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Introduction

Magnetic fields (∼ µG) are detected at different scales in the universe.1

Small seed (primordial) fields can be amplified by various mechanisms.

What is the origin of these PMFs?

Generation mechanism affects the statistical properties.

1Lawrence M. Widrow. “Origin of galactic and extragalactic magnetic fields”. In: Rev.
Mod. Phys. 74 (3 2002), pp. 775–823. doi: 10.1103/RevModPhys.74.775. url:
https://link.aps.org/doi/10.1103/RevModPhys.74.775.
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Generation Mechanisms

Inflationary Magnetogenesis

PMFs arise from vacuum fluctuationsa - very large correlation lengths.

Involves the breaking of conformal symmetry.

Scale invariant (or nearly) power spectrum.

Typically involves couplings like RµνρσFµνFρσ or f(φ)FµνF
µν .

aMichael S. Turner and Lawrence M. Widrow. “Inflation-produced, large-scale
magnetic fields”. In: Phys. Rev. D 37 (10 1988), pp. 2743–2754. doi:
10.1103/PhysRevD.37.2743. url:
https://link.aps.org/doi/10.1103/PhysRevD.37.2743; B. Ratra. “Cosmological
’seed’ magnetic field from inflation”. In: Astrophysical Journal Letters 391 (May
1992), pp. L1–L4. doi: 10.1086/186384.
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Generation Mechanisms (Contd.)

Phase Transition Magnetogenesis

An out of equilibrium, first-order transition is typically needed.

Violent bubble nucleation generates significant turbulencea.

Causal processesb - limited correlation lengths (H−1
? ).

Two main phase transitions are:
1 Electroweak Phase Transition (T ∼ 100GeV)
2 QCD Phase Transition (T ∼ 150MeV)

aEdward Witten. “Cosmic separation of phases”. In: Phys. Rev. D 30 (2
1984), pp. 272–285. doi: 10.1103/PhysRevD.30.272. url:
https://link.aps.org/doi/10.1103/PhysRevD.30.272.

bCraig J. Hogan. “Magnetohydrodynamic Effects of a First-Order Cosmological
Phase Transition”. In: Phys. Rev. Lett. 51 (16 1983), pp. 1488–1491. doi:
10.1103/PhysRevLett.51.1488. url:
https://link.aps.org/doi/10.1103/PhysRevLett.51.1488.
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There is Helicity!

Generation mechanisms can involve significant parity (P ) violation.

This can lead to helical PMFs - the evolution is affected2.

Helicity can grow with evolution3.

Can help us understand phenomena like Baryogenesis.

2Robi Banerjee and Karsten Jedamzik. “The Evolution of cosmic magnetic fields: From
the very early universe, to recombination, to the present”. In: Phys. Rev. D70 (2004),
p. 123003. doi: 10.1103/PhysRevD.70.123003. arXiv: astro-ph/0410032 [astro-ph].

3Alexander G. Tevzadze et al. “Magnetic Fields from QCD Phase Transitions”. In:
Astrophys. J. 759 (2012), p. 54. doi: 10.1088/0004-637X/759/1/54. arXiv: 1207.0751

[astro-ph.CO].
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Magnetic Helicity

This is given by

H =

∫
V

A ·B d3r =

∫
Ṽ

Ã · B̃ d3x (1)

V denotes a closed volume with fully contained fields lines.

H is invariant under A→ A + ∇Λ if B vanishes at the boundaries.

The evolution of H is,

dH

dτ
= −2η̃

∫
Ṽ

B̃ · (∇× B̃) d3x (2)

It is seen4 that:

Partial magnetic helicity evolves to full helicity.

Kinetic helicity is converted to magnetic helicity.

4Axel Brandenburg et al. “Evolution of hydromagnetic turbulence from the electroweak
phase transition”. In: Phys. Rev. D96 (2017), p. 123528. doi:
10.1103/PhysRevD.96.123528. arXiv: 1711.03804 [astro-ph.CO].
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Motivation

We study the evolution of correlation lengths (λ) of fields generated at
inflation.

Investigating how the smoothed fields are related to λ and the realizability
condition.

Making the realizability condition hold consistently for scale invariant
fields.

Based on arXiv:1804.01177.
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Modeling Magnetic Fields

We work with the correlation function in k-space,

Bij(r) ≡ 〈Bi(x)Bj(x + r)〉 ⇒ F (B)
ij (k) =

∫
d3r eik·r Bij(r) (3)

This gives the symmetric and helical parts,

F (B)
ij (k)

(2π)3
= Pij(k̂)

EM (k)

4πk2
+ iεijlkl

HM (k)

8πk2
(4)

Mean energy density: EM =
∫
dk EM (k)

Integral length scale: ξM =
(∫
dk k−1EM (k)

)
/EM

Mean helicity density: HM =
∫
dkHM (k)
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The Realizability Condition

This relates the symmetric and helical components.

|HM | ≤ 2ξMEM ⇒ |HM (k)| ≤ 2k−1EM (k) (5)

For scale-invariant spectrum, at large length scales, EM ∼ k−1. ξM is
unbounded.

Then Helicity is divergent. One must have EM ∼ k4 at superhorizon scales.

Figure: Scale Invariant Spectrum.
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Numerical Simulations

We use the Pencil Code to study the evolution of EM (t).

Figure: Magnetic (red) and kinetic (blue) energy spectra at early times. The green
symbols denote the position of k∗(t). Black symbols denote the location of the
horizon wavenumber khor(t).

k∗(t) ≈ ξM (t)(ηturbt)
−1/2, khor(t) = (ct)−1 (6)
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Numerical Simulations (Contd.)

Figure: The late time evolution. We have the usual inverse cascade, with an increase
of ξM (t) ∼ tq.
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Cosmological Applications

The Planck Collaboration5 derived upper limits on PMFs.

They use a fixed spectral shape, and neglect the presence of a turbulent
regime.

Fields generated during EW and QCD Phase Transitions cannot leave
any imprint on the CMB.

Only scale-invariant fields can leave observable traces on the CMB.

5P. A. R. Ade et al. “Planck 2015 results. XIX. Constraints on primordial magnetic
fields”. In: Astron. Astrophys. 594 (2016), A19. doi: 10.1051/0004-6361/201525821.
arXiv: 1502.01594 [astro-ph.CO].
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Supplementary Slides
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Some Wave Numbers

The magnetic dissipation wavenumber is,

k4
MD =

2

η2

∫ ∞
0

dk k2 ẼM (k) (7)

The weak turbulence dissipation wavenumber is,

Lu(kWT) =
vA(kWT)

ηkWT
= 1 (8)

with v2
A = 2kEM (k).
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Helical Fields & the Realizability Condition

In the early universe, H is conserved. This leads to (for divergenceless B),

L−|B(x)|2 ≤
(
curl−1B

)
·B ≤ L+|B(x)|2

where L− < 0 < L+ are the eigenvalues of curl−1. This implies,∣∣∣∣∣
(
curl−1B

)
·B

L+

∣∣∣∣∣ ≤ |B(x)|2

Taking the ensemble average, ∣∣∣∣HML+

∣∣∣∣ ≤ 2EM

L+ ∼ ξM .
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Turbulence and MHD

Loitsiansky Integral: L =

∫
r2〈u(x) · u(x + r)〉 dr ∝ `5u2

`

Saffman Integral: S =

∫
〈u(x) · u(x + r)〉 dr ∝ `3u2

`

Re =
urmsξM

ν

Kolmogorov spectrum: E(k) ∼ k−5/3 - comes from requirement of scale
invariance. Inertial forces causes KE transfer.
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Decay Laws

We take the maximum comoving correlation length at the epoch of EW Phase
transition,

ξ? ≡ ξmax = H−1
?

(
a0

a?

)
∼ 6× 10−11 Mpc

and the maximum mean energy density as,

E? = 0.1× π2

30
g?T

4
? ∼ 4× 1058 eV cm−3

We use η(a) = 2√
Ωm,0H0

[√
aeq + a−√aeq

]
.

Non-helical case: ξ
ξ?

=
(
η
η?

) 1
2

, E
E? =

(
η
η?

)−1

.

Helical case: ξ
ξ?

=
(
η
η?

) 2
3

, E
E? =

(
η
η?

)−2
3

.

Partial: Turnover when
(η 1

2

η?

)
= exp

(
1

2σ

)
.
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Pencil Code

We solve the hydromagnetic equations for an isothermal relativistic gas with
pressure p = ρ/3

∂ ln ρ

∂t
= −4

3
(∇ · u + u · ∇ ln ρ) +

1

ρ

[
u · (J×B) + ηJ2

]
, (9)

∂u

∂t
= −u · ∇u +

u

3
(∇ · u + u · ∇ ln ρ)− u

ρ

[
u · (J×B) + ηJ2

]
−1

4
∇ ln ρ+

3

4ρ
J×B +

2

ρ
∇ · (ρνS) , (10)

∂B

∂t
= ∇× (u×B− ηJ), (11)

where Sij = 1
2 (ui,j + uj,i)− 1

3δij∇ · u is the rate-of-strain tensor, ν is the
viscosity, and η is the magnetic diffusivity.
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