a (1 + chel)/2 distribution, and D ≈ −1 near threshold.
From CMS HIG-22-013-pas:
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Radiative corrections and threshold enhancement

▶ There is a class of radiative corrections that have an important impact on
spin correlations: Coulomb exchange in the non-relativistic limit.

▶ These give rise to the well-known (αS/v)
n singularities.

▶ They are attractive if the tt̄ system is in a colour singlet configuration,
repulsive if it is in a colour octet state.

▶ In particular, qq̄ → tt̄ leads to a colour octet final state (it proceeds via a
virtual gluon). For gg → tt̄ near threshold

σgg ≈ α2
S

m2

πv

192
[ 2︸︷︷︸
singlet

+ 5︸︷︷︸
octet

]

so the octet prevails, but the Coulomb coupling for the singlet has a CF

colour factor while for the octet it has a −1/(2NC ) colour factor, so that,
at first order in perturbation theory, the overall correction is positive,

Since gg at threshold leads to a spin singlet state, while qq̄ leads to a
spin triplet state, the αS/v correction leads to an enhancement of the
correlation.
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Radiative corrections and threshold enhancement

Event generators for tt̄ production accurate at NLO order do exist, so they
should fairly represent these αS/v corrections. Generators also exist at NNLO
order, that include also (αS/v)

2 corrections. No NNNLO generator yet ...

Examine now the contribution of a bound state:

▶ Must be proportional to

σ(E) ∝ δ(E − 2m)|ψ(0)|2α2
S

where α2
S accounts for the hard production.

▶ By dimensional reasoning

σ(E) ≈ 1

m4
δ(E − 2m)|ψ(0)|2α2

S

▶ Estimating |ψ(0)|2 ≈ 1/r 3b ≈ (αSm)3 we get

σ(E) ≈ 1

m
δ(E − 2m)α5

S

corresponding to an NNNLO correction.
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IN NUCE

▶ There are mechanisms (Landau-Yan in gg → tt̄) that enhance spin
correlations in tt̄ production near threshold

▶ There are radiative corrections (i.e. (αS/v)
n) that can

enhance/deplete the cross section near threshold. These are the
same interactions that dominate the non-relativistic limit.

▶ Experiments try to limit their measurements not too far from the
threshold region to enhance the signal.

▶ Theory effort to better understand the threshold region: inclusion of
tt̄ bound state effects, etc.
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Motivation of the present talk

▶ Does it really make sense to invoke the effect of tt̄ bound states in
the context of observables that are integrated far above threshold?
(i.e. from threshold (340) up to 380-400 GeV)
Bound state effects should be important when the top velocity in the
tt̄ rest frame is of order αS . At 400 Gev, v ≈ 0.5.

▶ Example: hadronic τ decays:

the width is controlled by an expansion in powers of mτ and
αS(mτ ), no need to know the bound state structures near the
hadronic threshold.

▶ The question should be answerable in the context of non-relativistic
quantum mechanics potential problems.
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THE ISSUE

Consider the squared amplitude for the
production of a tt̄ pair near threshold.

▶ Small black blob size: 1/m.

▶ Dominant corrections near threshold:
Coulomb exchange, leading to (αS/v)

n

singularities, where v is the top velocity in the
tt̄ rest frame.

The corresponding non-relativistic reduced problem
corresponds to the imaginary part of the forward
Green’s function G (E , 0, 0).

By analyticity its integral from the threshold up to
a cut Ecut is equal to a contour integral on a circle
of radius Ecut. This should also account for con-
tributions arising from bound states below the 2m
threshold.
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So:

▶ The cross section is sensitive to scales not less than Ecut − 2m.

▶ The finite width of the top is irrelevant, as long as it is much less of
Ecut − 2m.

▶ The corrections that arise to all order of perturbation theory should
behave as (αS/vcut)

n (where vcut is the velocity corresponding to
Ecut, i.e. vcut =

√
(Ecut − 2m)/m ≈ 0.56 for Ecut = 400 GeV).

▶ Since vcut ≫ αS a few terms in the perturbative expansion should be
enough to yield a good approximation to the cross section.
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Toy model of bound state production

▶ It turns out that the essential features of the problem are so generic
that a quantum mechanical system of a single particle in a
delta-function potential in one space dimension is enough to
illustrate it.

▶ The system is exactly solvable.

▶ We can compare the exact solution to the one obtained in standard
(old-fashion) perturbation theory.
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Toy model of bound state production

Schrödinger equation:

− 1

2m

d2

dx2
ψ − λ δ(x)ψ = Eψ.

Eigenstates:

ψ0(x) =
√

k0
[
ek0xθ(−x) + e−k0xθ(x)

]
, k0 = mλ, E0 = −mλ2

2
;

ψk(x) =

√
2

L(1 + ξ2k)

[
cos(kx)− x

|x |
ξk sin(kx)

]
, ξk =

mλ

k
=

λ

vk
;

ψ̂k(x) =
√
2L sin(kx)

where L is the (large) size of the system.
We ignore the parity-odd solutions, since they play no role here.
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We define the Green’s function (or resolvent) in operator notation as

R(E ) =
1

E − H
,

that is defined for complex E . Since we know the spectrum, we can write

R(E , x1, x2) =
ψ0(x1)ψ0(x2)

E − E0
+

[∑
k

=
L

2π

∫
dk

]
ψk(x1)ψk(x2)

E − Ek
.

We obtain

R(E , 0, 0) =
k0

E − E0
+

1

π

∫
dk

1

1 + ξ2k

1

E − Ek
,
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We need the forward Green’s function. We have
Im(R(E , 0, 0)) = 2πρ(E ), where ρ is the spectral density

ρ(E ) = k0δ(E0−E )+
1

π

∫
dk

1

1 + ξ2k
δ(Ek−E ) = k0δ(E−E0)+

1

π

m

kE

1

1 + ξ2k

that is proportional to the cross section for producing a final state of
energy Ek .

Expanding in powers of λ for E > 0 we obtain

ρ(E ) =
1

π

m

kE
− λ2

π

(
m

kE

)3

+ . . .

showing the well-known λ/v singularities.

This naive perturbative expansion of ρ is invalid at threshold ... (and
furthermore is blind to bound states)
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We now consider the integral of the cross section the threshold up to a
given energy E ′. We get∫ E ′

dEρ(E ) = mλ+
1

π

[
k ′ −mλ arctan

k ′

mλ

]
=

1

π
k ′+mλ

[
1− 1

2

]
+
mλ2

π

m

k ′+. . .

where the 1 in the square bracket is from the bound state, and the −1/2
is from the continuum spectrum.

This is a well-defined perturbative expansion, as long as k ′ ≫ λ.

Notice that there is a contribution from the continuum that has the same
form as the one from the bound state!
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We can use perturbation theory without passing through the exact
solution:

R(E ) =
1

H0 + V − E
=

1

H0 − E
− 1

H0 − E
V

1

H0 − E
+ . . .

R(E , 0, 0) =
L

2π

∫ ∞

0

dk
|ψk(0)|2

Ek − E
− λ

(
L

2π

)2 ∫ ∞

0

dkdk ′ |ψk(0)|2|ψ′
k(0)|2

(Ek − E )(Ek′ − E )

=
1

π

∫ ∞

0

dk
1

Ek − E
− λ

[
1

π

∫ ∞

0

dk
1

Ek − E

]2
=

√
− m

2E
+ λ

m

2E

We now can turn the integral of ρ(E ) into a contour integral of R(E )∫ E ′

ρ(E )dE =
1

2πi

∮
dE R(E ) =

k ′

π
+ λm

1

2

[
= 1− 1

2

]
+ . . .

Same as with the exact calculation, but no mention of the bound state!
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λ < 0?

It is interesting to carry out the same calculation for an arbitrary sign of λ:

ρ(E) = mθ(λ)δ(E − E0) +
1

π

m

kE

1

1 + ξ2k

since there is no bound state for λ < 0. Thus∫ E ′

dEρ(E) = θ(λ)mλ+
1

π

[
k ′ −mλ arctan

k ′

mλ

]
=

1

π
k ′+mλ

[
θ(λ)− 1

2

|λ|
λ

]
+. . .

(notice that the arctangent term is even in λ.) We have

θ(λ)− 1

2

|λ|
λ

=
1

2

so that the expansion in λ works irrespective of its sign, as it should!
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A perturbative expansion for ρ can still be written, if we interpret its
coefficients as distributions:

ρ(E ) =
1

π

m

kE
+

mλ

2
δ(E )− λ2

π

(
m3

k3
E

)
+

+ . . .

By integrating up to E ′ we recover the result above using∫ E ′

0

dE

(
m3

k3
E

)
+

= −
∫ ∞

E ′
dE

m3

k3
E

= −m2

k ′ .

where we are assuming that the distribution is defined by analytic
regularization.

Notice that the contribution near threshold δ(E ) is only in part due to
the bound state. The continuum gives a similar contribution.
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The realistic case

Equivalent to the Hydrogen atom problem in quantum mechanics, with the
(reduced) electron mass µ replaced by the top reduced mass µ = m/2, and
with the appropriate colour factors associated with the couplings. We have

ρl(E) =
θ(al)m

3a3l
8π

∞∑
n=1

1

n3
δ(E − El,n) +

(m)3/2

4π2

√
E F (πalv

−1),

F (z) =
z

1− exp(−z)

with E = E − 2m, l = 1(8) for singlet(octet), a1 = CFαS , a8 = −αS/(2NC ).
The factor F (πalv

−1) is known as Sommerfeld factor. Reasoning as for the toy
example, we find the perturbative expansion for ρ

ρl(E) →
m3a3l
16π

∞∑
n=1

1

n3
δ(E − El,n) +

(m)3/2

4π2

√
E F+(πalv

−1),

where F+ represents the Taylor expansion of F in its argument, with the
coefficients interpreted as distributions (according to analytic regulariation).
We should also expand the δ(E − El,n) as a Taylor series in the derivatives the
delta function δ(n)(E) to get the full perturbative expansion in αS .

26 / 39



Keeping only the first three orders in αS we get

ρl(E) →
(m)3/2

4π2

√
E
(
1 +

πal
2v

+
π2a2l
12v2

+
πζ(3)a3l

4v
mδ(E)

)
(2)

From this formula we can immediately derive the form of the threshold
enhanced corrections to be used in our phenomenological applications:

σ
(thr)
l = σl

(
1 +

πal
2v

+
π2a2l
12v2

+
πζ(3)a3l

4v
mδ(E) +O(a4l )

)
(3)

where near threshold

σ
(8)
qq̄ ≈ α2

S

m2

πv

9
, σ

(1)
qq̄ = 0, σ(8)

gg ≈ α2
S

m2

πv

192
[5], σ(1)

gg ≈ α2
S

m2

πv

192
[2]

(notice the cancellation of the 1/v factor in the δ term).
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This result is not new:
Beneke, Ruiz-Femeńıa, JHEP 08 (2016) 145.
(pointed out to me by Martin at a talk I delivered in Munich).

The context of this work is the contribution to the inclusive cross section
in tt̄ production. In this context the effect is really tiny, which explain
the limited attention that this paper has received.
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Results

We consider the tt̄ production cross section as a function of a cut M on
the invariant mass of the pair. To begin with, we show the results
obtained at the Born level, when including the αS/v term, when including
both the αS/v and (αS/v)

2 term, and when including also the δ term.

Care should be used in the choice of the scale at which αS is evaluated.
The Born term always includes to powers of αS evaluated at a hard scale
of order m. The powers of αS associated with the threshold corrections
should instead be evaluated at a scale of the order of the top momentum
in the tt̄ rest frame when mtt̄ = M, according to the analiticity argument
presented earlier.
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The cross section as a function of the mass cut shows the strong
enhancement when we approach the threshold, that increases with the
order of the included threshold corrections. As we approach realistic cuts
(i.e. 380 GeV) the inclusion of the third order term gives a tiny
contribution.
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We see a large enhancement of the correlation (the D parameter turning
more negative) as we add threshold corrections up to first, second and
third order.

On the right plot, the coupling in the threshold correction has been kept
the same as in the hard process, which is what happens in typical
NLO+PS and NNLO+PS generator. We see that this choice largely
underestimate the threshold corrections.
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Nominal Monte Carlo results
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Prediction for the cross section and for the D observable as a function of
an invariant mass cut. The generators are:

▶ POWHEG-hvq Frixione,Ridolfi,P.N., 2007

▶ POWHEG-ttb NLO dec, Campbell,Ellis,Re,PN

▶ POWHEG-b bbar 4l Ježo,Lindert,Oleari,Pozzorini,P.N.,2016
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▶ We find important differences depending upon which generator we
are using.

▶ The generator differs in the way they implement spin correlation in
decays, with hvq being the less accurate and bb4l the most accurate

▶ At the moment, however, we have been unable to pinpoint the
causes of the differences.
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PREDICTIONS

▶ Our best prediction is obtained using an NLO+PS generator (hvq or
bb4l), and adding to it the threshold corrections that are not already
present at the NLO level.

▶ The second and third order corrections can be added without
problems.

▶ The first order correction can be added as long as we subtract what
the NLO calculation already provides, i.e. a term σl(−al/v), but
with the coupling al evaluated at the hard scale of the generator.
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Predictions
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▶ On the right plot: βZ is the longitudinal velocity of the tt̄ system
(cut used by CMS to reduce the qq̄ contribution).

▶ The fist order correction somewhat reduced because of the
overcounting subtraction.

▶ First and second order terms much larger than the third order term,
which includes bound state effects.

35 / 39



Comparison with experimental results
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▶ Generator choice impact quite relevant. Needs work.

▶ Tension with data (especially ATLAS) gone away.
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Conclusions

▶ Radiative effects in spin correlations in tt̄ production and decay can
still be classified in standard perturbation theory, provided the
partonic cross sections are correctly interpreted (as distributions).

▶ NNNLO corrections (that include bound state effects) are quite
small, it is unlikely that their effect can be established by data.

▶ NLO and NNLO effects seem to give the most important
contributions, and seem to be required by data.
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BACKUP SLIDES
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The expansion of ρ in terms of distributions can be obtained directly by
introducing an analytic regulator. Setting m = 1 for simplicity∫ ∞

0

dk
F (k2)

1 + β2
k

=

∫ ∞

0

dk
F (k2)

1 + λ2

k2

→ lim
ϵ→0

∫ ∞

0

dkkϵ F (k
2)

1 + λ2

k2

and then computing∫ ∞

0

dkkϵ k2n

1 + λ2

k2

= λ2n+1+ϵ

∫ ∞

0

(
z2n

1 + 1
z2

+
z2n

z2
− z2n

z4
. . . (−)n+1 z

2n

z2n

)
zϵdz

= λ2n+1+ϵ(−)n+1

∫ ∞

0

1

1 + z2
zϵdz

where we have used the vanishing of scaleless integrals. In the round
bracket the subtractions have rendered the integrand convergent, and we
can set ϵ = 0 on the right hand side, and get

lim
ϵ→0

∫ ∞

0

dkkϵ k2n

1 + λ2

k2

= λ2n+1(−)n
π

2
.
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