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⇒ C. Anastasiou’s talk

PDFs: key nonperturbative functions for LHC predictions

P. Nadolsky, Pheno'2018



Precise NLO/NNLO/N3LO QCD calculations 
require equally precise PDFs

CTEQ-TEA NNLO PDFs, such as CT14 [1506.07443] and CT14HERA2 
[1609.07968], are found from a global analysis of dozens of experiments on 
deep-inelastic scattering, vector boson, jet, and 𝑡𝑡 ̅𝑡𝑡 production

The results of the CT14(HERA2) analysis are published in the form of …
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… 56+1 Hessian error PDFs 
⇒ in LHAPDF6 library

P. Nadolsky, Pheno'2018
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… 56-dim. vectors of statistical 
residuals 𝒓𝒓𝒊𝒊 for 𝑁𝑁𝑝𝑝𝑝𝑝
experimental data points; with 
detailed information about the fit 

⇒ TensorFlow
Embedding  Projector,    
PDFSense

𝒓𝒓𝒊𝒊 𝒂𝒂 =
𝑻𝑻𝒊𝒊 𝒂𝒂 − 𝑫𝑫𝒊𝒊

𝒔𝒔𝒔𝒔 𝒂𝒂
𝒔𝒔𝒊𝒊

1 ≤ 𝑖𝑖 ≤ 𝑁𝑁𝑝𝑝𝑝𝑝
𝑇𝑇𝑖𝑖 is the theory prediction for a 
data point 𝑖𝑖, PDF eigenvector 𝑎⃗𝑎

𝐷𝐷𝑖𝑖^𝑠𝑠 is the expt. datum with an 
optimal correlated systematic 
shift for 𝑎⃗𝑎

𝑠𝑠𝑖𝑖 is the total (stat.+syst.) 
uncorrelated error P. Nadolsky, Pheno'2018



PDFSense: example of application
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New experiments 
considered for 
the fit (ATLAS, 
CMS, LHCb; 
𝑁𝑁𝑝𝑝𝑝𝑝 = 734)

Significant CPU cost for fitting new experiments at NNLO. Experiments are labeled 
according to the experimental ID’s in the CT fit. The ID’s are listed in the backup

1xx: DIS,  2xx: vector boson production, 5xx: jet and 𝑡𝑡 ̅𝑡𝑡 production. 

Experiments
in the CT14 
HERA2 
NNLO fit
(𝑁𝑁𝑝𝑝𝑝𝑝 = 3258)

Which experiments
are most useful?



Given 57 CT14 predictions for a PDF 𝑓𝑓𝑎𝑎(𝑥𝑥, 𝜇𝜇) or 
hadronic cross section 𝜎𝜎, PDFSense estimates…
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…ranking of sensitivities of experimental 
data sets to 𝑓𝑓 or 𝜎𝜎 without (re-)doing 
the full global fit

…kinematical distributions of sensitivities 
to 𝑓𝑓 or 𝜎𝜎 in the {𝑥𝑥, 𝜇𝜇} plane

Sensitivity to the PDF error 
on 𝜎𝜎(𝑝𝑝𝑝𝑝 → 𝐻𝐻0𝑋𝑋) at 14 TeV

𝜎𝜎𝐻𝐻 @  7,8, 14 TeV



Manifolds of data residuals
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Analysis flow:

- We give you a table of 
𝑁𝑁𝑝𝑝𝑝𝑝 normalized data point 
residuals 𝑟𝑟𝑖𝑖 𝑎⃗𝑎 for every 
CT14HERA2 error PDF        
[on the PDFSense website]

- You examine the 56-dim. 
distribution of 𝑟𝑟𝑖𝑖 𝑎⃗𝑎 in 
PDFSense or another data 
analysis software

Right: a sample 3-dim. projection of 
the 56-dim. manifold obtained with 
the TensorFlow Embedding Projector 
(http://projector.tensorflow.org)

http://projector.tensorflow.org/
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𝜎𝜎(𝑔𝑔𝑔𝑔 → 𝐻𝐻0𝑋𝑋),
14 and 7 TeV

A PDF-dependent quantity 𝑓𝑓, such as the 
Higgs cross section at 7 or 14 TeV
(ID=907, 914), defines a direction 𝛿𝛿𝑓𝑓 in the 
(2)N-dim space. 

The net constraint of the 𝑖𝑖-th point on 
𝜎𝜎 𝐻𝐻 , including systematic errors, is 
quantified by the projection of 𝑟𝑟𝑖𝑖 on 
𝜹𝜹𝒇𝒇 𝜎𝜎 𝐻𝐻 , called the sensitivity 𝑆𝑆𝑓𝑓,𝑖𝑖. 

Right: 300 vectors 𝑟𝑟𝑖𝑖 of the CT14HERA2 
global set whose directions are closest to 
𝛿𝛿𝑓𝑓(𝜎𝜎 𝐻𝐻0 ). These vectors are given by 
the experiments:

160=HERA I+II; 101, 102=BCDMS; 
110=CCFR F2p; 147, 145=HERA I+II 𝒄𝒄,𝒃𝒃; 
204=E866 𝝈𝝈𝒑𝒑𝒑𝒑; 253=𝒁𝒁 𝒑𝒑𝑻𝑻 8 TeV; 542, 545=CMS 
jets 7, 8 TeV; 504, 514=Tevatron jets

Sensitivity of expt E = sum of 𝑆𝑆𝑓𝑓,𝑖𝑖 over data points in E



𝑆𝑆𝑓𝑓 > 0.25

Experiments with the 
highest sensitivity to 
𝑔𝑔(𝑥𝑥𝑖𝑖 ,𝜇𝜇𝑖𝑖)

Not all these 
experiments have 
high correlation with 
𝑔𝑔(𝑥𝑥, 𝜇𝜇)!

HERA DIS, fixed-
target DIS, jets have 
comparable total 
sensitivities 



Good correlations 
with some points in 
E866, BCDMS, 
CCFR, CMS WASY, 
𝑍𝑍 𝑝𝑝𝑇𝑇 and 𝑡𝑡 ̅𝑡𝑡
production; but not 
as many points with 
high 𝑆𝑆𝑓𝑓 in these 
processes

HERA DIS still has the 
dominant sensitivity!

CMS 8 TeV jets is the 
next sensitive 
expt.after HERA for 
𝜎𝜎𝐻𝐻(14 TeV); jet scale 
uncertainty dampens 
|𝑆𝑆𝑓𝑓| for jets

Higgs boson 
production

𝑆𝑆𝑓𝑓 > 0.25



LHeC pseudodata
from M. Klein and V. 
Radescu
( 𝑠𝑠 = 0.49, 1.3 TeV; 
𝐿𝐿 = 0.1 𝑎𝑎𝑏𝑏−1; 1 year 
of running)

Higgs boson 
production

𝑆𝑆𝑓𝑓 > 0.25

Future:
DIS @ LHeC

upper

lower



 Inclusive jet production 
has potential to constrain 
𝑑̅𝑑/�𝑢𝑢 in the near future

 PDF ratio is 
sensitive to flavor 
symmetry breaking 
in the light quark sea

 the large E866 
pd/pp sensitivity 
degrades at 
larger x

 this is a prime 
motivation for 
higher x DY 
measurements 
at E906
(SeaQuest)

𝑆𝑆𝑓𝑓 > 0.25

𝑑̅𝑑/�𝑢𝑢(𝑥𝑥, 𝜇𝜇),



 Constraints on 
𝑠𝑠(𝑥𝑥, 𝜇𝜇) are weaker 
than on the other 
flavors

NuTeV, CCFR dimuon
SIDIS most sensitive

 Combined |𝑆𝑆𝑓𝑓| of 
CMS7+8 jet data 
comparable to |𝑆𝑆𝑓𝑓|
of one of NuTeV, 
CCFR data sets

𝑆𝑆𝑓𝑓 > 0.25



HERA 
CCF3 F3p
BCDMS F2p
NMC
BCDMS F2d
CDHSW
E605
E866
CCFR F2p
CMS 8 jets

Ranking tables

HERA 𝐹𝐹𝐿𝐿
𝑡𝑡 ̅𝑡𝑡

CDF WASY (2005)

𝑡𝑡 ̅𝑡𝑡

HERA  𝑏𝑏

Experiments are listed in the descending order of the summed sensitivities to 
𝑑̅𝑑, �𝑢𝑢,𝑔𝑔,𝑢𝑢,𝑑𝑑, 𝑠𝑠

For each flavor, A and 1 indicate the strongest total sensitivity and strongest 
sensitivity per point

C and 3 indicate marginal sensitivities; low sensitivities are not shown

Good per-point 𝑆𝑆𝑓𝑓 , small 𝑁𝑁𝑝𝑝𝑝𝑝



Outlook for CTEQ-TEA PDFs

16

• Ongoing CTEQ-TEA PDF analysis 
Detailed investigation of the LHC 7 and 8 TeV vector boson, jet, 𝑡𝑡 ̅𝑡𝑡
production data suggests mild changes in the central fits, PDF 
uncertainties, and precision EW observables, as compared to the 
CT14HERA2 NNLO data set. We notice the potential of the future 
ATLAS/CMS jet data, together with other LHC processes, for strengthening 
the constraints on the g, s, �𝑢𝑢, and 𝑑̅𝑑 PDFs with modest improvements in 
experimental systematics and full implementation of NNLO jet cross 
sections

• CT14 PDFs with photon PDFs [1509.02905], intrinsic/fitted charm
[1706.00657], and Monte-Carlo error PDFs [1607.06066]

• NLO calculation for 𝒄𝒄, 𝒃𝒃 production at LHCb, ATLAS in the S-ACOT-𝜒𝜒

• scheme using MCFM/Applgrid [Campbell, P. N., Xie, in pre-publication]

• Further development of programs for fast survey [PDFSense] and Hessian 

reweighting of the data [ePump]
P. Nadolsky, Pheno'20182018-05-08



Extra details
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Experiments in the CT14 HERA2 fit
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Candidate experiments in the 
CTEQ-TEA fit

𝑁𝑁𝑑𝑑 is the number of data points
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Hessian method: Pumplin et al., 2001
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𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ≡ 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶[𝑋𝑋,𝑌𝑌] -- realization of the Pearson correlation 
coefficient in the Hessian method



Correlations carry useful, but limited information
Correlation between 𝜎𝜎𝑊𝑊/𝜎𝜎𝑍𝑍 and f(x,Q=85 GeV) CTEQ6.6 [arXiv:0802.0007]:

cos𝜑𝜑 > 0.7 shows that the 
ratio 𝜎𝜎𝑊𝑊/𝜎𝜎𝑍𝑍 at the LHC must 
be sensitive to the strange 
PDF 𝑠𝑠(𝑥𝑥,𝑄𝑄)

cos𝜑𝜑 ≈ ±1 suggests that a 
measurement of 𝑋𝑋 may
impose tight constraints on 𝑌𝑌

But, Corr[X,Y] between 
theory cross sections 𝑋𝑋 and 
𝑌𝑌 does not tell us about 
experimental uncertainties

2018-05-08 P. Nadolsky, Pheno'2018 22



Solution: choose 𝑋𝑋 = a shifted residual 𝑟𝑟𝑖𝑖
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𝑟𝑟𝑖𝑖(𝑎⃗𝑎) = 𝑇𝑇𝑖𝑖 𝑎𝑎 −𝐷𝐷𝑖𝑖
𝑠𝑠𝑠(𝑎𝑎)

𝑠𝑠𝑖𝑖
are 𝑁𝑁𝑝𝑝𝑝𝑝 shifted residuals for point 𝑖𝑖, PDF parameters 𝑎⃗𝑎

̅𝜆𝜆𝛼𝛼(𝑎⃗𝑎) are 𝑁𝑁𝜆𝜆 optimized nuisance parameters (dependent on 𝑎⃗𝑎)

The 𝜒𝜒2(a) for experiment 𝐸𝐸 is

𝜒𝜒2 𝑎⃗𝑎 = �
𝑖𝑖=1

𝑁𝑁𝑝𝑝𝑝𝑝

𝑟𝑟𝑖𝑖2 𝑎⃗𝑎 + �
𝛼𝛼=1

𝑁𝑁𝜆𝜆

𝜆𝜆𝛼𝛼
2
𝑎⃗𝑎 ≈�

𝑖𝑖=1

𝑁𝑁𝑝𝑝𝑝𝑝

𝑟𝑟𝑖𝑖2 𝑎⃗𝑎

𝑇𝑇𝑖𝑖 𝑎⃗𝑎 is the theory prediction for PDF parameters 𝑎⃗𝑎
𝐷𝐷𝑖𝑖𝑠𝑠𝑠 is the data value including the optimal systematic shift

𝐷𝐷𝑖𝑖𝑠𝑠𝑠(𝑎⃗𝑎) = 𝐷𝐷𝑖𝑖 − �
𝛼𝛼=1

𝑁𝑁𝜆𝜆

𝛽𝛽𝑖𝑖𝑖𝑖𝜆̅𝜆𝛼𝛼(𝑎⃗𝑎)

𝑠𝑠𝑖𝑖 is the uncorrelated error

𝑟𝑟𝑖𝑖(𝑎⃗𝑎) and 𝜆̅𝜆𝛼𝛼 𝑎⃗𝑎
are tabulated or 
extracted from 
the cov. matrix ⇒
backup slides
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The CTEQ-TEA fit returns tables of 𝑟𝑟𝑖𝑖(𝑎⃗𝑎) and 𝜆̅𝜆𝛼𝛼(𝑎⃗𝑎) for every 𝑖𝑖 and 𝛼𝛼

Alternatively, they can be found from the covariance matrix:

𝑁𝑁𝑝𝑝𝑝𝑝 𝑁𝑁𝑝𝑝𝑝𝑝

Finding shifted residuals 𝑟𝑟𝑖𝑖 from the 
covariance matrix



Vectors of data residuals
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For every data point 𝑖𝑖,  construct a vector of 
residuals 𝑟𝑟𝑖𝑖(𝑎⃗𝑎𝑘𝑘

±) for 2N Hessian 
eigenvectors. k = 1, … ,𝑁𝑁 , with 𝑁𝑁 = 28 for 
CT14 NNLO.

For example, define
𝛿𝛿𝑖𝑖 = 𝛿𝛿𝑖𝑖,1+ , 𝛿𝛿𝑖𝑖,1− , … , 𝛿𝛿𝑖𝑖,𝑁𝑁+ , 𝛿𝛿𝑖𝑖,𝑁𝑁− [N = 28]

𝛿𝛿𝑖𝑖,𝑘𝑘
± ≡ 𝑟𝑟𝑖𝑖 𝑎⃗𝑎𝑘𝑘

± − 𝑟𝑟𝑖𝑖 𝑎⃗𝑎0 / 𝑟𝑟0 𝐸𝐸

-- a 56-dim vector normalized to 𝑟𝑟0 𝐸𝐸, the 
root-mean-squared residual for the 
experiment 𝐸𝐸 for the central fit 𝑎⃗𝑎0

𝑟𝑟0 𝐸𝐸 ≡
1
𝑁𝑁𝑝𝑝𝑝𝑝

�
𝑖𝑖=1

𝑁𝑁𝑝𝑝𝑝𝑝

𝑟𝑟𝑖𝑖2(𝑎⃗𝑎0) ≈
𝜒𝜒𝐸𝐸2 𝑎⃗𝑎0
𝑁𝑁𝑝𝑝𝑝𝑝

𝑟𝑟0 𝐸𝐸 ≈ 1 in a good fit to 𝐸𝐸

The TensorFlow Embedding Projector 
(http://projector.tensorflow.org) represents 
CT14HERA2 𝛿𝛿𝑖𝑖 vectors by their 10 principal 
components indicated by scatter points.
A sample 3-dim. projection of the 56-dim. 
manifold is shown above. A symmetric 28-
dim. representation can be alternatively 
used.

http://projector.tensorflow.org/


Manifolds of data residuals
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Some projections separate DIS, DY, jet 
and 𝑡𝑡 ̅𝑡𝑡 data residuals according to their 
PDF dependence.

The 2N-dimensional distribution of 𝛿𝛿𝑖𝑖 is 
easy to analyze with data-mining tools…

…to sort the fitted data points according to 
their PDF dependence (expressed by 
lengths and directions of 𝛿𝛿𝑖𝑖);

…to identify high-value data points (having 
long 𝛿𝛿𝑖𝑖 that point away from the rest of 
vectors).

2,10

3,5,9

2,5

2,1



Correlation 𝐶𝐶𝑓𝑓 and sensitivity 𝑆𝑆𝑓𝑓
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𝛻𝛻f

𝛻𝛻𝑟𝑟𝑖𝑖
𝑟𝑟0 𝐸𝐸

𝑆𝑆𝑓𝑓

• 𝐶𝐶𝑓𝑓 ≡Corr 𝜌𝜌𝑖𝑖(𝑎⃗𝑎)),𝑓𝑓(𝑎⃗𝑎) = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝜌⃗𝜌𝑖𝑖 ≡ �𝛻𝛻𝑟𝑟𝑖𝑖 𝑟𝑟0 𝐸𝐸 -- gradient of 𝑟𝑟𝑖𝑖 normalized to 
the r.m.s. average residual in expt E;

𝛻𝛻𝑟𝑟𝑖𝑖 𝑘𝑘 = ⁄𝑟𝑟𝑖𝑖 𝑎⃗𝑎𝑘𝑘+ − 𝑟𝑟𝑖𝑖 𝑎⃗𝑎𝑘𝑘− 2

• 𝑆𝑆𝑓𝑓 ≡ 𝜌⃗𝜌𝑖𝑖 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝐶𝐶𝑓𝑓
∆𝑟𝑟𝑖𝑖
𝑟𝑟0 𝐸𝐸

-- projection of 𝜌⃗𝜌𝑖𝑖(𝑎⃗𝑎) on 𝛻𝛻𝑓𝑓

𝑆𝑆𝑓𝑓 is proportional to cos𝜑𝜑 and the ratio of the PDF uncertainty to the 
experimental uncertainty. We can sum |𝑆𝑆𝑓𝑓|.
In the figures, take 𝑆𝑆𝑓𝑓 > 0.25 to be significant. 

The relation of data point 𝑖𝑖 on the PDF 
dependence of  𝑓𝑓 can be estimated 
by:

𝐶𝐶𝑓𝑓 is independent of the experimental and PDF uncertainties. In the 
figures, take 𝐶𝐶𝑓𝑓 ≳ 0.7 to indicate a large correlation. 



Points with 𝐶𝐶𝑓𝑓 > 0.7, 𝑆𝑆𝑓𝑓 > 0.25 for 𝑔𝑔(𝑥𝑥, 𝜇𝜇)
𝐶𝐶𝑓𝑓 does not identify fixed-target DIS points sensitive to 𝑔𝑔(𝑥𝑥𝑖𝑖 ,𝜇𝜇𝑖𝑖). But 𝑆𝑆𝑓𝑓 does.

Corr. syst. errors smear 𝑆𝑆𝑓𝑓 over many data points for jet production, etc. 𝑍𝑍 𝑝𝑝𝑇𝑇 data 
(blue arrow) have high |𝐶𝐶𝑓𝑓| and |𝑆𝑆𝑓𝑓|, a small number of points. 

𝑆𝑆𝑓𝑓 > 0.25𝐶𝐶𝑓𝑓 > 0.7
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𝛻𝛻f

𝛻𝛻𝑟𝑟𝑖𝑖
𝑟𝑟0 𝐸𝐸

𝑆𝑆𝑓𝑓

𝑆𝑆𝑓𝑓 is a projection of a 
residual gradient 𝛻𝛻𝑟𝑟𝑖𝑖
onto the direction for 𝛻𝛻𝑓𝑓.

𝑆𝑆𝑓𝑓 captures a small part 
of information about the  
28- (or 56)-dimensional 
population of 𝛻𝛻𝑟𝑟𝑖𝑖 for 4000 
data points

The underlying geometrical picture

PDFSense can export the normalized 𝛻𝛻𝑟𝑟𝑖𝑖 vectors 
(specifically, (𝑟𝑟𝑖𝑖,𝐿𝐿−𝑟𝑟𝑖𝑖,0)/〈𝑟𝑟0〉𝐸𝐸 for i = 1, 4000; 𝐿𝐿 = 1, 56) in the 
.TSV format to analyze the whole population of 𝛻𝛻𝑟𝑟𝑖𝑖 using 
machine learning tools



TensorFlow Embedding Projector
http://projector.tensorflow.org
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Reads 2 .tsv files with 𝛻𝛻𝑟𝑟𝑖𝑖/ 𝑟𝑟0 𝐸𝐸 vectors and metadata (descriptions of data points)

Principal Component Analysis 
(PCA) visualizes the 56-dim. 
manifold by reducing it to 10 
dimensions (à la META PDFs)

t-distributed stochastic neighbor 
embedding (t-SNE) sorts 𝛻𝛻𝑟𝑟𝑖𝑖/ 𝑟𝑟0 𝐸𝐸
vectors according to their similarity
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CTEQ-TEA residuals               PCA
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CTEQ-TEA residuals               PCA
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CTEQ-TEA residuals               PCA
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upper

lower

LHeC pseudodata from 
M. Klein and V. Radescu
( 𝑠𝑠 = 0.49, 1.3 TeV; 
𝐿𝐿 = 0.1 𝑎𝑎𝑏𝑏−1; 1 year of running)

P. Nadolsky, Pheno'20182018-05-08

𝑆𝑆𝑓𝑓 > 0.25

Future:
DIS @ LHeC
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Exceptional sensitivity in CC 
DIS to 𝑑𝑑(𝑥𝑥) at 𝑥𝑥 → 1!

Great potential to constrain 
𝑑𝑑(𝑥𝑥)/𝑢𝑢(𝑥𝑥) at 𝑥𝑥 → 1,
𝑥𝑥 𝑢𝑢+−𝑑𝑑+ for lattice QCD 

comparisons
𝑆𝑆𝑓𝑓 > 0.25

Future:
DIS @ LHeC

P. Nadolsky, Pheno'20182018-05-08
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Some sensitivity to 𝑠𝑠(𝑥𝑥, 𝜇𝜇) at 
𝑥𝑥 < 0.1, 𝜇𝜇 < 40 GeV 

Current data are insensitive 
to 𝑇𝑇3(𝑥𝑥, 𝜇𝜇) and 𝑇𝑇8(𝑥𝑥, 𝜇𝜇) at 
𝑥𝑥 < 10−3, 𝑄𝑄 < 10 GeV

⇒ All 𝑢𝑢, 𝑑𝑑, 𝑠𝑠
(anti)quark 𝑆𝑆𝑓𝑓 are 
roughly the same 
at such {𝑥𝑥,𝑄𝑄}

𝑆𝑆𝑓𝑓 > 0.25

Future:
DIS @ LHeC

P. Nadolsky, Pheno'20182018-05-08
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Good sensitivity to 
𝑔𝑔 𝑥𝑥,𝑄𝑄 at 𝑥𝑥 < 10−2!

Similar {𝑥𝑥, 𝜇𝜇} maps for �𝑢𝑢, 𝑑̅𝑑

𝑆𝑆𝑓𝑓 > 0.25

Future:
DIS @ LHeC

P. Nadolsky, Pheno'20182018-05-08



CTEQ-TEA group
CTEQ -- Tung et al. (TEA)
• in memory of Prof. Wu-Ki Tung, who established CTEQ 

Collaboration in early 90's.
Current members:
• Sayipjamal Dulat, Tie-Jiun Hou, Ibrahim Sitiwaldi

(Xinjiang U.)
• Jun Gao (Shanghai Jiaotong U.)
• Marco Guzzi (Kennesaw State U.)
• Pavel Nadolsky, Tim Hobbs, Keping Xie, Bo-Ting Wang 

(Southern Methodist U.)
• Joey Huston, Jon Pumplin, Carl Schmidt, Dan Stump, 

Jan Winter, C.-P. Yuan (Michigan State U.)
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