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Cosmological Particle Production
Discovered in the 1960’s by L. Parker when studying QFT 

in FLRW spacetimes.

Particle production results from the coupling between quantized matter 
fields and a classical gravitational field;  
 

The production of particles naturally increases the field energy density, 
making this phenomenon a natural candidate for the mechanism 
responsible for driving inflation;  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Motivation: Inflation
Inflation driven by particle production will result from dynamics between 
the rates of particle creation and particle dilution;  
 

For a perfect fluid, the acceleration condition              becomes: 
 
 

Using the cosmological continuity equation  
 
 
 
 
the condition for accelerated expansion results in:  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Cosmological Particle Production
Some of the ingredients:

FLRW metric:  

Quantized free massive scalar field with arbitrary curvature coupling as 
a proxy for matter:  
 
 
 
 
 
 
 
 

ds2 = �dt2 + a2(t)d⌃2

�(t,x) = a�3/2(t)
X

k

h
akfk(t)Yk(x) + a†kf

⇤
k (t)Y

⇤
k (x)

i

f̈k(t) + ⌦2
k(t)fk(t) = 0
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Cosmological Particle Production
a(t)

t

Consider a Universe which is asymptotically static in the infinite past and 
future. 
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Cosmological Particle Production
a(t)

t

Consider a Universe which is asymptotically static in the infinite past and 
future. 

Define the in and out regions where the scale factor becomes constant. 
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Cosmological Particle Production
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In the infinite past and future, the metric becomes Minkowskian: 
 
 
 
 
 
But there is no single solution satisfying both boundary conditions!

f̈k(t) + !2
k(t)fk(t) = 0

(
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Cosmological Particle Production
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Cosmological Particle Production
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The Adiabatic Vacuum
In a sense, the adiabatic vacuum captures the overall time dependence 
due the changing geometry, leaving behind only the Minkowski-like 
mode oscillations which take place on top of the evolving background.
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The Adiabatic Vacuum
Dabrowski and Dunne (2014)

B. Superadiabatic particle number in 3D de Sitter
space: Coherent destructive interference

We compute the adiabatic particle number numerically
using (24) and (25), for various orders j of the adiabatic
expansion, starting with the time-dependent frequency for
three-dimensional de Sitter space, from (3) and (4). We
consider conformal coupling, so that ξ ¼ 1

8 in three dimen-
sions. The results are shown in Fig. 17. Note the similarity
to the two-alternating-sign-pulse Schwinger effect, with
particle momentum such that the interference is destructive,
as shown in Fig. 8. In the leading order of the adiabatic

expansion, there are two large oscillatory peaks, several
orders larger than the final asymptotic particle number. As
the order of the adiabatic expansion increases, these
oscillations become smaller, and at the optimal order
(j ¼ 3) the superadiabatic particle number evolves much
more smoothly. Moreover, we clearly see the two-step
structure, with destructive interference leading to the final
asymptotic result of zero net particle production. Also note
that, as in the case of the Schwinger effect shown in Fig. 8,
the smooth evolution and interference is most evident at the
optimal order, namely, for the superadiabatic particle
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FIG. 16 (color online). Time evolution of the adiabatic particle number for the first 6 orders of the adiabatic expansion, for particle
production in four-dimensional de Sitter space (3), (4), with parameters k ¼ 25 and H ¼ 0.5, in units with m ¼ 1. We use conformal
coupling so that ξ ¼ 1

6 in d ¼ 4. Note the similarity to the case of a two-alternating-sign-pulse electric field in the Schwinger effect, with
constructive interference, as in Fig. 7. The final asymptotic value of the particle number, at future infinity, is the same for all orders of
truncation. Note that the final asymptotic value of the particle number is 4 ð¼ 22Þ times that of the intermediate plateau, which is the n2

enhancement factor for coherent constructive quantum interference and is consistent with the analysis of [31,32]. At intermediate times
there are large oscillations in the particle number, which become much smaller as the optimal order (j ¼ 3) is reached, and then grow
again rapidly beyond this optimal order of truncation. Such behavior is characteristic of asymptotic expansions, where the order of
truncation depends on the size of the expansion parameter, and going beyond this optimal order typically yields increasingly worse
results.
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Stokes Phenomenon
The step-like features in the particle production profile can be 
understood in terms of the Stokes phenomenon.  

Particle production occurs when field mode function crosses a Stokes 
line of Omen on the complex plane.

uk(z) uk(z), u⇤
k(z)
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Furthermore, the irreducible ambiguity in the notion of adiabatic particle 
number can be traced back to asymptotic nature of the adiabatic 
vacuum. 

The behavior of the terms appearing in this asymptotic series 
representation diverge after an optimal truncation point.  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Dingle (1973) had shown, however, that the large order terms in the this 
divergent asymptotic series have a closed form. 

In short, the terms diverge factorially. In order to make sense of this 
series, some regularization method must be employed.

Smoothed Stokes Jumps
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Using resummation techniques, Berry (1989) showed that the Stokes 
jumps are not only smooth, but also have a universal form.

Smoothed Stokes Jumps

fk(z) = uk(z)

fk(z) = ↵(z)uk(z) + �(z)u⇤
k(z)
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Using resummation techniques, Berry (1989) showed that the Stokes 
jumps are not only smooth, but also have a universal form.

Smoothed Stokes Jumps

fk(z) = uk(z)

fk(z) = ↵(z)uk(z) + �(z)u⇤
k(z)
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Smoothed Stokes Jumps
Dabrowski and Dunne (2014)

It is the universality of this result that makes this
definition of a superadiabatic particle number a useful
and well-defined concept. Because of this universality, we
do not need to make the explicit large-order truncation of
the adiabatic expansion, which is very complicated at high
orders and, moreover, would be truncated at different
orders for different parameters. But the results of Dingle
and Berry imply that this is not necessary: The universal
form of time dependence in (32) applies, in general, with
optimal truncation.

C. Illustrations of superadiabatic particle
number for simple fields

We first illustrate Berry’s result in the context of Schwinger
particle production for simple electric fields that have just a
single pair of dominant complex-conjugate turning points.

1. Constant electric field

We first consider the simplest case, that of a con-
stant electric field: EðtÞ ¼ E. There is one pair of
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FIG. 5 (color online). Time evolution of the adiabatic particle number for the first 6 orders of the adiabatic expansion, for Schwinger
particle production in a time-dependent single-pulse electric field EðtÞ ¼ Esech2ðatÞ, with magnitude E ¼ 0.25, a ¼ 0.1, transverse
momentum k⊥ ¼ 0, and longitudinal momentum k∥ ¼ 0, in units with m ¼ 1. The numerical results, from integrating (24), (25), are
plotted in solid-blue lines, and Berry’s universal form (32) is plotted as a red-dashed curve in each subplot. Note the different vertical scales.
The final asymptotic value of the particle number, at future infinity, is the same for all orders of truncation. At intermediate times there are
large oscillations in the particle number, which become much smaller as the optimal order (j ¼ 3) is reached, and then grow again rapidly
beyond this optimal order of truncation. Such behavior is characteristic of asymptotic expansions, where the order of truncation depends on
the size of the expansion parameter, and going beyond this optimal order typically yields increasingly worse results.
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Numerical Implementation
How can we numerically extend the problem into the complex plane?  
 

We can use the truncated Taylor representation for the mode frequency 
to approximate this function on a neighborhood of the real axis. 
 
 
 
 
 

Derivatives can be obtained numerically from B-splines, and the 
convergence of the above sum can be accelerated with the help of Padé 
approximants. 
 

From a numerical sample along the real axis, we can then compute the 
value of the function on the complex plane.
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Numerical Implementation
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The Back-reaction Problem
Following Mottola and Anderson (2013), the field energy density can be 
approximated by 
 

when particle production dominates.  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The Back-reaction Problem
Recipe for solving the back-reaction problem:  

1. Begin with initial conditions for which the particle number is well defined.  

2. Step the scale factor forward in time through the Friedman equation.  

3. Numerically continue the mode frequencies into the complex plane.  

4. Search for Stokes lines and determine the additional energy density due 
to particle production.  

5. Use the updated energy density to step the scale factor forward in time. 
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Conclusions and Future Directions
Even though the notion of particle is not unique in curved spacetimes, 
picking a particular definition can be quite useful to perform back-
reaction calculations. 

We are currently investigating the cosmological consequences of the 
back-reaction effects. In particular for cases in which we know back-
reaction is significant, such as in bounce scenarios. 

We are also searching for initial conditions which lead to inflationary 
behavior.
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