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Take-home message

Local Analytic Sector Subtraction provides a fully
local infrared subtraction scheme at NNLO for
generic coloured massless final states.
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Ingredients for higher-order corrections and main difficulties
do  doig donio | 2 don o 3 doysLo
ax ax % ax % Tax [T%Tax T XoIRCsaog =0 - X)

O(a,) ~ 10 % O(a?) ~ 1% O(a?) ~0.1%

Strong coupling:
a, ~ 0.1

Chiara Signorile-Signorile 6 Local Analytic Sector Subtraction



Ingredients for higher-order corrections and main difficulties
do  doig donio | 2 done o 3 dons o
dX  ax = ax | ax |0 ax C-sate: O = o% ~ %)

O(a,) ~ 10 % O(a?) ~ 1% O(a?) ~0.1%

Strong coupling:
a, ~ 0.1

dX

Each ingredient presents significant technical challenges. Overcoming these issues

. requires profound insight from QFT y

doneo _ | 4o 4D 5 d® . RRS
— n VV 5Xn + n+1 RV X, 11 T n+2 X4

Virtual amplitudes:

- Multi-loop integrals involving multiple scales,
arising from different masses and many legs

Real radiation singularities
» Extraction of soft and collinear singularities

Chiara Signorile-Signorile 7 Local Analytic Sector Subtraction



IR singularities

Real corrections:
e Singularities arising from unresolved radiation after integration over full phase space of radiated parton

 (Goal: extract IR singularities without integrating over the resolved phase space — obtain fully differential prediction

a1k dE, df 1
,ééé 1 M K2 ~ / K x |M 2~
O~ oo mai=s =, | GryaE, MUp)K) [ g g X IMUPDP ~ g
or 6 —0
6 —0

—Pp Unresolved limits are universal and known (even at N3LO) — a general procedure is in principle feasible

J el d<1>g=H - ,w]d¢g+J i AP,

—

Finite in d=4 exposes the same 1/€ poles as
integrable numerically the virtual correction
Counterterm Integrated counterterm

[‘ Subtraction: conceptually non-trivial, but if local and analytic then extremely versatile and numerically stable ]
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Well established schemes at NLO

* Catani-Seymour (CS) [9602277] Currently implemented in full generality in fast and efficient NLO generators

* Frixione-Kunst-Signer (FKS) [9512328] [Gleisberg, Krauss 07, Frederix, Gehrmann, Greiner 08, Hasegawa, Moch, Uwer 09,

Frederix, Frixione, Maltoni, Stelzer ‘09, Alioli, Nason, Oleari, Re ‘10, Reuter et al. ’16]
* Nagy-Soper [1012.4948]

Catani Seymour:

» Counterterm contribution: reproduces the IR singularities related to a dipole in all of the phase space [complicated structure]
* Full counterterm: sum of contributions, each parametrised differently
- Analytic integration of each term [non trivial, complicated structure of the counterterm]

FKS:

* Partition of the radiative phase space with sector functions
- Different parametrisation for each sector
- Analytic integration, after getting rid of sector functions [non trivial, non optimised parametrisation]
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Well established schemes at NLO

* Catani-Seymour (CS) [9602277] Currently implemented in full generality in fast and efficient NLO generators

* Frixione-Kunst-Signer (FKS) [9512328] [Gleisberg, Krauss '07, Frederix, Gehrmann, Greiner 08, Hasegawa, Moch, Uwer °09,

Frederix, Frixione, Maltoni, Stelzer ‘09, Alioli, Nason, Oleari, Re ‘10, Reuter et al. ’16]
 Nagy-Soper [1012.4948]

What about NNLO?

It seems that we have all the necessary ingredients: The recipe for a subtraction scheme seems to be known,

NNLO kernels available ~ 20 years ago and involves several well-defined steps:

[Catani, Grazzini 9903516,9810389, 0007142, Kosower 9901201, Bern, Del

Duca, Kil , Schmidt 99035176 ... . : i
Hea, IGore, Serm I - clear understanding of which singular

configurations do actually contribute

- define simplified versions of the matrix
element squared to be used in the
subtraction terms,

- understanding how to deal with
multiple radiators and overlapping
singularities (first time at NNLO),

- find a way to integrate the " Wy
subtraction terms in d-dimensions. = o —
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Well established schemes at NLO

* Catani-Seymour (CS) [9602277] Currently implemented in full generality in fast and efficient NLO generators

* Frixione-Kunst-Signer (FKS) [9512328] [Gleisberg, Krauss 07, Frederix, Gehrmann, Greiner 08, Hasegawa, Moch, Uwer 09,

Frederix, Frixione, Maltoni, Stelzer ‘09, Alioli, Nason, Oleari, Re ‘10, Reuter et al. ’16]
* Nagy-Soper [1012.4948]

What about NNLO?

Many “final” dishes come out, and they look all quite different

Many schemes are available:

Antenna [Gehermann-De Ridder et al. 0505111]
ColorfulNNLO [Del Duca et al. 1603.08927]
Nested soft-collinear [Caola et al. 1702.01352]
STRIPPER [Czakon 1005.0274]

Analytic Analytic Sector [Magnea et al. 1806.09570]
Geometric IR subtraction [Herzog 1804.07949]
Unsubtraction [Sborlini et al. 1608.01584]

FDR [Pittau, 1208.5457]

Universal Factorisation [Sterman et al. 2008.12293]
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Two schemes stand out

r: — ——— —— e —— ——— e

Nested soft-collinear [Caola et al. '17, ... , Devoto, CSS et al. '24]

HOWEVER I . .
Local Analytic Sector [Magnea, CSS et al. ’'18, ..., Bertolotti, CSS et al. '24]

S ————— e e e e ——— -

S ———— e e e — S ———

** Two schemes look more promising, and are becoming available for arbitrary processes at NNLO.
** Both based on phase space partitioning, analytic integration of the counterterms and fully local.

** Intrinsically different:

Nested soft-collinear Local analytic sector*
Fundamental variables Energies/angles Lorentz invariants
Guiding principle Reduce NNLO to iterations of NLO Split counterterms in minimal

contributions

Universal functions + simple

Result .
remainders

Simple functions of Lorentz invariants

*This talk: e*e™ collision, massless partons, QCD corrections, arbitrary coloured final- and initial-state configurations
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NLO as a playground

| Detalils
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Local Analytic Sector Subtraction: guiding principles

r/———— -]
| Go back to NLO to implement a new scheme featuring key properties that can be exported at NNLO. ﬂ
| donio : n |
| X — llméll d®, Vo,(X) + dq)n+1 R0, (X) X; = IRC-safe observable computed with |
| ~ : I-body kinematics, 5Xi = o(X — X)) |
| |
| - |do <V + 1) 5(X)+ |dD, | (R 5 .(X)—K én(X)> |
| |
| |
| |
| |
| Counterterm Integrated counterterm |
| |
| - |
| Definition K [=1dD K |
| . |

. L _ _ _ Analytically calculable |
E Properties Minimal structure and simple integration (possibly with standard techniques) H
| Requirements Organise all the ov_erlapp_lng sm_gularltles Optimise parametrisation of the phase space |
| and appropriate kinematics |
: |
- R -
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Local Analytic Sector Subtraction: guiding prlnmples

r—/— ]
| Go back to NLO to implement a new scheme featuring key properties that can be exported at NNLO. ﬂ
| : |
doni o :
| = lim dd, Vo,(X)+ |dP,,. RO, (X) h
| dX d—4 . |
| |
| - |do <V + 1) 5(X)+ |dD, | (R 5 .(X)—K 5n(X)> |
| |
t extract from the real-radiation matrix element its leading soft and collinear limits :
| |
I Phase space partitioning (FKS) treatment of multiple singular configuration that overlap |
| — — |
| |
L Kinematic mapping adaptation of the phase space parametrisation to the kernel’s structure |
| —T |
| Cr — |
| | Counterterm definition + consistency |  ensure the locality of the method H
I ——— |
h l Analytic integration + pole cancellation results provided in a compact form 4
L S — R R _ -]

Chiara Signorile-Signorile 15 Local Analytic Sector Subtraction



Ingredients of the subtraction

M‘:"T e e

Projection operators

~ + ——— + ——
(ki + k3)?  (ky + k3)? E\Es(1 —ny-n3)  E,E5(1 —n, - ny)

E3 — 0 —> S3 SOft

kﬁz I3 — Cyu=0Cy

H
| |

|
| |
| |
| |
| |
| |
| = |
| R=oo qmlim = €= collinear !
' i
| |
| |
| |
| |
| |
| |
r H
| |
q J

2
kl ’ k2
k Scd k (ky - kz) (ky - k?)
Singular limits have R(1K}) o aél S0i S B (k1) S
universal form, independent
of the resolved subprocess 1
[Altarelli, Parisi '77] i R({k}) o — PE(s;, ;) B ({k}y ky) L p
Sl] kl ) k3 q8
- -]

Chiara Signorile-Signorile 16 Local Analytic Sector Subtraction



Ingredients of the subtraction

 —-— - ]
| Projection operators |
| * Unitary partition |
| » Select a minimum number of singularities in each sector |
| Phase space partitioning (FKS) - Sector functions defined in terms of Lorentz invariants (smooth damping) |
' - 1 * Do not affect the analytic integration of the counterterms H
|

|

Sector functions Wij : |

|

RZZRWZJZR%31+RW32+ !

i.j ‘

|

|

|

|

|

« sum properties (crucial to avoid their integration) S,—Z W;=1, C; 2 W,,=1. !

JFi a,be{ij} J

L I _ I -
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Ingredients of the subtraction

Projection operators
 Unitary partition
» Select a minimum number of singularities in each sector

Phase space partitioning (FKS)

* Do not affect the analytic integration of the counterterms

e A rj N R

Sector functions 7' ; -

R: ZR%U:R%31 + RW32+

L,J /

Damp: n, || 15

Enhance: i || 1,

1
W?ﬂ"’_

531

S,y W;i=1,

J#I a,belij}

* sum properties (crucial to avoid their integration)

—_—

» Sector functions defined in terms of Lorentz invariants (smooth damping)

C, ) Wy,=1.
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Ingredients of the subtraction

Projection operators

Phase space partitioning (FKS)

e A rj N R

—

* sum properties (crucial to avoid their integration)

 Unitary partition

» Select a minimum number of singularities in each sector

» Sector functions defined in terms of Lorentz invariants (smooth damping)
* Do not affect the analytic integration of the counterterms

Sector functions 7' ; -

i,j / \

Damp: 7, || 1, Damp: 7y || 713

44— —> -
Enhance: n; || n; Enhance: 1, || 73
1 G o
%31 e 32 S32
531

S,y W;i=1,

J#I

C, ) Wy,=1.

a,be{ij}

|
|
|
|
|
H
|
|
|
R=Y RW;=RW3 + RWs+... |
ﬂ
|
H
|
|
|
|
H
|
J

————
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Ingredients of the subtraction

r f ——_——__—- - -\
: : . 7, 1 (abc) .
Projection operators 1k} — 1k, —
- dq)n+1 (Rn+1_Kn+1> > dq)n+1 (Rn+1_Kn+1>

Phase space partitioning (FKS)

- S, Ryt (1K) & Y, = B, ({k}) R((K}) o D, — < B {k} )
a,c#i Sci Sdi cd;éz
4] I

Why a mapping?

1. Factorise the phase space d®,, , = d®, d®,,;, — K only integrated in dD., ki i
2. On-shell particle conserving momentum in the entire PS </€a -
Different ways to combine momenta, depending on the choice of the dipole (abc) k. k.

|

|

|

|

|

H

|

|

|

Mapped kinematics |k} = {{k}ﬂyg, l_cl(gabc), l_cg,“bc)} !
|

H

|

|

|

|

— Freedom to choose the momenta to simplify the integration |
|

Collinear limit: single mapping — dipole = (ijr)

e — e — e

Soft limit: different mapping for each contribution — dipole = (icd)

L: e e = e R —— e — e ——— e —— rw
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Ingredients of the subtraction

Projection operators 1. Promotion of limits to counterterms

— adapt momenta mapping to each kernel, while tuning action on sector functions

Phase space partitioning (FKS) 2. lterative definition sector-by-sector

e

Kinematic mapping

e N R

(1-5) (1-C;)Rw; =finte ~ — K= [§i+€,.j—§,.aj] RW

LJFL
1
I . SiR =M df, Tkl BUD §2-W,;j = S;Wi; = —t
Counterterm definition + consistency gzs kit Yt wa
- PE C.W,. = €W
Cij R =M S".J. Bf‘zgr) CU Wi = €iWir + €;Wjyp
]

To ensure locality the counterterms (kernel + partition functions) have to
reproduce the correct behaviour of the matrix elements under IR limits.

S,R=S, <S +C.. —SZCU> C,R=C, (g +C, — glal]>
S, % =S;S, % C W;=C;C; W
C.S:R = C,8.Ci R
- OO0 oo _ R
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Ingredients of the subtraction

Projection operators 1. Promotion of limits to counterterms

— adapt momenta mapping to each kernel, while tuning action on sector functions

Phase space partitioning (FKS) 2. lterative definition sector-by-sector

e

Kinematic mapping

e N R

(1-5) (1-C;)Rw; =finte ~ — K= [§i+€,.j—§,q] RW

L,j#l
1
e ey : S:R = Ni6;. Skl p(ikl) SiWi = Si Wi, = v
Counterterm definition + consistency ggswsu . Yiti wa
5 C.W.. = €; Wir
C, R = N~ B CoWy = o

reproduce the correct behguia

g 10 D€ a0

Y
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Ingredients of the subtraction

r f ——_——__—- - -\
Projection operators 1. Wl-j sum rules: counterterms subtracted sector-by-sector, integration performed

after getting rid of sector functions

= , =1
SR [Y S, |+C,R [Cy(w;+7,)]-SC,R | §é W, = K= Z SR+ Y
. l,J £l

Phase space partitioning (FKS)

e

Kinematic mapping

Counterterm definition + consistency

e A R

2. Catani-Seymor parameter

(abc)
=) Sbc

— (] — (abc)
(D +1 — X dq)rad , Z, ¢> Sac = Z( y)S b
Spe = (1 = 2)(1 = y) 5127

|
|
|
l
|
|
i
|
3. Different parametrisation for the soft and for the hard-collinear counterterm (each term H
|
|
|
|
i
|
§

Analytic integration + pole cancellation
of the soft is parametrised differently)

R({k}) 2 Scd (1K} D) o Z (abc) ZBCd<{k}(icd))

C d;él c,d#i

@I —e) (2 —¢)
e2['(2 — 3¢)

Exact analytic integration resulting I o Z J Jalicd) _“cd_ B, ,({k}(ied)) = 2 (s (abc))

: - - - rad
in trivial kKinematics dependence o dti Sic Sid o.dti

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
F
|
; Cd({k}(icd)>
|

Wi R — - - e = R —— e — e ——— — e ——— e ———— R — S — = ——— ———
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Lesson from NLO
e —

« Unitary partition of radiative phase-space with sector functions le

e Collection of relevant IRC limits for a given sector

* Promotion to counterterms: improved limits

|

|

| _ . . .

| ° Catani-Seymour final-state dipole mapping

|

: * Locality of the cancellation ensured by consistency relations
|

° Wij sum rules+ mapping adaptation = simple analytic counterterm integration

e Compact result

 Pole cancellation can be proven analytically without any assumption on the process

e
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Generalisation to NNLO

Chiara Signorile-Signorile 23 Local Analytic Sector Subtraction



NNLO generalities
-

Three main characters enter the game: = Jd®n VV5Xn + qu)n.H RV(SXH T Jdcbmz KR 5Xn I

Explicit poles . , Well defined in the non-
Epr|C|t_ poles from virtual degenerate kinematics
- Significant progress in corrections
calculations of two-loop Phase space singularities
amplitudes (both analytic and - Real emission
numerical methods) corrections finite in the
- Almost all relevant amplitudes - One-loop amplitudes in bulk of the allowed PS
for 2 — 2 massless processes degenerate kinematics - IR singularities arise

- OpenLoops, Recola upon integration over
energies and angles of
emitted partons

- Firstresults for 2 — 3
amplitudes

|
|
|
|
|
|
|
|
|
!
|
w
|
|
|
|
w
!
§

W A ——— - e e e = A ——— A —— e ———- — e —— e —— = —— S————
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NNLO generalities

Three main characters enter the game:

R e A

Projection operators

Phase space partitioning (FKS)

Kinematic mapping

e

e —————

Counterterm definition + consistency

Analytic integration + pole cancellation

R e ———— A A A

The work-flow is almost the same, of course with
exponentially higher complexity

*We will first focus on the double-real contribution and then on the real-virtual one

R e Ij

- 7

Well defined in the non-
degenerate kinematics

- Real emission
corrections finite in the
bulk of the allowed PS

- IR singularities arise
upon integration over
energies and angles of
emitted partons

|
|
|
|
|
|
|
|
|
|
4
|
|
|
|
|
|
|
|
4
B

L — S ————— —— e — — = S

S ———— = S—— S—— — ——

S—— S—— ——— =
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NNLO ingredients

rfrF— -]
2 .
Projection operators ? o)
J 7 7] SzSz]
C.. S.. - j
> 17kl 1] ' I I
%k 9 J KRy
l
k. ? k

* Many different singular configurations arise and overlap: 3 distinct counterterms are necessary

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
F
|
F
|
|

|

|

|

|

|

|

|

|

|

|

J

= |do,vvs, :
" |
|

|

|

H

|

J

J

q doney o
dX
) + [d®,, RV
RR K@ g (12)
1 2 12
(™) Single D Double O hierarchical + dCI>n+2 [RR 5X,,l+2 — K )5)(”+1 o (K( '~ K )> 5Xn
unresolved unresolved double unresolved .
- - . _— _— - — - S _— -
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NNLO sectors

—A—Ae—e——
| Phase space partitioning (FKS) unitary partition of double-unresolved phase space @, _, into sectors Wijkl
RR= Y Y RRW . with YD Wiu=1
i j#i k#F1 i j#i k#i
[ #i,k L# ik

* 3 topologies collecting all types of singularities

K "
\: j W b {aa C —> SOft Wl]]k Sl] Cl]k SCl]k
aoc .
ab,cd — collinear
b Y i Sk Cyjuw SCi SCy;
P .
ijjk szkl Single Double unresolved
unresolved
° EXp”Cit form SC;;. soft partons i and collinear partons (j, k)
o 1 1
abcd
Wabcd — ’ 0 = Z 2 Oabcd Oabed = o S , a > 1
0] abta CFEa (ea Wab) (ec + bc ea) Wed
d#a,c

 Sum rules: limits of sector functions still form a unitary partition.

|
|
|
|
|
|
|
|
|
| ”
|
|
|
|
|
F
|
|

 NLO-factorisation: % ,,., factorise into products of NLO-type sector function under single-unresolved limits.

L - - -
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NNLO limits collection

—_—_— A — ——_-—_-—-e e e e e e e e
llect the limit I t IRC limits f ht I
z Phase space partitioning (FKS) Collect the limited relevant IRC limits for each topology :
| -  RRW,- [L“) + L% — L<1>L<2>] RRW . — integrable |
| SN |
| Single . Overlapping H
| unresolved (strongly-ordered limits) |
(1) Double U |
| Lij =8, + Cij<1 - Si) unresolved (T = Ljjk, ijk], ijkl)
| |
2) — _ (1 — _
i quk - Si] T Cl]k<1 Slj) T SCle(l Sij) (1 Cl:fk) ;
|
l i
p « Limits on matrix elements: RR factorises into (universal kernel)X(lower multiplicity matrix elements) [Catani, Grazzini ‘98, ‘99] H
| |
' ' |
| S RR({k}) Z IV I(J)B ({k} )+I ) B, ({k} ) - \ Born-level kinematics does
| ij cd “ef i i . |
d Ler ] not satisfy the mass-shell |
; ’ condition and momentum
1 conservation |
___ pHY
| CiRR({k}) ) - Pl (Sirs Sirs Str) Bﬂy({k}lﬂé, ki) |
| ) |
. J
| IY) = single eikonal ~ I' = double eikonal P’ = triple splitting Momentum mapping needed!
- e
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NNLO adaptive mapping

rM —— —  —  — — — — - -]
l Kinematic mapping l . Freed_om.in choosing the mapping: minimal set of_ invglved momenta and gomplete
e factorisation of the phase space. Adaptive parametrisation tuned to the specific kernel
ki
SyRRUKD 0 Y | 2 I0ID Bgef({KYy) +13 By 1K1 ) - S
c,d#i,j “e,f#i,] - k;

|
z l

|
ﬂ l
| |
q H
| l
t Freedom to map each term of the sum separately, adapting the choice to the invariants appearing in the kernel itself :
: Sy RR({k}) & ) D, 1910w, <{k(’cd Jef >}> +4 Y [Oedp <{ Plicd, jed)}> !
“ |
H H
| l
q |
| l
H |
F i
H I

c.,d#i,j Le,f#1,j,c.d e#1i,j,¢,d

o PO R .
20 1 B (R0} )+ (L) = 10 = 3157 )Bua (R0} )

(k} — (k}ared

{k} {];}(acd,bef)
L) _ dq) (abcd) . dD (acd) dq)(bef ) AP _ d(I) (abcd) | dq)(adbczd )
n+ n+ ra

rad rad
L: - _ - - - — _ _ e w
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NNLO counterterm definition

r—- - ]
N . Promotion of the collected limits to counterterms. Improved limits adapting momenta |
| | Counterterm definition + consistency . . . . .
| mapping to each kernel, while tuning action on sector functions when necessary. l
| |
| |
| | ] Single unresolved .. D Strongly-ordered |
: ; double unresolved |
(1) = LORRY |
| K 2 2 ijkl (12) _ TOTO
| i ki K12= 3 ) LOLORRW |
[ =+ I,k l]?él k + 1
i [ # ik |
| |
. | —(2) uniform |
| D Double unresolved (uniform) D K= 2, 2, Lign RR W double-unresolved limits |
i,j#£1 ki
H l#i,k H
. K(z) — Z Z ijzk)l RR %ljkl — { Z Sk + Z Xcijk (1 —Sij — Sik — §jk) .
1,k>1 1,7>1 k>
| THRNTY - L |
I [ #1,k +> > > ’L]kl[ — Sik — Sl—Sjk—Sjl '
k< S
H Collection of —8Ci(l —Sik — Sa) — SCjw(l — Sjk — 8;1) H
r universal kernels! —§Cpi;(1 - Six — Six) — SCui; (1 — Sy §ﬂ)] |
i + ) ) SCin(1-S;; —Sa)(1 ka)}RR !
q 1,7 >1 Il:;éz J
>
.- J
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NNLO counterterm definition

|

|
|
|
|
|
|
|
|
|
|
|
|
|
|
F
|
F
|
|

Counterterm definition + consistency * Locality of the cancellation ensured by consistency relations

- Tower of nested limits that have “horizontal” and
“vertical” consistency relations.

- Consistency relations have to hold simultaneously for
all the mapped limits.

- The number of consistency relations grows rapidly as
the number of unresolved limits increases.

- Inconsistencies at the bottom of the tower usually
require a redefinition of the mapped limits at the top
(and, as a conseguence, of the entire cascade).

Selection of displayed limits

Si Cij Sij Cijk

Mt—_ I ——

Chiara Signorile-Signorile
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NNLO counterterm definition

| | Counterterm definition + consistency * Locality of the cancellation ensured by consistency relations

- Tower of nested limits that have “horizontal” and
“vertical” consistency relations.

- Consistency relations have to hold simultaneously for
all the mapped limits.

the nu

- InconsiStencies at the bottom of the tower usually
require a redefinition of the mapped limits at the top
(and, as a conseguence, of the entire cascade).

Selection of displayed limits

|
|
|
|
|
|
|
|
|
|
|
|
|
|
F
|
F
i Si Cij Sij Cijk
|

Mt—_ I ——
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NNLO integration of the double-real counterterms

rMr ——— — - -
| Analytic integration + pole cancellation Great advantage from choosi_ng t_he appropriate mapping, ﬂ
: and phase-space parametrisation |
e | |
On\p2
=10 = [q@, vVs,
| X . : |
* :
ﬂ +Jd¢n+1RV5Xn+1 |
“ i
| . .
Finite by construction and

D [RR 5, —KMDs — <K<2> - K<12>> 5 . |
ﬂ J n+2 Xn2 Xnt1 X integrable in d = 4 |
H * 3 different integrated counterterms: different phase-space and complexity Q
|
q I(l) — Jd¢rad,1 K(l) ’ 1(2) — qu)rad,Z K(Z) ’ 1(12) - "dq)rad K(IZ) : ;
|
| |
r H
| |
: |
- -]
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NNLO integration of the double-real counterterms

M- - -
Analytic integration + pole cancellation Great advantage from choos[ng t_he appropriate mapping,
and phase-space parametrisation
dG 2 "
=10 = [q@, vVs,
dX | !
+ Jd@nH RV Sy
Finite by construction and
D [RR(S ks, _ <K<2> _ K<12>> 5 .
J e A2 At X integrable ind = 4

* 3 different integrated counterterms: different phase-space and complexity

1= Jd¢rad,1 K ’ 19 = qu)rad,2 K® ’ 172 = J'dq)rad K12 .

\/ NNLO complexity: highly non trivial!

* Analytic integration via standard techniques — sectors sum rules + mapping adaptation [Magnea, C-SS et al. 2010.14493]

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
F
|
F
|
|

 No approximations — simple and compact results (at most simple logarithmic dependence on Mandelstam invariants)

L: e e = e e — e —— e —— rw
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Integration of the double-real counterterms: example

(icd,jef)( rijedef\p(icd,jef) |
z Z Z f d(I)n J “cdef '
\ €5é7:)jacyd - f?éi,j,c,d,e S h
. (icd,jed) ijcde = (’iCd,jed)
H _|_4 fd@n JS@S BCded '
| i oy |
_ jed jed 5(ijed ied ‘5 (ijed
| o\ [s5\" 14 (e T\, 60—Ew2—@C 1 | +Jdcl>?(;.70) 2J§é§§, Bédcd)—kjszgc Béd ) & i
' 2w ) \ pu? et € 6 €2 3 3> )€ | - 4
H 56 o, 200 29 ,
216 — — 72 — (3 + —
i + 216 37 3§3+1207r + O(e) |, :
2 I\N—E
(3) ~ [as) [ss 1 4 4 \1 16 , 68 \1
H JS®S(S,8’) = (%) (F) | 6—4 + 6_3 + (17 — gﬂ' )6—2 + (70 — ?ﬂ' — ?Cg E !
|
68 272 13
. +284—§7T2—T<3+%7T4+0(6)],
| = | gp_.. K® |
| @) a\(sY[ 1 4 3,5\ 1 , T4 \1 rad,2
Js@s(s) = (2—) (_2) [ 1 + 3 -+ (18 — 571' ) ) -+ (76 — 6m° — ?C3) — . o ] ] . H
| 7\ © ¢ ¢ ¢ results in trivial kinematics dependence and simple |
| +312 — 277° — ?’2—8@, - 142—907r4+ (9(6)] , combinations of constant factors. Poles have to cancel |
0o against those of the double virtual. |
| J(q(_l)()._ % i ll+£l+ ﬁ_l 2 1+%_13_1 2_BC _|_0()
| s W 7 \or)\u2) |63 T 182\ 27 36 Je 81 108" 9 3T |
2 —2€er
(g2) () L (Qe) (&) [ 1L 351 (487 2 ,\1 (1562 269 , 77,\1
| =) (%) (;ﬂ) satnat s 3" et T T 6% |
i | 19351 3829 , 1025 (o — 2 4 O(G)] !
| 81 216 18 ~° 240 ' However, one crucial ingredient is still missing... ‘
- O _ - 1
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Subtracting RV singularities
r—mo-— -

o _ _ regularisation of the second line
Analytic integration + pole cancellation _ _ _
— delicate interplay between different counterterms [Magnea, C-SS et al. 2212.11190]

oo _ Jdcbn (VV e ) 5y

dX "

+Jdd>n+1 [(RV + 1<1>)5Xn+1 _ ( + 1<12>> 5,

n

+ Jdd)n+2 [RR 5y —KVoy - <K<2> _ K<12>> 5y

n

* Intricate cancellation pattern involving both poles and phase-space singularities

Need for a couterterm to compensate:

RV +IY — finiteine |—> Still singularin PS the PS singularities of RV + IV
—
(1) (12) : \X AND
LI — 1 — Integrable | — Contains poles in ¢ the explicit poles of (V) — [(1)

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
F
|
F
|
|

ﬂ
|
|
|
|
|
|
|
H
!
|
|
|
|
|
|
w
!
§

W A ——— e A ——— A —— e —— — e = —— R — E————— E———
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Subtracting RV singularities

Analytic integration + pole cancellation

downo _ Jdcb (VV
dX "

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
F
|
F
|
|

S

+Jdd>n+1 [(RV 4 1<1>)5Xn+1 _ <K<RV> + 1<12>> 5y

1 2 12
+ Jdd)n+2 [RR by  —KVéy — (K< ) — K >> Sy
* Intricate cancellation pattern involving both poles and phase-space singularities

D 1loop single unresolved

:@E K Jdcbn+1 [(RV 4 1<1>)5Xn+1 _ (K<RV> 4 1<12>) 5y

S e e e — Ij

regularisation of the second line
— delicate interplay between different counterterms [Magnea, C-SS et al. 2212.11190]

[ ) Sy

RV+ IV 5 finitein e

n

Kl(l) — 192 S integrable

n

integrable in @, _ ,

|
integrable in @, _ ,

i i .. . - finite in € finite in €
* Analytic check of the second line finiteness and integrability
S — — == — — I — — — — — —
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Combination with double virtual

Analytic integration + pole cancellation

dX

At most Liz contribute.

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
F
|
F
|
|

e e

doneLo _ [dcbn (VV + 19 + I<RV>) Sy
+Jd(1>n+1 (RV + 1<1>)5X

+ Jdd)n+2 RRS, — K5, - <K<2> _ K<12>) 5y

« Explicit poles of V'V extracted by looking at the factorisation properties of virtual amplitudes.
* Poles cancellation verified analytically for an arbitrary number of final state partons.
* Finite result is compact and features simple dependence on kinematic invariants.

e ——————————————————————————————————

]
After integrating the real-virtual counterterm we can check the pole cancellation against
the double virtual and 1'% Magnea, C-SS et al. 2212.11190]

n

_ ( KRY) 1<12>> 5

n+1 n

|
|

|

|

|

|

|

|

|

!

n |
|

|

|

|

|

w

!

§

W A ——— - e e e = A ——— A —— e —— — e —— e —— = —— R — E————— E———
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Combination with double virtual

G ——

R e

]

| . , _ After integrating the real-virtual counterterm we can check the pole cancellation against |
Analytic integration + pole cancellation , 2)
| the double virtual and 1'% [Magnea, C-SS et al. 2212.11190] l
| |
| do
N’LO _ (2) 4 JRV)
| - _qu>n(vv+1 FIRY) 5 4. |
* n
ﬂ VV 4+ I® 4 T®Y) = (;‘—W) { 104 Y VL, + ZI}” 4= nyjhc CLjr/Llr/] B
| + Z 10+ 10 Ly, | By —2(1-G) Z (2 — Le,) Ber |
H J,CFJ,T !
. i Z L.y [I(O) I(l) L., + f_g 2. + 4 Lcd Z hc L ] I
“ c,d#c H
5
H -I-Z [—2+<2+2C3_ZC4+2(1_C3)Lcd] Beded i
c,d#c
|
1 1
| +(1-¢2) Z Leg Leqd Bedead + Z Leg Ley [1 ~5 Lcg (1— gLef)] Bdes |
F c,d;éc c,d;éc '
H e#d e,fF#e H
Sce ra 1, 35ce _ Sce
, o 3 [ ras Jte o (-2 o) ﬂ
i e#c,d !
Qg C n 1 n n
H T (%) { [245 - ;7;1 LJ?‘] % +ch¢CLCd (2_§Lcd) Vﬁid } +VV" |
 — S ————————————————————————————— e — S — N ,r — r:—j_T:_______j
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Combination with double virtual

e

R e e

After integrating the real-virtual counterterm we can check the pole cancellation against
the double virtual and 1'% Magnea, C-SS et al. 2212.11190]

Analytic integration + pole cancellation

do
;;(LO = |do, <VV + I® + I<RV>> Oy + ...

S L0 L+ S L 4 5 Aol L Ly | B
) j

]

| |
| |
| |
ﬂ |
H
|
|
“ W ey |
(0) (1) hc
i + Z [Ijr + Ij’l" Lgr] Bjr — 2 (1_C2) Z ’YJ (2 _ Lcr) Bcr ”
H J J,CFJ,T !
0 1 ﬁO C
' = Z Lecd [I(Ed) 4 Ic(d) Lcg + 19 L2, + (4 — Leq) Z 7 Ljr] Bed |
“ c,d#c J H
I R —————————N— = K5
H 70) — NZC? [121 - 1;11C2+%C4] + NgN,C, [CL (15_3—%(2+2;£C4) +50(%—%Cz) I + Z [ —2+C+2G¢ - 4 Ga + 2(1_C3) LCd] Bedea i
c,d#c
. +Ngzlqz(%—%Cz+2;1—65C4)+ﬁ§(%‘é§2)+gﬂo(—%—l3—1€2)] H . I T B LT 1L 1L B
H k3 57 1 91 677 5 o5 A7 ' +( _C2) Z cd Hed cded"‘ Z cd Hef 1— 5 cd ]-_é ef cde f h
| + NoCp [CF (3—2— §C2+§C3+XC4) + C, (@4‘5@— 7C3+ §C4) H c,c;zzc c,?ic '
H ~+ By (586665 _ 2ZC2_%C3)] Sce + 9 1 3 Sce . Sce H
~+ 7T Z 11'18— Lcd+ gln 8_+2L13 _S_ BCd@
| + N,|GG (- g +11G) + Gt 35— 36 ) + 88 ( 75 - 562) cdtct . . i
4289 15 89 647 53 11
H + AQ(_ 16 =F 2 (o — 14(3 + ?Cél) +C4BO( 54 8 G2 — EC3)] + ((2)4_8) { [Zqﬁ . Z,y;lc L]'r] Vﬁn 4 Z Lcd (2_%Lcd) Vgril } + Vvﬁn J
T
94 c,d#c
- e — e ————
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Local Analytic Sector: e7¢~ — X @ N2LO [Bertolotti, CSS et al. "22]

S e e e — e e e — _r:j

General structure of the subtraction at N2LO:

doneLo _ [d(bn <VV + 1P + 1<RV>) Oy

[ = J'al(I)md,2 K@ I®Y) = [dQDrad K®Y) [Magnea, CSS et al. ’20] F

_ ( KRY) 1<12>) 5,

the unresolved
phase-space

n+1

rad,

7 — J'dq) 1K(l)

n+?2 n+1

+ Jdd)n+2 RRS, —KWs, — <K<2> _ K<12>) 5y

|

| |
|

| |
| |
| |
| |
| |
ﬂ +[d®n+1 _<RV N I(l))5X Integration over i
| ' |
| |
| |
| |
| |
| |
| |
r H
| |
| J

K

E————
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|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
F
|
F
|
|

L: e e — e e e e —

Local Analytic Sector: e "¢~ — X @ N2LO

e S S

———————— e e

e e e

Alternative approach starting from the singularities of the double virtual

doneLo _ [d(bn (VV + 1% + 1<RV>) Oy

2 2
1 = J'd(Drad,z K@ IRY) = Jd(brad K®Y)

n+1

+[d<1>n+1 (RV + I<1>)5X

_ ( KRY) 1<12>) 5,

n

7 — qu) 1K(l)

rad,

102 = Jdd)md K12

+ [dd)n+2 RRS, — KW, - <K<2> _ K<12>) 5y

n—+ n

“Completion” of the
double-virtual singularities

|
|
|
|
|
|
|
|
[Magnea, CSS et al. ’18, "24] ;
J
|
|
|
|
|
|
|
|
4

Chiara Signorile-Signorile 42

Local Analytic Sector Subtraction



Insights from virtual factorisation

“* Exploit factorisation of virtual amplitudes into soft, jet and eikonal jet functions

— Definitions known at all orders in perturbation theory

1]

jEi (/Bza nz) |

Sn({8i}) Hn({p:}, {n:})

n({pi})

|
|
|
|
|
|
|
P

“* Implement their definition to account for real radiation
1_[ (I)ﬁ (OO
L 1=1

frotm @i {Ks A}) = kg M T [9%(2) @

Tii,froefm (M35 Bis s Aj}) = kg, AT

0) { 107

Snfrotm ({Bi}s {ks, N}) = (ki MHT
)] 0)

(@, (0, 0) @y, (0,0)] [0

S%({B:};k) = finite

S ({8:) +2Jd‘1’

|
|
|
|
|
|
|
|
|
|
|
L

«* Deduce the expression of the relevant counterterms via completeness relations

[Magnea, CSS et al. 18] [Magnea, Milloy, CSS et al. ’24]

R e _:-:j

e
BN

¥

L»‘ S B e S — e - —— B - e - e — e —

'

[Agarwal, CSS et al. '21]

s, (00,0) = Pexp {igsT“ JOO dz f3; - Aa(z)}
0

B
k

Bi

8.) A

(51\

—

/

5z‘=’=

N \@n

= —— - =

S——— S———
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Building blocks at all orders: the soft case [Magnea, CSS et al. '18] [Magnea, Milloy, CSS et al. "24]
-

** The soft function is a colour operator, defined by a correlator of Wilson lines S, (3; - Bi) = (0 H ®g, (00,0)|0)
k=1

“* Generalising this definition produces eikonal form factors of m soft partons from »n hard one

- soft gluon multiple emission currents
Sn,m (kh . -»km;ﬁz‘) = <k17)\1; . kma/\m| H(I)ﬁ o0, 0 |O Z 5(p) (B1y ..o ks Bi) - gauge invariant

i=1 - contain loop corrections to all orders

|

|

|

|

|

|

|

|

|

J

S (ki } {8:}) = - 8Pk} {8:3) = D (01T | T 40,000 i, Avs -5 Koo A} G, At -3 Koy Al T T] @5, (00, 0) | [0) :
p=0 {\i} L1=1 i | i=1 i

|

|

|

|

|

|

J

|

“* These functions provide a complete list of local soft subtraction counterterms, to all orders. After summing over particle number
and integrating over the soft phase space one finds

finite fully inclusive soft cross section,

Z/d@ Snm {km} {ﬁz}) = (0| T chﬁi((),oo) T Hq)ﬂi(oo’()) 0) order by order in perturbation theory.

|
|
|
|
|
|
|
|
| ** Construction of the cross-section-level radiative soft function
|
|
|
|
|
|
H Completeness relation

A ——— e A ——— A —— e — e = —— R — E————— E———
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NLO as an example [Magnea, CSS et al. 18] [Magnea, Milloy, CSS et al. ’24]
Y - -]

| 1. Expand the virtual matrix element A (pi) = [5(0)(5i)7{(0)(pi) + SWBHYHO (p) + SO BHYHD (p;)

2. From the factorisation formula deduce the virtual poles of the cross-section

2
Vo = 2Re[ AP AD| = 1O p) S B0HD () + D (I = i o(8)) [AL ()

3. ldentify the relevant completeness relations

|
:
|
|
|
:
|
|
|
z S ({8:}) + f d® (k) S ({B:}; k) = finite
|
:
|
I
|
f
|
|

Zfdcb(k ) TP (k) + Y s, fdcb (k1)d®(ka) T35 (6 k1, ko) = finite
J1 f1,f2

4. Construct the appropriate counterterms

s T . t
K& ik k) = HO ((0:3) SO UBER) HO (1) K& (pid ka, k) = HY Y (}?)flfz ZJé?)J)S”)H‘“)

L_ —— R e e e e — e e e e — e —

m E———— = — e E———— E———— e ————— — e E———— E——— E——— E————
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Beyond NLO: the issue of strongly-ordered I|m|ts [Magnea, Milloy, CSS et al. *24]

- - ]
| “* The tree-level double soft-gluon current simplifies considerably in the strong-ordering limit o archesin 1985 |
| n |

(0),s.0.] 9142 LR — (0) as aia | : aiaza kla/*LQ (0) (0) a — B?Z,,u T

| [JCG Lm (k1, ko3 ;) (JN2 (ko) 0" +igs f i °k2) I a(k1) J, (k) = gs ZJ: Bk i
| -

| * Interesting “re-factorisation” of the double-radiative soft function |
| |
| . ” ..

| / %% / / [s,,gog g]{ }({52} ki, ko) = (ka, a9 T[cp 1”(0 oo)H(Dﬂi’di"(O0,0)] 0) |
i + :.é—é o i=1 |

1 n
ki,b| T ®s, c.e, (00,

N %@ \ \éﬁ N x (k1B []1 B cves (0 0)] 0y |
| (0 e (0) |
H The original system of n Wilson lines radiates the harder gluon, which then [S”+1 9]{dici} (ﬁkl’ {ﬁi}’ kZ) [S"’ g]b {czez}({ﬁi}, kl) H
H “Wilsonises”. The augmented system of (n+1) Wilson lines radiates the softer gluon ﬂ
| |
| “ This framework generalises to arbitrary patterns of strong ordering for multiple soft radiation at tree level. h
| |
[ = Hsn st T a0 [T on] o ——
| n;g,.. (b1 ¢ s e} 11 Km— i+1y Ui, m—i+1 — oo tested tor m=2, |
| . Preliminary evidence suggests that similar soft re-factorisations may hold to higher orders. |
- - - ]
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Local Analytic Sector: e e~ — X @ N3LO [architecture]

m- e e e

General structure of the subtraction at N3LO:

% For now, only a counting of the necessary counterterms

daN3LO

dX

n

(van+1 + 12 4 [BRY, 1)) 5ri1(X) — (

18) drvat) - (RLSESD

RRV,2
- (Kn(,+2 -

n

3 13 23
(K- K09 - K2

|
|
|
|
|
|
|
H
i +
|
|
H
|
|
|
I
|
r

L —

13
Ir§+2)) o (

RRRyy38n15(X) — K,y 6002(X) — (K7 -

“* The general organisation is quite compact, but all the details have to be fixed

<* N3LO requires the construction of 11 counterterms: (5 strongly-ordered + 6 uniform)

f A, |VVV, + [ + [ERV:D . [RYV) |5, (X)

(RVV)
n+1

_|_

23
1,57

Ifrfizz)) On+1(X)

n—+2

7 (RRV,12)

+

K53) 0n(0) |-

7(123)

n—+2

| ** Counting generalisable at N“LO: # counterterms = 2! — 2 — k — k(k + 1)/2 uniform limits

)

+1

) éRRV, 12)

[Magnea, Milloy, CSS et al. '24]

]

|
|
|
|
|
|
|
|
|
|
4
|
|
|
|
|
|
|
|
4
|

e —— —— e — S — ——————— S—— — S—

—

——

—

—— S—— S—— S———

Chiara Signorile-Signorile 47

Local Analytic Sector Subtraction



Take home message
]

1. Phenomenology requires higher order corrections.
2. To obtain fully differential results a subtraction scheme is needed.

3. Local Analytic Sector Subtraction is designed to address the fundamental requirements for an optimal
subtraction scheme.

|

|

|

|

|

|

|

|

i
4. The main building blocks of the schemes are now available for an arbitrary number of final state partons |
(partition, integrated counterterm, mappings, ...) |
|

|

|

|

|

i

J

J

5. Poles cancellation has been proved analytically in full generality, and the finite remainder appears to be
fairly compact and simple.

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
F
|
F
|
|

W A ——— e A ——— A —— e ———- — e —— e —— = —— S————
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What’s next?

1. Numerical implementation of the NNLO FSR formula

q(2)

ete”— jj5 at NNLO

Double-real configuration Wsaas, Wassa, Waasa, Wasas, Wasss, Wsasa
for selected channel
_ o W, ) 4% W w
ete~ = G d 4335, Was53, Wsas4, Whaa3

Wisss, Wss343

|
|
|
|
|
|
|
|
|
H 9(3)
|
|
|
|
|
F
|
F
|
|

1. Improved-MadNKkLO [Bertolotti, Torrielli, Uccirati, Zaro 2209.09123] [Bertolotti, Limatola, Torrielli, to appear]

2. ete” - 3jets [Kardos, Bevilacqua, Chargeishvili, Loch, Trocsanyi 2407.02194, 2407.02195]

e"e” = jj at NLO Real configuration # limits per sector| # sectors|# limits
Wiz, W 1 5
a(1) 13, Wa3 A g
Wsi, Waz 3 S

# limits per sector | # sectors | # limits

11 _
3 12 88
o .

= —— S————
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What’s next?

1. Numerical implementation of the NNLO FSR formula

2. ete” - 3jets [Kardos, Bevilacqua, Chargeishvili, Loch, Trocsanyi 2407.02194, 2407.02195]

1. Double-virtual poles identified and available in the Local Analytic framework
Double-real and real-virtual kernels identified

Mapping constructed

I

Integration of the counterterms ongoing

“Massive Local Analytic Subtraction @NLQO”, to appear]

1. Improved-MadNKkLO [Bertolotti, Torrielli, Uccirati, Zaro 2209.09123] [Bertolotti, Limatola, Torrielli, to appear]

2. Generalisation to initial-state coloured particles at NNLO for LHC applications.

3. Comparison against other methods, e.g. nested soft-collinear subtraction [Caoclaetal. ’17, ..., Devoto, CSS et al. '24]

4. Extension to massive partons: less singular limits, but more involved integrals. [Bertoiotti, Limatola, Torrielli, Uccirati

= —— S————
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What’s next?

1. Numerical implementation of the NNLO FSR formula

2. ete” - 3jets [Kardos, Bevilacqua, Chargeishvili, Loch, Trocsanyi 2407.02194, 2407.02195]

1. Double-virtual poles identified and available in the Local Analytic framework
Double-real and real-virtual kernels identified

Mapping constructed

I

Integration of the counterterms ongoing

“Massive Local Analytic Subtraction @NLQO”, to appear]

L: e A ——— s = e A T —

3. Comparison against other methods, e.g. nested soft-collinear subtraction /cs

4. Extension to massive partons: less singular limits, but more involved integrals

1. Improved-MadNKkLO [Bertolotti, Torrielli, Uccirati, Zaro 2209.09123] [Bertolotti, Limatola, Torrielli, to appear]

2. Generalisation to initial-state coloured particles at NNLO for LHC applications.

o w2 [ E. Golzio]
- 1]
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Backup
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The idea of mappings

Factorise the phase space d®,, | = d®,dD,,,
On-shell particle conserving momentum in the entire PS
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The idea of mappings

Factorise the phase space d®,, | = d®,dD,,,
On-shell particle conserving momentum in the entire PS ]‘Cb kb

l .

Mapped kinematics {k}@¢) = {{k}ﬂyw ]_Cl(fbc), l_cﬁab")}

C

7.(ab 7.(abc) _
k) + k) =k, + k, + k

Different ways to combine momenta, depending on the choice of the dipole (abc)
— Freedom to choose the momenta to simplify the integration

Chiara Signorile-Signorile 53 Local Analytic Sector Subtraction



The idea of mappings

Factorise the phase space d®,, | = d®,dD,,,
On-shell particle conserving momentum in the entire PS ]‘Cb kb

l .

Mapped kinematics {k}@¢) = {{k}ﬂyw ]_Clgabc), l_cﬁab")}

C

7.(ab 7.(abc) _
k) + k) =k, + k, + k

Different ways to combine momenta, depending on the choice of the dipole (abc)
— Freedom to choose the momenta to simplify the integration

_ s
k(2312) _ 312 K,
_ S
K312 = ks + &y LI
§37 + 512
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Sector functions at NLO in the analytic sector subtraction

Sector functions 7' ; :
1) Select the minimum number of singularities
Sl%ab — O o VZ ;é A

C,# =0, Vabél{ij}.

2) Sum properties

S, Y W;=1,

C, ), Way=1.

i j#i JF#I a,belij}
3) Explicit form
N \p SS:. 0,:,-
CM:Q'M=(\/E,O), ei:i, W;; = J ; %ljz
S Sqi qj Z k., 12k Okl
l/a)ab eb
Si%ab — 5ia Z 1/ ’ CijWab — (5ia5jb 5ib5ja> e 4o
c£a ac a b
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@) 7)) )
S, RR({k}) Z 1919B,, K ) +ID B, ({k})
c,d#1,] “e,f#l,] -
: A)
(i) — _"cd (ij) _ (g9 (i) _ (8) (i) — .
ch 5. . ch =2 TR ch 2 CA ch Sab = 2pa Pb
cid
@) SicSia + SiaSic — SiiSed 1) _ (1 = €)(s8icSig + SiaSic) — 28;Sca » SicSia t SiaSic = SiiSed [1 1 SicSia + SiaSic
— ™ Oed o
cd (Szc + S )(Szd + S ) «d (Szc + S )(Szd + a’) Sl]SlCS]dSideC 2 (Sic )(Sza’ + d)
RR({k}) LPW( ) B, ({k} e kiie) P"B B+ Q!B
z]k = ¢2  ijk Sirs Sjrs Skr) By Kk Nijk ijk v l]k ik MY
ijk
(1 —e)s; Sp L% a [ zz—1 zz—2 (A-zz) 5 3 __ Car _
P(3g)_C2 jk _ Dk J z_l_i 4 25 4 + k<) L2, 2 2y o 4 g Cab Za+ %
ijk g2 k ir jr kr
Sij Siik  Sijk Zjj Sij i T ZiZkZjk 2 2
2
sie [2z2zz25(1 —2z)  1+2z(1+2z2) 1-—2zz 3(1 —¢
L S [ iZik n (1 +2) N Jk+2ZjZk+Zi(l+2Zi)_4 N (1-¢)  perm.
25;;Sik ZkZjj ZikZij 2% 4
S;: 2z 1 ZZx 3\ 1]- 2z 1 ZZx 3 oz oz \ 1 22.2: 1 ZZx 3 oz oz \ 1
v Sjj Z S \ZZi 2/ Si ’ Z S \%%i 2 & Zj) Si / Zi% Sii \%Zj 2 % Zik/ Sik

Key problem: several different invariants combined into non-trivial and various structures, to be integrated over a 6-dim PS.
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Double real singular kernels:

Universal NNLO splitting [Catani, Grazzini 9903516,9810389] [Campbell, Glover 9710255]

@) 1()) ( ) (i) ( ) JD =27 19D _ > [88)F)
SinR({k}> = Z ch Ief Bcdef {k}lj +ch b {k}lj cd R"cd Ca cd
C,d#1,] ~e,f#1,] '
L@ SicSia t SiaSic — 8iiScd 1@ _ (1 — €)(sicsjd - SideC) - 2SijSCd s SicSia T SiaSic = SijScd - l SicSig T SiaS;
cd S5(Sic + 5i)(Sia + Sja) cd 55 (Sic + 5i)(Sia + Sja) SiiSicSiaSidSic 2 (Sie + 5i)(Sig + Sig)
C.o RR({K}) o — P (5,5, .50,) By (1K} ki) PB =P B+ QB
ijk 1 \Pir 2 2jroPkr) Puv 17K “ijk it Puy — Lijk it Puv
¢2 U ] ]
ijk
(1-— e)sl-z- S . Z—Z; S;i zzi—1 zz—2 (-2 zl--)2 5 3 Siz- 22223 (1 —2z) 1 +2z(1 + 2, 1 —2z;z; 3(] —
Pl_(ig): CX{ . Jk< jk o Sik n J)2+ jk ’4 J 4 n ki + =+ jk [ 5 <ik k 4 z(1 +z) n jk +2ijk+zi(1 +27)— 4| + ( €) + perm.
’ 4s; Sijk - Sijk Zij Sij Zij Zk Li%kZjk 2 2 25Sik kL Zikij i<k 4
sic [[251  [(zze 3\ 1]- 21 (% 3 z z\1]- 2251 (%% 3 z  z\1]-
Q‘(‘zg)ﬂvz(:ji _]_+<J_k__>_]kl2qu+ ﬁ__(]_k___Zz_l_Zz) ]kaqu_ —]—+<J—k—__ﬁ+i>—]kiq]ﬁw + perm .
/ Sij Tk Sij kLij Sik l T Sij e 2z Zij /) Sik Ziik Sij ZkLij % Lk /) Sik
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Double real singular kernels:

Universal NNLO splitting [Catani, Grazzini 9903516,9810389] [Campbell, Glover 9710255]

@) 1()) ( ) (i) ( ) JD =27 19D _ > [88)F)
SljRR({k}) & Z 2 ch Ief Bcdef {k}/lj +ch b {k}lj cd R"cd Ca cd
C,d#L,] ~e.f#l,] )
L@ SicSia t SiaSic — 8iiScd 1@ _ (1 — €)(sicsjd - sidsjc) - 2SijSCd s SicSia T+ SiaSic — SifSed - l SicSig T SiaS;
cd S5(Sic + 5i)(Sia + Sja) cd 55 (Sic + 5i)(Sia + Sja) SiiSicSiaSidSic 2 (Sie + 5i)(Sig + Sig)
C.o RR({K}) o — P (5,5, .50,) By (1K} ki) PB =P B+ QB
ijk 1 \Pir 2 2jroPkr) Puv 17K “ijk i Puv — Lijk it Puv
¢2 U ] ]
ijk
(1 —e)s2, [ s; B so [ zz—1 zz—=2 (1—2z72:)* 5 3 st [2zzza0(1 =220  14+2z(1+z) 1—2zz 3(1 —
Pl_(ig) — Cj{ g Jk( jk - Sik N J)2_|_ jk | 4 2 4 2 + k<ij P jk [ j<ik k 4 z{(1 +z;) + jk $2zz + (1 +22) — 4| + (1-e) + perm.
’ 4s; Sijk - Sijk Zij Sij Zij Zk Li%kZjk 2 2 25Sik kL Zikij i<k 4
sie (1251 [(zza 3\ 1]- 221 (% 3 z z\1], 2251 (% 3 0z z\1]-
Q‘(‘zg)ﬂl/z(:ji _]_+<J_k__>_]kl2qu+ ﬁ__<]_k___Zz+Zz> ]kaqu_ —]—+<J—k—__ﬁ+i>—]k%q]ﬁw + perm .
/ Sij Tk Sij kLij Sik l T Sij e 2z Zij /) Sik / Ziik Sij ZkLij % Lk /) Sik

Key problem: several different invariants combined into non-trivial and various structures, to be integrated over a 6-dim PS.

\

Key solution: split the different structures according to the contributing Lorentz invariants and tune the mapping !
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Double real singular kernels:

Universal NNLO splitting [Catani, Grazzini 9903516,9810389] [Campbell, Glover 9710255]

N 77 7 (i) _ (qq)(ij) _ (2)())
Sl]RR({k}> & Z Z Ic(gle(f])Bcdef<{k}1j) +I§Z)Bcd({k}1j> ch - 2TRch ZCAch
c,d#1,] ~e,f#l,] '
D) _ SicSia + SiaSic = SiiSed 1)) _ (1 = e)(SicSia + SiaSic) — 28;5cq L SicSia T SiaSic = SiiScd L SicSia T 845
cd S,%(Sic + 5;)(Sig + Sia) cd S,%(Sic + Sjc)(Sid + de) « SiiSicSiaSidSic 2 (8 + Sjc)(Sid + de)
C.o RR({K}) o — P (5,5, .50,) By (1K} ki) PB =P B+ QB
ijk Szk ijk \ir>°jro>2kr) 2y 17K “ijk ik uy T 1 ijk ijk HY
U

Si?k IZZiZjZik(l - 2Zk) 1+ 2Zi(1 + Zi) - 2Ziij
+ +

- =4 + + +=z+=| +
4S2 k 2Sijsik

ij Sijk - Sijk Zij Zij Zk ZilkZjk 2 2

+ 2ZjZk + Zi(l + 2Zi) —4

—€)s2, [ . — 7 } 7. — 7. — —7,7..)?
pGe) _ Cz{(l e)s,]k<sjk Sy & ZJ)2+ Sijk ’4 zzi— 1 zzi—2 (l—zgz)” 5 3 N 3(14— €) } P

<K< Zik<ij <k

Zk Sij ZkZij Zk Sij i 2 W Zij) Sik ZiiZk Sij

S;j 2z 1 ZZe 3\ 11]- 2z; 1 ZZe 3 oz z\1]- 27,7 1 L% 3 oz oz \1]-
Q.(.3g)””=Cﬁi{ —J—+<J—k——>—]k-2qf‘”+ —’——(J—k——— -+ ) ]qu;w_ —]—+<¥———i+4>—]kiQZ” + perm.

_ _ o L .
How the results look like: do, ., Cijk RR = dq)n( k(l]ﬂc)) Jcc( Ser> B( k(l]rk))
15 63 (853 1 10900 275 1 180739 3736 41
7o) = [ L )2 2 )22 +— 4 —-222%2 ) —+ - 23760, | —+ —~ 215558 +—n*+ 0
ce (5) <2n> < 2] A e TS 3 e 9 3 " 3 ) et T3 9 " ST
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Integration of the double-real counterterms: example

[ #0,.3, RR((K)) o | a0 19 B, {50} )

I(gg)(lj) - (1 o 6)(Szc jd T Sig Sjc) o 2Sij Scd n Sic de + Sids'c _ 1 SlCS]d t Sid JC ]
jd S Si)

Scd
« Sij (Sic jc)(Sid + de) ) S Sic Sid S 2 (Sic )(Sd +

Mapping: {k}(icd),
Catani-Seymour parameters y’, z', y, z

Sij =Y ygc(:ZCd) 3 Sic = < (1 Yy )y_(UCd) y
sed = (1—y")1=y)(1—2)30D s = (1-y")1—2") y 559,

sid = (1—y) _y "(1-2")(1—2)+2z'z—2(1—2x’ )\/y’z’(l—z’)z(l—z) "(:ZCd) :

Sid = (1—y) -y,z,(l—z)+(1—z’)z+2(1—2x,)\/y’z'(l—z’)z(l—z) sted)

1 1 1 1
Use partial fractioning to isolate complicated denominators = ( =+ —)
Sid Sid  Sid T Sjd NSid  Sjd
1 1 1 I \ kek 1 1 2
Use symmetries of the 4-partons of the phase space [De Ridder, Gehrmann, Heinrich 0311276] = ( + —) ’ =
SidSid  Sid t Sjd NSid  Sjd Sid Sid  Sid 1 Sid Sjd
Parametrise the PS using Catani-Seymour parameters
rneel ¢l 1l 1 ¢l
[dq)lf;ﬁcczi) — —4€ N2(€) <—(l]Cd)> deljdy/JdZ,[dx [X(l - X)] _l/z_ejdyJ'dZ [x/(l o x/)] —1/2—¢ [y/(l L y/)2 Z/(l - Z/) y2(1 - y)Z Z(l o Z)] —6(1 - y/) y(l L y)
o Jo Jo Jo 0 Jo
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Integration of the double-real counterterms: example

d®, ., S; RR({k})

2
d(I)(l]Cd) Slj Scd

[V

” (ijcd) 1(ij) 1.(ijcd
dp e 1 Bcd<{k(f >}>

(1 = €)(SicSig + SiaSic) — 28, Scq

788 —
« S5 (Sie + 8

)(Sld + S )

+

SicSig t Sig

cd

S'C _ 1 Sl'Cde + SidS. ]
d 2 (Sic )(Szd + d)

Sii Sic Sid S

n+2

SSSldd

0 [x(1—x)x" (1—x’

Integrate over x — simple Beta functions

Integrate over y — simple Beta function

ocfl dx,dy'dz,dx dy dz (Z_1)2(1_y)1—2€y—2€—1(1_y1)1—2€ /—e[(l_z)Z]—e[(l_Z/)zl]—e—l
)]6+1/2(y’(z—1)—z) (y’z/(l—z)+(1—z )24+2(2

—1)3/y’ (z—1)z(z' —1)z /)

Integrate over x’ — Master Integral I, — Hypergeometric and Theta functions

Integrate over z' — partial fractioning £

s
/ (1—z’)]1+€

I/

— FA-2

[l

1

1—=z

]

— Master Integral I/, + J,,,, — Hypergeometric functions

Integrate over z — Integral representation of Hyp. — auxiliary t variable

Integrate over y/ — poles extraction
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Common problems

1. Clear understanding of which singular configurations do actually contribute

k1

\ el 1 1 1 1

kl‘l‘kZ/ ~ — o k1—>Oand k2 || k3
! (ki + ky)? (ki + ky + k3)? 2k - ky 2k - ky + 2k - ky + 2k - ks
ki1 + ko + k3 ks

&> 6

Entangled soft-collinear limits of diagrams can not be treated in a process-independent way. I 6 ei

Do non-commutative limits actually contribute?

m > N2 >
STRIPPER [Czakon 1005.0274] was implemented taking into account all the possible H neo o
choices of soft and collinear limits order -> redundant configurations were included.
2 > > 5>m
II] = 31 m—o1l—j4m  m—im

Gauge invariant amplitudes are free of entangled singularities
thanks to color coherence: soft parton does not resolve angles ofthe  -—----- 3 . £
collinear partons [Caola et al. 1702.01352)]. : p

Soft-collinear limits can be described by taking the known soft and collinear limits sequentially.

&> &

1
7h>2

m—1—3m

S;
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Common problems

2. Get to the point where the problem is well defined

a) ldentify the overlapping singularities
b) Regulate them

k1

\ el I 1

kl +k2 ~ — - — - — - — -
,/ EiEy (1 —ny-ny) E\Es(1 —ny-np) + E1Es(1 —ny - n3) + E>E5(1 — 1y - 1)
—> —>
ki1 + ko + k3 ks
Soft origin Collinear origin
/ 2
\ : |
> 3 > 3 > 3
ordered configurations ny-ny < hy- Ny Ny - Ny < Ny - Ny My -7y <1y -y

Soft and collinear modes do not intertwine: soft subtraction can be done globally. Collinear singularities have still to be regulated.
Strongly ordered configurations have to be properly taken into account.
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Common problems
3. Solve the PS integrals

The problem is now well defined:

A. Singular kernels and their nested limits have to be subtracted from the double real correction to get integrable object

dq)n+2 RRn+2 —

(v y

dq)n+2 [RRn+2 o n+2] +

B. Counterterms have to be integrated over the unresolved phase space

C..

dd, » K, K, 122 Gy Cu S S5 Gy

j° I

[ = JPSunre& ® Limit @ Constraints

The ‘Limit’ component is universal and known. The phase space is well defined. Constraints may vary depending on the scheme.

Several kinematic structures have to be integrated analytically over a 6-dim PS.

Different approximations and techniques can be applied: the result assume different forms according on the integration strategy.

Two main structure are the most complicated ones and affect most of the physical processes:

- Double soft
- Triple collinear
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Singular structure of the RR

« Limits on matrix elements: under IRC limits RR factorises into (universal kernel)X(lower multiplicity matrix elements)
[Catani, Grazzini 98710389, 9908523]

S;RR({(kD o« D7 | D% ID1D By f({k) ) +19 B (1K} )
c,d#1,] ~e.f#l,] -

1
C;is RR({k}) oy PE(Sim i i) B (KD g i)
4]

1
C,1s RR({k}) o — P (i Sjr) P (Skrs Sir) Bupo (K} s Kigs Ki)
4]

SCz]kRR({k}) — CS]szR({k}) X _k Z P/w 53 Bﬁg({k}/ﬂé’ k]k)
% c,d#i

I') = single eikonal

I'Y = double eikonal
L - Functions of Lorentz invariants
P” = single splitting

PZ‘: = triple splitting
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Singular structure of the RR

« Limits on matrix elements: under IRC limits RR factorises into (universal kernel)X(lower multiplicity matrix elements)
[Catani, Grazzini 98710389, 9908523]

S;RR({k}) o« ) Z IOTD By 1k} ) 12 By 15} )
c,d#i,j “e,f#i,] i

1
C;is RR({k}) oy PE(Sim i i) B (KD g i)
4]

|
Cijkl RR({k}) X Pﬂy(slr’s )Ppa(skr” Slr) ,uvpa({k}/]]él’ ij° kkl)

Sij Skl / Born-level kinematics does
not satisfy the mass-shell
0 med condition and momentum
SC;ix RR({k}) = CS;RR({k}) x — Z Pe 1D B ({kY e Ky conservation
Sjk c,d+i
I') = single eikonal )
I'Y = double eikonal
N . - Functions of Lorentz invariants .
P”” = single splitting Momentum mapping needed!

PZ‘: = triple splitting
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Phase space partitions

Efficient way to simplify the problem: introduce partition functions (following FKS philosophy):
- Unitary partition

» Select a minimum number of singularities in each sector

* Do not affect the analytic integration of the counterterms

Definition of partition functions benefits from remarkable degree of freedom: different approaches can be implemented

Examples: Nested soft-collinear subtraction g — Z — e~ e™ g g [Caola, Melnikov, Réntsch 1702.01352]

1 :@)51,61 + 6052’62 0)51’62 + 0)52,61 5162 — P25 P16 P56 5161 — P25P26<1 n P15 n P16 )
ds de dse - ds dg dser1  dsern

0)52’62 _ P15 P16 (1 n P25 P26 ) 0)52,61 _ P15 P26 P56

— — — +
Pap =1 =008y, , 0, = pup/2 ds dg dser1  dsern ds dg dsen

1511 I = 9(’761 < @> +9<@ <Me1 < ’751) +H(7751 < @) T 9<@ <51 < ’761)
2 2 2 2
b g(5) 9(6) 9(5)
mﬂég@ééé o, §W@

- " He

Advantages:

1. Simple definition Disadvantages:

2. Structure of collinear singularities fully defined 1. Partition based on angular ordering — Lorentz invariance not preserved
3. Minimum number of sector 2. Theta function
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Phase space partitions

Examples: Local Analytic Sector Subtraction eTe™ — y* — gg

g g [Magnea, C.S-S. et al. 1806.09570]

Oubcd

Wabcd — Z o
m,n,p,q "Pq
S;j
€; X S s Wijocs-s-
ql —qj

Advantages:

1. Compact definition

2. Triple-collinear sectors do not require further partition
3. Structure of collinear singularities fully defined

4. Valid for arbitrary number of FS partons

5. Defined in terms of Lorentz invariants

V=W 1005+ W16+ W 1250+ W 1356+ - + W50

1 1
Oubcd = a > 1

(ea Wab)a (ec + 5[96 ea) Wed

q" = (\/E» 0), Sap = 2k, - ki

Disadvantages:

1. Numerous sectors — consequence of being fully general
— non minimal structure
2. Non-trivial recombination before integration
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NNLO momentum mapping

« Momentum mappings: minimal set of involved momenta and complete factorisation of the phase space

1. One-step mapping

{ k(abcd)} { Bed k(abcd), ]_Cglabcd)} X ky .
dq)n _ dq)(abcd) dq)(abcd) _ dq)(abcd) dq) 02 ( (abcd). ) k. T

rad,2 ’y’Z’¢y Z X

™
(@)
ol
(@)

1 1 1 1 1
[dcbmd,zcx (Se ) 26[ dw’[ dy’[ J dep (sin )~ %J J dz [w(1 = w)| 2|y (1 = yP 21 = 2) 320 = yP 2 = 9| (1 = ) v(1 = )
0

0 0 0 0 0

2. Two-step mapping

{]_Cglacd,bef)} _ { kgzbc/‘d; , k(acd,bef) , ]}]([acd,bef) }

dq)n _ dq)(abcd) dq)izgd) dcpilgcelf) dq)(acdbef) d(I) (e(;zcdbef)’y, Z,Cb) d(I) (—(acd),y z. ¢>

T 1 1 T 1 1
d 05" o (5105 et ) 1 [ d¢’<sin¢’>‘2€[ dy’j dz’J de <sin¢>‘2€J dyj dz [y'(1 = yP2(1 = 2) (1 = el = )|~ =)0 = )
0 0

0 0 0 0
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Integration of the double-real counterterms: example

 Freedom in choosing the mapping: adaptive parametrisation tuned to the specific kernel [Magnea, C-SS et al. 2010.14493]

S; RR({k}) < ) Z 1919 Bgof{ 1k} ) +1%9 By ( (K} ) B
C,d#L,] e, f#i,] - k,

We are free to map each term of the sum separately, adapting the choice to the invariants appearing in the kernel itself

gl_j RR({k}) 2 Z I(z) I(})(lcd)B < { Ficd. ]ef)}> 44 2 IC(;) jgl)(icd)Bcded< {%(icd,jed)})

c#1i,] |le#1i,j,cd e#1i,j,c,d

GRRe TR Q) 7 (jed) @ _ X e _ 1 Hicd)
i e Y il ! e
+21919B,, ({kf }) ( = Lec —gldé> cd<{k] }>

The PS parametrisation follows the mapping structure

e—2 c—
/@ qu) 1O e [d¢(10d Jef) T lied) [ Jpted iy - D" T -l 2—¢) (“n) 2 T(1—el2—e¢)

SS,cdef ef rad  Cef rd ed o (sledieD)e 212 —3e)  (5UckiD)e €21(2 - 3e)

Some of the double-soft kernel structures feature a NLOXNLO complexity — integration exact in €

The most difficult part arises from the pure NNLO current.
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Integration of the double-real counterterms: example

r _

* How the result looks like: 1 Guao
[ R YR D Y I Y|
on c7é’l’7.7 \ e;éi,j,c,d - f7éi7jacadae

d#1,7,C ( )
icd,jed) fijcde 1cd,jed
+4 J\dq)( ) JS®S Bcclcszol

cdced
- =

_|_ J\dq)g'JCd) ZJ’LJCd B(Z]Cd) '|- Jz]cd Lj(Z]Cd) >,

d(I)(ZCd,Jef) g(’b) g(]) —

J(4)( _(icd,jef) —(wd,yef))
rad,2 s®s 1]

7ef

;écsde Nl qu)fgfid,éyed) g(z) g(]) _ JS(%)S( (zcd,]ed),ggicd,]ed)) 99
Jied = 7 J 409D £ £0) Jsé)s( mcd)) 99

J@ch Nl qu)l(‘;.]dcg) 56(2]) = 2Tx J(QQ)( g’ng)) — 20y J(gg)( ngCd)) a
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Subtracting RV singularities

Seventh step: integrate the real-virtual counterterm and check pole cancellation against virtual and / (2)

dX

[d®n+1

+ J'dq)n+2

foNNLO Jd(l)n (VV + 1@ ) Sy

(RV + I(”)(SX

n

n+1

_ ( K RV)

RRG&y —KWVéy — (K<2> — K<12>) Sy

n

) 5,

n

* Intricate cancellation pattern involving both poles and phase-space singularities

D 1loop single unresolved

(RV)
K

K (RV)

17, expected

+ Aij = [gr& +67;j (1 —§z) ]RVWzg +A7Zj
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Subtracting RV singularities

Seventh step: integrate the real-virtual counterterm and check pole cancellation against virtual and / (2)

do
NNLO. Jd(bn (v s
dx n

[dCI)nH (RV 4 I0)s, — (K®Y 4 [02) 5,
_ ( —€ —€
. s (2) 1 Sef ~(icd) 1 Sed (icd)
AS,Z - O Nl Z gcd 3 ? [(g(icd)) o 1] Befcd + 6_2 Z I:(_(icd)) 1] Bedcd
_ d(;zé.z L fe;zé.z,c ef e#1,d ed
@ RR 1,C 1,C,€E . \
+ d n+2 5Xn n 1 2 20 'Yg B(icd) B(idc)
: izt 7 )20+~ ed  — Bed f
* Intricate cancellation pattern involving bc o L he o
— 2—8./\/ 1 Z 6(2;';) A (B((;:«TC) - Bgcr) ) ; r=Tik -
, ™ : €
D 1loop single unresolved g

K(RV) = K.(RV) + Aij = [_7; + 6,,;]- (1 — §z) ]RV Wij + Aij

17 17, expected
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Subtracting RV singularities

Seventh step: integrate the real-virtual counterterm and check pole cancellation against virtual and / (2)

do
= Jd(bn (VV Ty CI 1<RV>) 5y

_(RV + I(”)(SX

n+1

_ ( K RV) 1<12>) 5y

n

[d®n+1

n+ n

+ Jdcbn+2 RRG&y —KWVéy — (K<2> — K<12>) Sy

» Most of the contributions to I'®Y) can be computed using NLO-like strategy
» Non-trivial integrals arise from triple-color-correlated component By, = Y fape AD* T Tb TS A

a,b,c
S; RV = —N,; Z Ty Vi ({k}) - g_; (fl(g + I %)Blm ({k}s) + ES Z fl(:ng‘mPr{k}f)
1#i L | p#ilm _

> Technique used for NNLO double-unresolved kernels

~(; I'(1 ['2(1 — - "B 142 Sy \
70 _ g TU+I(1-0) s ( usp)

imp EF(]. — 26) SilSim simsip
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Combination with double virtual

Seventh step: integrate the real-virtual counterterm and check pole cancellation against virtual and / (2)

do
= Jd(bn <VV Ty CI 1<RV>) 5y

o, ., 21 31 /3 1 1 19 1 1
[ n JSrele(s, €) = ;—; (i> Q.3 +(— — —lﬂﬁ) 2 +(7— “r? —In¢é + > In’ f) g

12 83 2 4 48 4
132 22 q0¢, — N In€ +1In®€ — < In® € — Lia(—) + O )-
+Jd<1>n 12" 3 24 6 ’ ik

» Most of the contributions to I'®Y) can be computed using NLO-like strategy
» Non-trivial integrals arise from triple-color-correlated component By, = Y fape AD* T Tb TS A

a,b,c
Y = 0 5 [0 (1) - (B2 80 52 B 09) 4 3= T 6
[#1 L pFi,l,m _

> Technique used for NNLO double-unresolved kernels

~(; (14 e)I?(1 — m "B 12 Spp \
70 5, LU= s (e u8p>

imp EF(]. — 26) SilSim sz-msz-p
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