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Outline of topics:

• Introduction:  
- physics motivation  
- framework 

 

• Physics results: 
- inclusive      spectrum  
- angular coefficients in Z-boson production  

• Conclusion: 
- final remarks and future prospects
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Dilepton mass Dilepton rapidity

Collins, Soper, Sterman - arXiv:0409313
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Figure 1: Relative uncertainties in percent of the normalised fiducial cross section measure-
ment. Each plot shows the qT dependence in the indicated ranges of |y|.
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Figure 2: Relative uncertainties in percent of the absolute fiducial cross section measurement.
The 2.6% uncertainty in the luminosity is not included. Each plot shows the qT dependence in
the indicated ranges of |y|.

five bins in |y| and the last plot shows the qT dependence integrated over |y|. In the bottom
panels the ratio of the FEWZ prediction to data is shown. The vertical error bars represent the
statistical uncertainties of data and simulation. The red-hatched bands drawn at the points
represent the systematic uncertainties of the measurement only. The scale uncertainties are
indicated by the grey-shaded areas and the PDF uncertainties by the light-hatched bands. The
scale uncertainties are estimated from the envelope of the following combinations of variations
of the factorisation µF and the renormalisation µR scales: (2µF,2µR), (0.5µF,0.5µR), (2µF,µR),
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Figure 4: Uncertainty from various sources on (1/�) d�/d�⇤⌘ (top) and (1/�) d�/dp``T (bottom) for events with
66 GeV < m`` < 116 GeV and |y`` | < 2.4. Left: electron-pair channel at dressed level. Right: muon-pair channel at
bare level.
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ATLAS, arXiv: 1512.02192 CMS, arXiv: 1504.03511

Physics motivation
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i) Direct probe of the gluon PDF:  Malik, Watt         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Primary physics applications:

- arXiv:1304.2424  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i) Direct probe of the gluon PDF:  Malik, Watt         

ii) Probe large-x d/u quarks in forward region:  Farry, RG 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i) Direct probe of the gluon PDF:  Malik, Watt         

ii) Probe large-x d/u quarks in forward region:  Farry, RG 

iii) Test for intrinsic charm: Boettcher, Ilten, Williams  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Primary physics applications:

- arXiv:1304.2424  
 
- arXiv:1505.01399  

- arXiv:1512.06666  
 
 

charm-jet  

Physics motivation
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i) Direct probe of the gluon PDF:  Malik, Watt         

ii) Probe large-x d/u quarks in forward region:  Farry, RG 

iii) Test for intrinsic charm: Boettcher, Ilten, Williams  

iv) see also: Boughezal, Guffanti, Petriello, Ubiali 
              NNPDF Collaboration       
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Primary physics applications:

Physics motivation

- arXiv:1304.2424  
 
- arXiv:1505.01399  

- arXiv:1512.06666  
 
- arXiv:1705.00343  
- arXiv:1706.00428
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Primary physics applications:

-arXiv:1706.04664  
 

⌫l

⌫̄l

Beyond PDFs, also many other applications 

i) Searches for dark matter (jet+MET): Lindert et al.  

 
 
 
 

-arXiv:1706.04664  
 

Physics motivation
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Primary physics applications:

Beyond PDFs, also many other applications 

i) Searches for dark matter (jet+MET): Lindert et al. 

ii) Precision SM measurements (MW extraction): ATLAS 
 
Monte Carlo sample reweighting of: 

•             - spectrum 
• Angular coefficients in Z boson production (validation for W boson)

-arXiv:1706.04664  
 
-arXiv:1701.07240 
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NLO QCD: Giele, Glover, Kosower                          
NLO EW: Kuhn, Kulesza, Pozzorini, Schulze             
              Denner, Dittmaier, Kasprzik, Muck             
NLO QCD+EW: (+merging) Kallweit, .. et al.            
NNLO QCD: (antenna) Gehrmann-De Ridder,.. et al. 

                (N-jettiness) Boughezal, .. et al.           - 
+Resummation calculations …  
+Further phenomenological studies …

- arXiv:hep-ph/9302225 
- arXiv:hep-ph/0507178 
- arXiv:1103.0914 
- arXiv:1511.08692 
- arXiv:1507.02850 
- arXiv:1512.01291

Framework - status of calculations
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Framework - NNLO corrections

�NNLO =

Z

�n+2

d�RR
NNLO

+
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�n+1

d�RV
NNLO

+

Z
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d�V V
NNLO
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1/✏, 1/✏2, 1/✏3, 1/✏4
<latexit sha1_base64="kfpfy7hTFnJkc66CiUJILK5OfdY=">AAACJHicbVDLSsNAFJ34rPUVdelmsAguQk1qQQUXRTcuKxhbaGKZTCft0MkkzEyEEvozbvwVNy6suHDjtzhtA9bWAwPnnnMvd+4JEkalsu0vY2l5ZXVtvbBR3Nza3tk19/YfZJwKTFwcs1g0AyQJo5y4iipGmokgKAoYaQT9m7HfeCJC0pjfq0FC/Ah1OQ0pRkpLbfPKOfVIIimLObQ8C/6WjxULetZMfTbfUG2bJbtsTwAXiZOTEshRb5sjrxPjNCJcYYakbDl2ovwMCUUxI8Oil0qSINxHXdLSlKOISD+bXDmEx1rpwDAW+nEFJ+rsRIYiKQdRoDsjpHpy3huL/3mtVIUXfkZ5kirC8XRRmDKoYjiODHaoIFixgSYIC6r/CnEPCYSVDraoQ3DmT14kbqV8WbbvqqXadZ5GARyCI3ACHHAOauAW1IELMHgGr+AdjIwX4834MD6nrUtGPnMA/sD4/gEEfaId</latexit><latexit sha1_base64="kfpfy7hTFnJkc66CiUJILK5OfdY=">AAACJHicbVDLSsNAFJ34rPUVdelmsAguQk1qQQUXRTcuKxhbaGKZTCft0MkkzEyEEvozbvwVNy6suHDjtzhtA9bWAwPnnnMvd+4JEkalsu0vY2l5ZXVtvbBR3Nza3tk19/YfZJwKTFwcs1g0AyQJo5y4iipGmokgKAoYaQT9m7HfeCJC0pjfq0FC/Ah1OQ0pRkpLbfPKOfVIIimLObQ8C/6WjxULetZMfTbfUG2bJbtsTwAXiZOTEshRb5sjrxPjNCJcYYakbDl2ovwMCUUxI8Oil0qSINxHXdLSlKOISD+bXDmEx1rpwDAW+nEFJ+rsRIYiKQdRoDsjpHpy3huL/3mtVIUXfkZ5kirC8XRRmDKoYjiODHaoIFixgSYIC6r/CnEPCYSVDraoQ3DmT14kbqV8WbbvqqXadZ5GARyCI3ACHHAOauAW1IELMHgGr+AdjIwX4834MD6nrUtGPnMA/sD4/gEEfaId</latexit><latexit sha1_base64="kfpfy7hTFnJkc66CiUJILK5OfdY=">AAACJHicbVDLSsNAFJ34rPUVdelmsAguQk1qQQUXRTcuKxhbaGKZTCft0MkkzEyEEvozbvwVNy6suHDjtzhtA9bWAwPnnnMvd+4JEkalsu0vY2l5ZXVtvbBR3Nza3tk19/YfZJwKTFwcs1g0AyQJo5y4iipGmokgKAoYaQT9m7HfeCJC0pjfq0FC/Ah1OQ0pRkpLbfPKOfVIIimLObQ8C/6WjxULetZMfTbfUG2bJbtsTwAXiZOTEshRb5sjrxPjNCJcYYakbDl2ovwMCUUxI8Oil0qSINxHXdLSlKOISD+bXDmEx1rpwDAW+nEFJ+rsRIYiKQdRoDsjpHpy3huL/3mtVIUXfkZ5kirC8XRRmDKoYjiODHaoIFixgSYIC6r/CnEPCYSVDraoQ3DmT14kbqV8WbbvqqXadZ5GARyCI3ACHHAOauAW1IELMHgGr+AdjIwX4834MD6nrUtGPnMA/sD4/gEEfaId</latexit>

1/✏, 1/✏2
<latexit sha1_base64="EkHU3JZRrjSFnOAgmaCpFbz5Mss=">AAACA3icbVDLSgMxFM3UV62vUZfdBIvgotSZIqi7ohuXFRxb6Iwlk2ba0EwyJBmhDF248VfcuFBx60+4829M2wG19cCFk3PuJfeeMGFUacf5sgpLyyura8X10sbm1vaOvbt3q0QqMfGwYEK2Q6QIo5x4mmpG2okkKA4ZaYXDy4nfuidSUcFv9CghQYz6nEYUI22krl12j32SKMoEh1W/Cn+ed/WuXXFqzhRwkbg5qYAcza796fcETmPCNWZIqY7rJDrIkNQUMzIu+akiCcJD1CcdQzmKiQqy6RFjeGiUHoyENMU1nKq/JzIUKzWKQ9MZIz1Q895E/M/rpDo6CzLKk1QTjmcfRSmDWsBJIrBHJcGajQxBWFKzK8QDJBHWJreSCcGdP3mRePXaec25Pqk0LvI0iqAMDsARcMEpaIAr0AQewOABPIEX8Go9Ws/Wm/U+ay1Y+cw++APr4xvOsJZ8</latexit><latexit sha1_base64="EkHU3JZRrjSFnOAgmaCpFbz5Mss=">AAACA3icbVDLSgMxFM3UV62vUZfdBIvgotSZIqi7ohuXFRxb6Iwlk2ba0EwyJBmhDF248VfcuFBx60+4829M2wG19cCFk3PuJfeeMGFUacf5sgpLyyura8X10sbm1vaOvbt3q0QqMfGwYEK2Q6QIo5x4mmpG2okkKA4ZaYXDy4nfuidSUcFv9CghQYz6nEYUI22krl12j32SKMoEh1W/Cn+ed/WuXXFqzhRwkbg5qYAcza796fcETmPCNWZIqY7rJDrIkNQUMzIu+akiCcJD1CcdQzmKiQqy6RFjeGiUHoyENMU1nKq/JzIUKzWKQ9MZIz1Q895E/M/rpDo6CzLKk1QTjmcfRSmDWsBJIrBHJcGajQxBWFKzK8QDJBHWJreSCcGdP3mRePXaec25Pqk0LvI0iqAMDsARcMEpaIAr0AQewOABPIEX8Go9Ws/Wm/U+ay1Y+cw++APr4xvOsJZ8</latexit><latexit sha1_base64="EkHU3JZRrjSFnOAgmaCpFbz5Mss=">AAACA3icbVDLSgMxFM3UV62vUZfdBIvgotSZIqi7ohuXFRxb6Iwlk2ba0EwyJBmhDF248VfcuFBx60+4829M2wG19cCFk3PuJfeeMGFUacf5sgpLyyura8X10sbm1vaOvbt3q0QqMfGwYEK2Q6QIo5x4mmpG2okkKA4ZaYXDy4nfuidSUcFv9CghQYz6nEYUI22krl12j32SKMoEh1W/Cn+ed/WuXXFqzhRwkbg5qYAcza796fcETmPCNWZIqY7rJDrIkNQUMzIu+akiCcJD1CcdQzmKiQqy6RFjeGiUHoyENMU1nKq/JzIUKzWKQ9MZIz1Q895E/M/rpDo6CzLKk1QTjmcfRSmDWsBJIrBHJcGajQxBWFKzK8QDJBHWJreSCcGdP3mRePXaec25Pqk0LvI0iqAMDsARcMEpaIAr0AQewOABPIEX8Go9Ws/Wm/U+ay1Y+cw++APr4xvOsJZ8</latexit>

Single unresolved

Single unresolved

Double unresolved

Non-trivial cancellation of IR divergences
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Framework - NNLO corrections

�NNLO =

Z

�n+2

d�RR
NNLO

+

Z

�n+1

d�RV
NNLO

+

Z

�n+0

d�V V
NNLO

<latexit sha1_base64="zwuinFj1He0fM8T+J9luUxuJDH4="></latexit><latexit sha1_base64="zwuinFj1He0fM8T+J9luUxuJDH4="></latexit><latexit sha1_base64="zwuinFj1He0fM8T+J9luUxuJDH4="></latexit>

X
= Finite

<latexit sha1_base64="4oemJV64x9VMcpygPdP459ISZhY=">AAAB+3icbVBNS8NAEJ3Ur1q/oj16WSyCp5KKoB6EoiAeKxhbaELZbDft0t1N2N0IJdS/4sWDilf/iDf/jds2B60+GHi8N8PMvCjlTBvP+3JKS8srq2vl9crG5tb2jru7d6+TTBHqk4QnqhNhTTmT1DfMcNpJFcUi4rQdja6mfvuBKs0SeWfGKQ0FHkgWM4KNlXpuNdCZQBcoD5RA10wyQyc9t+bVvRnQX9IoSA0KtHruZ9BPSCaoNIRjrbsNLzVhjpVhhNNJJcg0TTEZ4QHtWiqxoDrMZ8dP0KFV+ihOlC1p0Ez9OZFjofVYRLZTYDPUi95U/M/rZiY+C3Mm08xQSeaL4owjk6BpEqjPFCWGjy3BRDF7KyJDrDAxNq+KDaGx+PJf4h/Xz+ve7UmteVmkUYZ9OIAjaMApNOEGWuADgTE8wQu8Oo/Os/PmvM9bS04xU4VfcD6+AVDFlBw=</latexit><latexit sha1_base64="4oemJV64x9VMcpygPdP459ISZhY=">AAAB+3icbVBNS8NAEJ3Ur1q/oj16WSyCp5KKoB6EoiAeKxhbaELZbDft0t1N2N0IJdS/4sWDilf/iDf/jds2B60+GHi8N8PMvCjlTBvP+3JKS8srq2vl9crG5tb2jru7d6+TTBHqk4QnqhNhTTmT1DfMcNpJFcUi4rQdja6mfvuBKs0SeWfGKQ0FHkgWM4KNlXpuNdCZQBcoD5RA10wyQyc9t+bVvRnQX9IoSA0KtHruZ9BPSCaoNIRjrbsNLzVhjpVhhNNJJcg0TTEZ4QHtWiqxoDrMZ8dP0KFV+ihOlC1p0Ez9OZFjofVYRLZTYDPUi95U/M/rZiY+C3Mm08xQSeaL4owjk6BpEqjPFCWGjy3BRDF7KyJDrDAxNq+KDaGx+PJf4h/Xz+ve7UmteVmkUYZ9OIAjaMApNOEGWuADgTE8wQu8Oo/Os/PmvM9bS04xU4VfcD6+AVDFlBw=</latexit><latexit sha1_base64="4oemJV64x9VMcpygPdP459ISZhY=">AAAB+3icbVBNS8NAEJ3Ur1q/oj16WSyCp5KKoB6EoiAeKxhbaELZbDft0t1N2N0IJdS/4sWDilf/iDf/jds2B60+GHi8N8PMvCjlTBvP+3JKS8srq2vl9crG5tb2jru7d6+TTBHqk4QnqhNhTTmT1DfMcNpJFcUi4rQdja6mfvuBKs0SeWfGKQ0FHkgWM4KNlXpuNdCZQBcoD5RA10wyQyc9t+bVvRnQX9IoSA0KtHruZ9BPSCaoNIRjrbsNLzVhjpVhhNNJJcg0TTEZ4QHtWiqxoDrMZ8dP0KFV+ihOlC1p0Ez9OZFjofVYRLZTYDPUi95U/M/rZiY+C3Mm08xQSeaL4owjk6BpEqjPFCWGjy3BRDF7KyJDrDAxNq+KDaGx+PJf4h/Xz+ve7UmteVmkUYZ9OIAjaMApNOEGWuADgTE8wQu8Oo/Os/PmvM9bS04xU4VfcD6+AVDFlBw=</latexit>

Non-trivial cancellation of IR divergences

Hagiwara, Zeppenfeld `89 
Berends, Giele, Kuijf `89 

Falck, Graudenz, Kramer `89

Glover, Miller `97 
Bern, et al. `97 

Campbell, Glover, Miller `97 
Ben, Dixon, Kosower `98

Moch, Uwer, Weinzierl  `02 
 Garland et al. `02

Gehrmann, Tancredi `12
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Framework - NNLO corrections

�NNLO =

Z

�n+2

d�RR
NNLO

+

Z

�n+1

d�RV
NNLO

+

Z

�n+0

d�V V
NNLO

<latexit sha1_base64="zwuinFj1He0fM8T+J9luUxuJDH4="></latexit><latexit sha1_base64="zwuinFj1He0fM8T+J9luUxuJDH4="></latexit><latexit sha1_base64="zwuinFj1He0fM8T+J9luUxuJDH4="></latexit>

X
= Finite

<latexit sha1_base64="4oemJV64x9VMcpygPdP459ISZhY=">AAAB+3icbVBNS8NAEJ3Ur1q/oj16WSyCp5KKoB6EoiAeKxhbaELZbDft0t1N2N0IJdS/4sWDilf/iDf/jds2B60+GHi8N8PMvCjlTBvP+3JKS8srq2vl9crG5tb2jru7d6+TTBHqk4QnqhNhTTmT1DfMcNpJFcUi4rQdja6mfvuBKs0SeWfGKQ0FHkgWM4KNlXpuNdCZQBcoD5RA10wyQyc9t+bVvRnQX9IoSA0KtHruZ9BPSCaoNIRjrbsNLzVhjpVhhNNJJcg0TTEZ4QHtWiqxoDrMZ8dP0KFV+ihOlC1p0Ez9OZFjofVYRLZTYDPUi95U/M/rZiY+C3Mm08xQSeaL4owjk6BpEqjPFCWGjy3BRDF7KyJDrDAxNq+KDaGx+PJf4h/Xz+ve7UmteVmkUYZ9OIAjaMApNOEGWuADgTE8wQu8Oo/Os/PmvM9bS04xU4VfcD6+AVDFlBw=</latexit><latexit sha1_base64="4oemJV64x9VMcpygPdP459ISZhY=">AAAB+3icbVBNS8NAEJ3Ur1q/oj16WSyCp5KKoB6EoiAeKxhbaELZbDft0t1N2N0IJdS/4sWDilf/iDf/jds2B60+GHi8N8PMvCjlTBvP+3JKS8srq2vl9crG5tb2jru7d6+TTBHqk4QnqhNhTTmT1DfMcNpJFcUi4rQdja6mfvuBKs0SeWfGKQ0FHkgWM4KNlXpuNdCZQBcoD5RA10wyQyc9t+bVvRnQX9IoSA0KtHruZ9BPSCaoNIRjrbsNLzVhjpVhhNNJJcg0TTEZ4QHtWiqxoDrMZ8dP0KFV+ihOlC1p0Ez9OZFjofVYRLZTYDPUi95U/M/rZiY+C3Mm08xQSeaL4owjk6BpEqjPFCWGjy3BRDF7KyJDrDAxNq+KDaGx+PJf4h/Xz+ve7UmteVmkUYZ9OIAjaMApNOEGWuADgTE8wQu8Oo/Os/PmvM9bS04xU4VfcD6+AVDFlBw=</latexit><latexit sha1_base64="4oemJV64x9VMcpygPdP459ISZhY=">AAAB+3icbVBNS8NAEJ3Ur1q/oj16WSyCp5KKoB6EoiAeKxhbaELZbDft0t1N2N0IJdS/4sWDilf/iDf/jds2B60+GHi8N8PMvCjlTBvP+3JKS8srq2vl9crG5tb2jru7d6+TTBHqk4QnqhNhTTmT1DfMcNpJFcUi4rQdja6mfvuBKs0SeWfGKQ0FHkgWM4KNlXpuNdCZQBcoD5RA10wyQyc9t+bVvRnQX9IoSA0KtHruZ9BPSCaoNIRjrbsNLzVhjpVhhNNJJcg0TTEZ4QHtWiqxoDrMZ8dP0KFV+ihOlC1p0Ez9OZFjofVYRLZTYDPUi95U/M/rZiY+C3Mm08xQSeaL4owjk6BpEqjPFCWGjy3BRDF7KyJDrDAxNq+KDaGx+PJf4h/Xz+ve7UmteVmkUYZ9OIAjaMApNOEGWuADgTE8wQu8Oo/Os/PmvM9bS04xU4VfcD6+AVDFlBw=</latexit>

Organisation of calculation to allow numerical integration

Antenna subtraction 

CoLorFul subtraction  
 
qT subtraction 

Sector-Improved residue subtraction  
 
 
N-jettiness subtraction  
 
 
Projection-to-Born

Gehrmann(-De Ridder), Glover `05

Del Duca, Somogyi, Trocsanyi `05

Catani, Grazzini `05

Czakon `10 
 Boughezal, Melnikov, Petriello `11

Gaunt, Stahlhofen, Tackmann, Walsh  `15 
 Boughezal, Melnikov, Petriello `15

 Cacciari et al. `15
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Framework - subtraction

�NNLO =

Z

�n+2

�
d�RR

NNLO
� d�S

NNLO

�

+

Z

�n+1

�
d�RV

NNLO
� d�T

NNLO

�

+

Z

�n+0

�
d�V V

NNLO
� d�U

NNLO

�

X
= Finite� 0

<latexit sha1_base64="QeDBFgT0v0/tYBbWzgEnRIxNy8A=">AAAB/3icbVA9SwNBEN2LXzF+nVpY2CwGwcZwEUEthKAglhE8E8iFsLfZJEt2947dOSEc1/hXbCxUbP0bdv4bN8kVmvhg4PHeDDPzwlhwA5737RQWFpeWV4qrpbX1jc0td3vnwUSJpsynkYh0MySGCa6YDxwEa8aaERkK1giH12O/8ci04ZG6h1HM2pL0Fe9xSsBKHXcvMInElzgNtMQ3XHFgGT7GXsctexVvAjxPqjkpoxz1jvsVdCOaSKaACmJMq+rF0E6JBk4Fy0pBYlhM6JD0WctSRSQz7XTyQIYPrdLFvUjbUoAn6u+JlEhjRjK0nZLAwMx6Y/E/r5VA77ydchUnwBSdLuolAkOEx2ngLteMghhZQqjm9lZMB0QTCjazkg2hOvvyPPFPKhcV7+60XLvK0yiifXSAjlAVnaEaukV15COKMvSMXtGb8+S8OO/Ox7S14OQzu+gPnM8f7ymU4Q==</latexit><latexit sha1_base64="QeDBFgT0v0/tYBbWzgEnRIxNy8A=">AAAB/3icbVA9SwNBEN2LXzF+nVpY2CwGwcZwEUEthKAglhE8E8iFsLfZJEt2947dOSEc1/hXbCxUbP0bdv4bN8kVmvhg4PHeDDPzwlhwA5737RQWFpeWV4qrpbX1jc0td3vnwUSJpsynkYh0MySGCa6YDxwEa8aaERkK1giH12O/8ci04ZG6h1HM2pL0Fe9xSsBKHXcvMInElzgNtMQ3XHFgGT7GXsctexVvAjxPqjkpoxz1jvsVdCOaSKaACmJMq+rF0E6JBk4Fy0pBYlhM6JD0WctSRSQz7XTyQIYPrdLFvUjbUoAn6u+JlEhjRjK0nZLAwMx6Y/E/r5VA77ydchUnwBSdLuolAkOEx2ngLteMghhZQqjm9lZMB0QTCjazkg2hOvvyPPFPKhcV7+60XLvK0yiifXSAjlAVnaEaukV15COKMvSMXtGb8+S8OO/Ox7S14OQzu+gPnM8f7ymU4Q==</latexit><latexit sha1_base64="QeDBFgT0v0/tYBbWzgEnRIxNy8A=">AAAB/3icbVA9SwNBEN2LXzF+nVpY2CwGwcZwEUEthKAglhE8E8iFsLfZJEt2947dOSEc1/hXbCxUbP0bdv4bN8kVmvhg4PHeDDPzwlhwA5737RQWFpeWV4qrpbX1jc0td3vnwUSJpsynkYh0MySGCa6YDxwEa8aaERkK1giH12O/8ci04ZG6h1HM2pL0Fe9xSsBKHXcvMInElzgNtMQ3XHFgGT7GXsctexVvAjxPqjkpoxz1jvsVdCOaSKaACmJMq+rF0E6JBk4Fy0pBYlhM6JD0WctSRSQz7XTyQIYPrdLFvUjbUoAn6u+JlEhjRjK0nZLAwMx6Y/E/r5VA77ydchUnwBSdLuolAkOEx2ngLteMghhZQqjm9lZMB0QTCjazkg2hOvvyPPFPKhcV7+60XLvK0yiifXSAjlAVnaEaukV15COKMvSMXtGb8+S8OO/Ox7S14OQzu+gPnM8f7ymU4Q==</latexit>

Each line individually finite, can be integrated in 4-d

mimic 
unresolved  

 

explicit pole 
cancellation
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Framework - antenna subtraction
• Exploits factorisation properties in IR limits 
• Formalism operates on colour-ordered amplitudes

Partial amplitude Reduced amplitudeAntenna 
function {pi, pj , pk} ! {pI , pK}

<latexit sha1_base64="Lwjwf4OjZTiiAga9IhsKRRHSvIk=">AAACJnicbVDLSgMxFM3UV62vqks3wSK4kDIjgrqRohvFTQVrC50yZNJMG5vJDMkdoQz9Gzf+ihvBB+LOTzHTFh+tB3I5nHMvN/f4seAabPvDys3Mzs0v5BcLS8srq2vF9Y0bHSWKshqNRKQaPtFMcMlqwEGwRqwYCX3B6n7vLPPrd0xpHslr6MesFZKO5AGnBIzkFU9cwQJwUxx7fM+U26z0MMau4p0uuAPsQoR/mi4y//Lb9Yolu2wPgaeJMyYlNEbVKz677YgmIZNABdG66dgxtFKigFPBBgU30SwmtEc6rGmoJCHTrXR45wDvGKWNg0iZJwEP1d8TKQm17oe+6QwJdPWkl4n/ec0EgqNWymWcAJN0tChIBDanZ6HhNleMgugbQqji5q+YdokiFEy0BROCM3nyNKntl4/L9tVBqXI6TiOPttA22kUOOkQVdI6qqIYoukeP6AW9Wg/Wk/VmvY9ac9Z4ZhP9gfX5Bc8vpEw=</latexit><latexit sha1_base64="Lwjwf4OjZTiiAga9IhsKRRHSvIk=">AAACJnicbVDLSgMxFM3UV62vqks3wSK4kDIjgrqRohvFTQVrC50yZNJMG5vJDMkdoQz9Gzf+ihvBB+LOTzHTFh+tB3I5nHMvN/f4seAabPvDys3Mzs0v5BcLS8srq2vF9Y0bHSWKshqNRKQaPtFMcMlqwEGwRqwYCX3B6n7vLPPrd0xpHslr6MesFZKO5AGnBIzkFU9cwQJwUxx7fM+U26z0MMau4p0uuAPsQoR/mi4y//Lb9Yolu2wPgaeJMyYlNEbVKz677YgmIZNABdG66dgxtFKigFPBBgU30SwmtEc6rGmoJCHTrXR45wDvGKWNg0iZJwEP1d8TKQm17oe+6QwJdPWkl4n/ec0EgqNWymWcAJN0tChIBDanZ6HhNleMgugbQqji5q+YdokiFEy0BROCM3nyNKntl4/L9tVBqXI6TiOPttA22kUOOkQVdI6qqIYoukeP6AW9Wg/Wk/VmvY9ac9Z4ZhP9gfX5Bc8vpEw=</latexit><latexit sha1_base64="Lwjwf4OjZTiiAga9IhsKRRHSvIk=">AAACJnicbVDLSgMxFM3UV62vqks3wSK4kDIjgrqRohvFTQVrC50yZNJMG5vJDMkdoQz9Gzf+ihvBB+LOTzHTFh+tB3I5nHMvN/f4seAabPvDys3Mzs0v5BcLS8srq2vF9Y0bHSWKshqNRKQaPtFMcMlqwEGwRqwYCX3B6n7vLPPrd0xpHslr6MesFZKO5AGnBIzkFU9cwQJwUxx7fM+U26z0MMau4p0uuAPsQoR/mi4y//Lb9Yolu2wPgaeJMyYlNEbVKz677YgmIZNABdG66dgxtFKigFPBBgU30SwmtEc6rGmoJCHTrXR45wDvGKWNg0iZJwEP1d8TKQm17oe+6QwJdPWkl4n/ec0EgqNWymWcAJN0tChIBDanZ6HhNleMgugbQqji5q+YdokiFEy0BROCM3nyNKntl4/L9tVBqXI6TiOPttA22kUOOkQVdI6qqIYoukeP6AW9Wg/Wk/VmvY9ac9Z4ZhP9gfX5Bc8vpEw=</latexit>

The antenna function captures multiple IR limits, e.g.

pj ! 0
<latexit sha1_base64="GUs44AOytNheYIMwbxThNNE9o8E=">AAAB73icbVBNSwMxFHzrZ61fVY9egkXwVLIiqLeiF48VXFtpl5JNs21skl2SrFCW/govHlS8+ne8+W9M2z1o60BgmHmPvJkoFdxYjL+9peWV1bX10kZ5c2t7Z7eyt39vkkxTFtBEJLoVEcMEVyyw3ArWSjUjMhKsGQ2vJ37ziWnDE3VnRykLJekrHnNKrJMe0u4j6tgE4W6limt4CrRI/IJUoUCjW/nq9BKaSaYsFcSYto9TG+ZEW04FG5c7mWEpoUPSZ21HFZHMhPn04DE6dkoPxYl2T1k0VX9v5EQaM5KRm5TEDsy8NxH/89qZjS/CnKs0s0zR2UdxJpCLOEmPelwzasXIEUI1d7ciOiCaUOs6KrsS/PnIiyQ4rV3W8O1ZtX5VtFGCQziCE/DhHOpwAw0IgIKEZ3iFN097L9679zEbXfKKnQP4A+/zBzg3j48=</latexit><latexit sha1_base64="GUs44AOytNheYIMwbxThNNE9o8E=">AAAB73icbVBNSwMxFHzrZ61fVY9egkXwVLIiqLeiF48VXFtpl5JNs21skl2SrFCW/govHlS8+ne8+W9M2z1o60BgmHmPvJkoFdxYjL+9peWV1bX10kZ5c2t7Z7eyt39vkkxTFtBEJLoVEcMEVyyw3ArWSjUjMhKsGQ2vJ37ziWnDE3VnRykLJekrHnNKrJMe0u4j6tgE4W6limt4CrRI/IJUoUCjW/nq9BKaSaYsFcSYto9TG+ZEW04FG5c7mWEpoUPSZ21HFZHMhPn04DE6dkoPxYl2T1k0VX9v5EQaM5KRm5TEDsy8NxH/89qZjS/CnKs0s0zR2UdxJpCLOEmPelwzasXIEUI1d7ciOiCaUOs6KrsS/PnIiyQ4rV3W8O1ZtX5VtFGCQziCE/DhHOpwAw0IgIKEZ3iFN097L9679zEbXfKKnQP4A+/zBzg3j48=</latexit><latexit sha1_base64="GUs44AOytNheYIMwbxThNNE9o8E=">AAAB73icbVBNSwMxFHzrZ61fVY9egkXwVLIiqLeiF48VXFtpl5JNs21skl2SrFCW/govHlS8+ne8+W9M2z1o60BgmHmPvJkoFdxYjL+9peWV1bX10kZ5c2t7Z7eyt39vkkxTFtBEJLoVEcMEVyyw3ArWSjUjMhKsGQ2vJ37ziWnDE3VnRykLJekrHnNKrJMe0u4j6tgE4W6limt4CrRI/IJUoUCjW/nq9BKaSaYsFcSYto9TG+ZEW04FG5c7mWEpoUPSZ21HFZHMhPn04DE6dkoPxYl2T1k0VX9v5EQaM5KRm5TEDsy8NxH/89qZjS/CnKs0s0zR2UdxJpCLOEmPelwzasXIEUI1d7ciOiCaUOs6KrsS/PnIiyQ4rV3W8O1ZtX5VtFGCQziCE/DhHOpwAw0IgIKEZ3iFN097L9679zEbXfKKnQP4A+/zBzg3j48=</latexit>

pj k pk
<latexit sha1_base64="mwk9/EGQXlYQ9wI8LoeuhlNxJD8=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVBIR1FvRi8cKxhbaEDbbSbt2s1l2N0qp/SlePKh49Z9489+4bXPQ1gcDj/dmmJkXS8608bxvZ2l5ZXVtvbRR3tza3tl1K3t3OssVhYBmPFOtmGjgTEBgmOHQkgpIGnNoxoOrid98AKVZJm7NUEKYkp5gCaPEWClyKzK6xx1JFOEcOJbRIHKrXs2bAi8SvyBVVKARuV+dbkbzFIShnGjd9j1pwhFRhlEO43In1yAJHZAetC0VJAUdjqanj/GRVbo4yZQtYfBU/T0xIqnWwzS2nSkxfT3vTcT/vHZukvNwxITMDQg6W5TkHJsMT3LAXaaAGj60hFDF7K2Y9m0M1Ni0yjYEf/7lRRKc1C5q3s1ptX5ZpFFCB+gQHSMfnaE6ukYNFCCKHtEzekVvzpPz4rw7H7PWJaeY2Ud/4Hz+ADZWk4Q=</latexit><latexit sha1_base64="mwk9/EGQXlYQ9wI8LoeuhlNxJD8=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVBIR1FvRi8cKxhbaEDbbSbt2s1l2N0qp/SlePKh49Z9489+4bXPQ1gcDj/dmmJkXS8608bxvZ2l5ZXVtvbRR3tza3tl1K3t3OssVhYBmPFOtmGjgTEBgmOHQkgpIGnNoxoOrid98AKVZJm7NUEKYkp5gCaPEWClyKzK6xx1JFOEcOJbRIHKrXs2bAi8SvyBVVKARuV+dbkbzFIShnGjd9j1pwhFRhlEO43In1yAJHZAetC0VJAUdjqanj/GRVbo4yZQtYfBU/T0xIqnWwzS2nSkxfT3vTcT/vHZukvNwxITMDQg6W5TkHJsMT3LAXaaAGj60hFDF7K2Y9m0M1Ni0yjYEf/7lRRKc1C5q3s1ptX5ZpFFCB+gQHSMfnaE6ukYNFCCKHtEzekVvzpPz4rw7H7PWJaeY2Ud/4Hz+ADZWk4Q=</latexit><latexit sha1_base64="mwk9/EGQXlYQ9wI8LoeuhlNxJD8=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVBIR1FvRi8cKxhbaEDbbSbt2s1l2N0qp/SlePKh49Z9489+4bXPQ1gcDj/dmmJkXS8608bxvZ2l5ZXVtvbRR3tza3tl1K3t3OssVhYBmPFOtmGjgTEBgmOHQkgpIGnNoxoOrid98AKVZJm7NUEKYkp5gCaPEWClyKzK6xx1JFOEcOJbRIHKrXs2bAi8SvyBVVKARuV+dbkbzFIShnGjd9j1pwhFRhlEO43In1yAJHZAetC0VJAUdjqanj/GRVbo4yZQtYfBU/T0xIqnWwzS2nSkxfT3vTcT/vHZukvNwxITMDQg6W5TkHJsMT3LAXaaAGj60hFDF7K2Y9m0M1Ni0yjYEf/7lRRKc1C5q3s1ptX5ZpFFCB+gQHSMfnaE6ukYNFCCKHtEzekVvzpPz4rw7H7PWJaeY2Ud/4Hz+ADZWk4Q=</latexit>

pj k pi
<latexit sha1_base64="gc8t+2OuTQjXd4oGLR+KN2wnnlk=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVFIR1FvRi8cKxhbaEDbbSbt2s1l2N0qJ/SlePKh49Z9489+4bXPQ1gcDj/dmmJkXSc608bxvZ2l5ZXVtvbRR3tza3tl1K3t3Os0UBZ+mPFXtiGjgTIBvmOHQlgpIEnFoRcOrid96AKVZKm7NSEKQkL5gMaPEWCl0KzK8x11JFOEcOJYhC92qV/OmwIukXpAqKtAM3a9uL6VZAsJQTrTu1D1pgpwowyiHcbmbaZCEDkkfOpYKkoAO8unpY3xklR6OU2VLGDxVf0/kJNF6lES2MyFmoOe9ifif18lMfB7kTMjMgKCzRXHGsUnxJAfcYwqo4SNLCFXM3orpwMZAjU2rbEOoz7+8SPyT2kXNuzmtNi6LNEroAB2iY1RHZ6iBrlET+YiiR/SMXtGb8+S8OO/Ox6x1ySlm9tEfOJ8/M1CTgg==</latexit><latexit sha1_base64="gc8t+2OuTQjXd4oGLR+KN2wnnlk=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVFIR1FvRi8cKxhbaEDbbSbt2s1l2N0qJ/SlePKh49Z9489+4bXPQ1gcDj/dmmJkXSc608bxvZ2l5ZXVtvbRR3tza3tl1K3t3Os0UBZ+mPFXtiGjgTIBvmOHQlgpIEnFoRcOrid96AKVZKm7NSEKQkL5gMaPEWCl0KzK8x11JFOEcOJYhC92qV/OmwIukXpAqKtAM3a9uL6VZAsJQTrTu1D1pgpwowyiHcbmbaZCEDkkfOpYKkoAO8unpY3xklR6OU2VLGDxVf0/kJNF6lES2MyFmoOe9ifif18lMfB7kTMjMgKCzRXHGsUnxJAfcYwqo4SNLCFXM3orpwMZAjU2rbEOoz7+8SPyT2kXNuzmtNi6LNEroAB2iY1RHZ6iBrlET+YiiR/SMXtGb8+S8OO/Ox6x1ySlm9tEfOJ8/M1CTgg==</latexit><latexit sha1_base64="gc8t+2OuTQjXd4oGLR+KN2wnnlk=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVFIR1FvRi8cKxhbaEDbbSbt2s1l2N0qJ/SlePKh49Z9489+4bXPQ1gcDj/dmmJkXSc608bxvZ2l5ZXVtvbRR3tza3tl1K3t3Os0UBZ+mPFXtiGjgTIBvmOHQlgpIEnFoRcOrid96AKVZKm7NSEKQkL5gMaPEWCl0KzK8x11JFOEcOJYhC92qV/OmwIukXpAqKtAM3a9uL6VZAsJQTrTu1D1pgpwowyiHcbmbaZCEDkkfOpYKkoAO8unpY3xklR6OU2VLGDxVf0/kJNF6lES2MyFmoOe9ifif18lMfB7kTMjMgKCzRXHGsUnxJAfcYwqo4SNLCFXM3orpwMZAjU2rbEOoz7+8SPyT2kXNuzmtNi6LNEroAB2iY1RHZ6iBrlET+YiiR/SMXtGb8+S8OO/Ox6x1ySlm9tEfOJ8/M1CTgg==</latexit>

2sik
sijskj

<latexit sha1_base64="bd/x4Ss7ZWywltrEOw3pC6LArSk=">AAACBXicbVDLSsNAFL3xWesr6lKEwSK4KkkR1F3RjcsKxhbaECbTSTvt5MHMRCghKzf+ihsXKm79B3f+jZM2C209MHMP59zLzD1+wplUlvVtLC2vrK6tVzaqm1vbO7vm3v69jFNBqENiHouOjyXlLKKOYorTTiIoDn1O2/74uvDbD1RIFkd3apJQN8SDiAWMYKUlzzzqBQKTrIGkl7FxnmdFHeX6Ho/y3DNrVt2aAi0SuyQ1KNHyzK9ePyZpSCNFOJaya1uJcjMsFCOc5tVeKmmCyRgPaFfTCIdUutl0jRydaKWPgljoEyk0VX9PZDiUchL6ujPEaijnvUL8z+umKrhwMxYlqaIRmT0UpBypGBWZoD4TlCg+0QQTwfRfERlinYvSyVV1CPb8yovEadQv69btWa15VaZRgUM4hlOw4RyacAMtcIDAIzzDK7wZT8aL8W58zFqXjHLmAP7A+PwBCSiZtA==</latexit><latexit sha1_base64="bd/x4Ss7ZWywltrEOw3pC6LArSk=">AAACBXicbVDLSsNAFL3xWesr6lKEwSK4KkkR1F3RjcsKxhbaECbTSTvt5MHMRCghKzf+ihsXKm79B3f+jZM2C209MHMP59zLzD1+wplUlvVtLC2vrK6tVzaqm1vbO7vm3v69jFNBqENiHouOjyXlLKKOYorTTiIoDn1O2/74uvDbD1RIFkd3apJQN8SDiAWMYKUlzzzqBQKTrIGkl7FxnmdFHeX6Ho/y3DNrVt2aAi0SuyQ1KNHyzK9ePyZpSCNFOJaya1uJcjMsFCOc5tVeKmmCyRgPaFfTCIdUutl0jRydaKWPgljoEyk0VX9PZDiUchL6ujPEaijnvUL8z+umKrhwMxYlqaIRmT0UpBypGBWZoD4TlCg+0QQTwfRfERlinYvSyVV1CPb8yovEadQv69btWa15VaZRgUM4hlOw4RyacAMtcIDAIzzDK7wZT8aL8W58zFqXjHLmAP7A+PwBCSiZtA==</latexit><latexit sha1_base64="bd/x4Ss7ZWywltrEOw3pC6LArSk=">AAACBXicbVDLSsNAFL3xWesr6lKEwSK4KkkR1F3RjcsKxhbaECbTSTvt5MHMRCghKzf+ihsXKm79B3f+jZM2C209MHMP59zLzD1+wplUlvVtLC2vrK6tVzaqm1vbO7vm3v69jFNBqENiHouOjyXlLKKOYorTTiIoDn1O2/74uvDbD1RIFkd3apJQN8SDiAWMYKUlzzzqBQKTrIGkl7FxnmdFHeX6Ho/y3DNrVt2aAi0SuyQ1KNHyzK9ePyZpSCNFOJaya1uJcjMsFCOc5tVeKmmCyRgPaFfTCIdUutl0jRydaKWPgljoEyk0VX9PZDiUchL6ujPEaijnvUL8z+umKrhwMxYlqaIRmT0UpBypGBWZoD4TlCg+0QQTwfRfERlinYvSyVV1CPb8yovEadQv69btWa15VaZRgUM4hlOw4RyacAMtcIDAIzzDK7wZT8aL8W58zFqXjHLmAP7A+PwBCSiZtA==</latexit>

1

sij
Pij(z)

<latexit sha1_base64="S3S1RT6rVJ6H+s1QOsZrlVj8L/A=">AAACAnicbVDLSsNAFL2pr1pfUXe6GSxC3ZREBHVXdOOygrGFNoTJdNKOnTyYmQg1BNz4K25cqLj1K9z5N07TLrT1wOUezrmXmXv8hDOpLOvbKC0sLi2vlFcra+sbm1vm9s6tjFNBqENiHou2jyXlLKKOYorTdiIoDn1OW/7wcuy37qmQLI5u1Cihboj7EQsYwUpLnrnXDQQmmZ1n0svYXZ6jZtFrD0eeWbXqVgE0T+wpqcIUTc/86vZikoY0UoRjKTu2lSg3w0Ixwmle6aaSJpgMcZ92NI1wSKWbFTfk6FArPRTEQlekUKH+3shwKOUo9PVkiNVAznpj8T+vk6rgzM1YlKSKRmTyUJBypGI0DgT1mKBE8ZEmmAim/4rIAOtQlI6tokOwZ0+eJ85x/bxuXZ9UGxfTNMqwDwdQAxtOoQFX0AQHCDzCM7zCm/FkvBjvxsdktGRMd3bhD4zPH37Ol50=</latexit><latexit sha1_base64="S3S1RT6rVJ6H+s1QOsZrlVj8L/A=">AAACAnicbVDLSsNAFL2pr1pfUXe6GSxC3ZREBHVXdOOygrGFNoTJdNKOnTyYmQg1BNz4K25cqLj1K9z5N07TLrT1wOUezrmXmXv8hDOpLOvbKC0sLi2vlFcra+sbm1vm9s6tjFNBqENiHou2jyXlLKKOYorTdiIoDn1OW/7wcuy37qmQLI5u1Cihboj7EQsYwUpLnrnXDQQmmZ1n0svYXZ6jZtFrD0eeWbXqVgE0T+wpqcIUTc/86vZikoY0UoRjKTu2lSg3w0Ixwmle6aaSJpgMcZ92NI1wSKWbFTfk6FArPRTEQlekUKH+3shwKOUo9PVkiNVAznpj8T+vk6rgzM1YlKSKRmTyUJBypGI0DgT1mKBE8ZEmmAim/4rIAOtQlI6tokOwZ0+eJ85x/bxuXZ9UGxfTNMqwDwdQAxtOoQFX0AQHCDzCM7zCm/FkvBjvxsdktGRMd3bhD4zPH37Ol50=</latexit><latexit sha1_base64="S3S1RT6rVJ6H+s1QOsZrlVj8L/A=">AAACAnicbVDLSsNAFL2pr1pfUXe6GSxC3ZREBHVXdOOygrGFNoTJdNKOnTyYmQg1BNz4K25cqLj1K9z5N07TLrT1wOUezrmXmXv8hDOpLOvbKC0sLi2vlFcra+sbm1vm9s6tjFNBqENiHou2jyXlLKKOYorTdiIoDn1OW/7wcuy37qmQLI5u1Cihboj7EQsYwUpLnrnXDQQmmZ1n0svYXZ6jZtFrD0eeWbXqVgE0T+wpqcIUTc/86vZikoY0UoRjKTu2lSg3w0Ixwmle6aaSJpgMcZ92NI1wSKWbFTfk6FArPRTEQlekUKH+3shwKOUo9PVkiNVAznpj8T+vk6rgzM1YlKSKRmTyUJBypGI0DgT1mKBE8ZEmmAim/4rIAOtQlI6tokOwZ0+eJ85x/bxuXZ9UGxfTNMqwDwdQAxtOoQFX0AQHCDzCM7zCm/FkvBjvxsdktGRMd3bhD4zPH37Ol50=</latexit>

1

skj
Pkj(z)

<latexit sha1_base64="DF4ycTuAIvp8gsv06aB9udze4b4=">AAACAnicbVDLSsNAFL2pr1pfUXe6GSxC3ZREBHVXdOOygrGFNoTJdNKOnTyYmQg1BNz4K25cqLj1K9z5N07TLrT1wOUezrmXmXv8hDOpLOvbKC0sLi2vlFcra+sbm1vm9s6tjFNBqENiHou2jyXlLKKOYorTdiIoDn1OW/7wcuy37qmQLI5u1Cihboj7EQsYwUpLnrnXDQQmmZ1n0suGd3mOmkWvPRx5ZtWqWwXQPLGnpApTND3zq9uLSRrSSBGOpezYVqLcDAvFCKd5pZtKmmAyxH3a0TTCIZVuVtyQo0Ot9FAQC12RQoX6eyPDoZSj0NeTIVYDOeuNxf+8TqqCMzdjUZIqGpHJQ0HKkYrROBDUY4ISxUeaYCKY/isiA6xDUTq2ig7Bnj15njjH9fO6dX1SbVxM0yjDPhxADWw4hQZcQRMcIPAIz/AKb8aT8WK8Gx+T0ZIx3dmFPzA+fwCE/peh</latexit><latexit sha1_base64="DF4ycTuAIvp8gsv06aB9udze4b4=">AAACAnicbVDLSsNAFL2pr1pfUXe6GSxC3ZREBHVXdOOygrGFNoTJdNKOnTyYmQg1BNz4K25cqLj1K9z5N07TLrT1wOUezrmXmXv8hDOpLOvbKC0sLi2vlFcra+sbm1vm9s6tjFNBqENiHou2jyXlLKKOYorTdiIoDn1OW/7wcuy37qmQLI5u1Cihboj7EQsYwUpLnrnXDQQmmZ1n0suGd3mOmkWvPRx5ZtWqWwXQPLGnpApTND3zq9uLSRrSSBGOpezYVqLcDAvFCKd5pZtKmmAyxH3a0TTCIZVuVtyQo0Ot9FAQC12RQoX6eyPDoZSj0NeTIVYDOeuNxf+8TqqCMzdjUZIqGpHJQ0HKkYrROBDUY4ISxUeaYCKY/isiA6xDUTq2ig7Bnj15njjH9fO6dX1SbVxM0yjDPhxADWw4hQZcQRMcIPAIz/AKb8aT8WK8Gx+T0ZIx3dmFPzA+fwCE/peh</latexit><latexit sha1_base64="DF4ycTuAIvp8gsv06aB9udze4b4=">AAACAnicbVDLSsNAFL2pr1pfUXe6GSxC3ZREBHVXdOOygrGFNoTJdNKOnTyYmQg1BNz4K25cqLj1K9z5N07TLrT1wOUezrmXmXv8hDOpLOvbKC0sLi2vlFcra+sbm1vm9s6tjFNBqENiHou2jyXlLKKOYorTdiIoDn1OW/7wcuy37qmQLI5u1Cihboj7EQsYwUpLnrnXDQQmmZ1n0suGd3mOmkWvPRx5ZtWqWwXQPLGnpApTND3zq9uLSRrSSBGOpezYVqLcDAvFCKd5pZtKmmAyxH3a0TTCIZVuVtyQo0Ot9FAQC12RQoX6eyPDoZSj0NeTIVYDOeuNxf+8TqqCMzdjUZIqGpHJQ0HKkYrROBDUY4ISxUeaYCKY/isiA6xDUTq2ig7Bnj15njjH9fO6dX1SbVxM0yjDPhxADWw4hQZcQRMcIPAIz/AKb8aT8WK8Gx+T0ZIx3dmFPzA+fwCE/peh</latexit>

limit mappingX0
3 (i, j, k)

<latexit sha1_base64="ad0Y/9ySgyx12GWujH6nmuZCc58=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahQimJCuqt6MVjBWMLbSyb7aZds9mE3Y1QQv+GFw8qXv013vw3btsctPXBwOO9GWbm+QlnStv2t1VYWl5ZXSuulzY2t7Z3yrt79ypOJaEuiXks2z5WlDNBXc00p+1EUhz5nLb88Hrit56oVCwWd3qUUC/CA8ECRrA2UrfdO32wq6z2WAuPe+WKXbenQIvEyUkFcjR75a9uPyZpRIUmHCvVcexEexmWmhFOx6VuqmiCSYgHtGOowBFVXja9eYyOjNJHQSxNCY2m6u+JDEdKjSLfdEZYD9W8NxH/8zqpDi68jIkk1VSQ2aIg5UjHaBIA6jNJieYjQzCRzNyKyBBLTLSJqWRCcOZfXiTuSf2ybt+eVRpXeRpFOIBDqIID59CAG2iCCwQSeIZXeLNS68V6tz5mrQUrn9mHP7A+fwBhQpAk</latexit><latexit sha1_base64="ad0Y/9ySgyx12GWujH6nmuZCc58=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahQimJCuqt6MVjBWMLbSyb7aZds9mE3Y1QQv+GFw8qXv013vw3btsctPXBwOO9GWbm+QlnStv2t1VYWl5ZXSuulzY2t7Z3yrt79ypOJaEuiXks2z5WlDNBXc00p+1EUhz5nLb88Hrit56oVCwWd3qUUC/CA8ECRrA2UrfdO32wq6z2WAuPe+WKXbenQIvEyUkFcjR75a9uPyZpRIUmHCvVcexEexmWmhFOx6VuqmiCSYgHtGOowBFVXja9eYyOjNJHQSxNCY2m6u+JDEdKjSLfdEZYD9W8NxH/8zqpDi68jIkk1VSQ2aIg5UjHaBIA6jNJieYjQzCRzNyKyBBLTLSJqWRCcOZfXiTuSf2ybt+eVRpXeRpFOIBDqIID59CAG2iCCwQSeIZXeLNS68V6tz5mrQUrn9mHP7A+fwBhQpAk</latexit><latexit sha1_base64="ad0Y/9ySgyx12GWujH6nmuZCc58=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahQimJCuqt6MVjBWMLbSyb7aZds9mE3Y1QQv+GFw8qXv013vw3btsctPXBwOO9GWbm+QlnStv2t1VYWl5ZXSuulzY2t7Z3yrt79ypOJaEuiXks2z5WlDNBXc00p+1EUhz5nLb88Hrit56oVCwWd3qUUC/CA8ECRrA2UrfdO32wq6z2WAuPe+WKXbenQIvEyUkFcjR75a9uPyZpRIUmHCvVcexEexmWmhFOx6VuqmiCSYgHtGOowBFVXja9eYyOjNJHQSxNCY2m6u+JDEdKjSLfdEZYD9W8NxH/8zqpDi68jIkk1VSQ2aIg5UjHaBIA6jNJieYjQzCRzNyKyBBLTLSJqWRCcOZfXiTuSf2ybt+eVRpXeRpFOIBDqIID59CAG2iCCwQSeIZXeLNS68V6tz5mrQUrn9mHP7A+fwBhQpAk</latexit>

pi ! pI , pk ! pK
<latexit sha1_base64="2nPx7YADsVT9faBE9qLTlxARSOw=">AAACAnicbVBNS8MwGE7n15xfVW96CQ7BwxitCOpt6EXxMsG6wVpKmqVbWJqGJBVGGXjxr3jxoOLVX+HNf2O29aCbL4Q8eZ735c3zRIJRpR3n2yotLC4tr5RXK2vrG5tb9vbOvUoziYmHU5bKdoQUYZQTT1PNSFtIgpKIkVY0uBzrrQciFU35nR4KEiSox2lMMdKGCu09EVLo6xSK8Lrm18w1KJ43oV116s6k4DxwC1AFRTVD+8vvpjhLCNeYIaU6riN0kCOpKWZkVPEzRQTCA9QjHQM5SogK8omHETw0TBfGqTSHazhhf0/kKFFqmESmM0G6r2a1Mfmf1sl0fBbklItME46ni+KMQWNyHAjsUkmwZkMDEJbU/BXiPpIIaxNbxYTgzlqeB95x/bzu3J5UGxdFGmWwDw7AEXDBKWiAK9AEHsDgETyDV/BmPVkv1rv1MW0tWcXMLvhT1ucP6qaV+A==</latexit><latexit sha1_base64="2nPx7YADsVT9faBE9qLTlxARSOw=">AAACAnicbVBNS8MwGE7n15xfVW96CQ7BwxitCOpt6EXxMsG6wVpKmqVbWJqGJBVGGXjxr3jxoOLVX+HNf2O29aCbL4Q8eZ735c3zRIJRpR3n2yotLC4tr5RXK2vrG5tb9vbOvUoziYmHU5bKdoQUYZQTT1PNSFtIgpKIkVY0uBzrrQciFU35nR4KEiSox2lMMdKGCu09EVLo6xSK8Lrm18w1KJ43oV116s6k4DxwC1AFRTVD+8vvpjhLCNeYIaU6riN0kCOpKWZkVPEzRQTCA9QjHQM5SogK8omHETw0TBfGqTSHazhhf0/kKFFqmESmM0G6r2a1Mfmf1sl0fBbklItME46ni+KMQWNyHAjsUkmwZkMDEJbU/BXiPpIIaxNbxYTgzlqeB95x/bzu3J5UGxdFGmWwDw7AEXDBKWiAK9AEHsDgETyDV/BmPVkv1rv1MW0tWcXMLvhT1ucP6qaV+A==</latexit><latexit sha1_base64="2nPx7YADsVT9faBE9qLTlxARSOw=">AAACAnicbVBNS8MwGE7n15xfVW96CQ7BwxitCOpt6EXxMsG6wVpKmqVbWJqGJBVGGXjxr3jxoOLVX+HNf2O29aCbL4Q8eZ735c3zRIJRpR3n2yotLC4tr5RXK2vrG5tb9vbOvUoziYmHU5bKdoQUYZQTT1PNSFtIgpKIkVY0uBzrrQciFU35nR4KEiSox2lMMdKGCu09EVLo6xSK8Lrm18w1KJ43oV116s6k4DxwC1AFRTVD+8vvpjhLCNeYIaU6riN0kCOpKWZkVPEzRQTCA9QjHQM5SogK8omHETw0TBfGqTSHazhhf0/kKFFqmESmM0G6r2a1Mfmf1sl0fBbklItME46ni+KMQWNyHAjsUkmwZkMDEJbU/BXiPpIIaxNbxYTgzlqeB95x/bzu3J5UGxdFGmWwDw7AEXDBKWiAK9AEHsDgETyDV/BmPVkv1rv1MW0tWcXMLvhT1ucP6qaV+A==</latexit>

(pi + pj) ! pI , pk ! pK
<latexit sha1_base64="9/OH1VmZLzNy418S4nCXkOj3uS4=">AAACCHicbVDLSgMxFM34rPU16tJNsAgVS5kRQd0V3ShuKji20BmGTJppYzOZkGSEUrp146+4caHi1k9w59+YtrPQ1gshJ+fcy805kWBUacf5tubmFxaXlgsrxdW19Y1Ne2v7TqWZxMTDKUtlM0KKMMqJp6lmpCkkQUnESCPqXYz0xgORiqb8VvcFCRLU4TSmGGlDhTYsi5AeivD+APo6hSK8qvgVc/Xy53Vol5yqMy44C9wclEBe9dD+8tspzhLCNWZIqZbrCB0MkNQUMzIs+pkiAuEe6pCWgRwlRAWDsZMh3DdMG8apNIdrOGZ/TwxQolQ/iUxngnRXTWsj8j+tlen4NBhQLjJNOJ4sijMGjclRLLBNJcGa9Q1AWFLzV4i7SCKsTXhFE4I7bXkWeEfVs6pzc1yqnedpFMAu2ANl4IITUAOXoA48gMEjeAav4M16sl6sd+tj0jpn5TM74E9Znz+Qlpfp</latexit><latexit sha1_base64="9/OH1VmZLzNy418S4nCXkOj3uS4=">AAACCHicbVDLSgMxFM34rPU16tJNsAgVS5kRQd0V3ShuKji20BmGTJppYzOZkGSEUrp146+4caHi1k9w59+YtrPQ1gshJ+fcy805kWBUacf5tubmFxaXlgsrxdW19Y1Ne2v7TqWZxMTDKUtlM0KKMMqJp6lmpCkkQUnESCPqXYz0xgORiqb8VvcFCRLU4TSmGGlDhTYsi5AeivD+APo6hSK8qvgVc/Xy53Vol5yqMy44C9wclEBe9dD+8tspzhLCNWZIqZbrCB0MkNQUMzIs+pkiAuEe6pCWgRwlRAWDsZMh3DdMG8apNIdrOGZ/TwxQolQ/iUxngnRXTWsj8j+tlen4NBhQLjJNOJ4sijMGjclRLLBNJcGa9Q1AWFLzV4i7SCKsTXhFE4I7bXkWeEfVs6pzc1yqnedpFMAu2ANl4IITUAOXoA48gMEjeAav4M16sl6sd+tj0jpn5TM74E9Znz+Qlpfp</latexit><latexit sha1_base64="9/OH1VmZLzNy418S4nCXkOj3uS4=">AAACCHicbVDLSgMxFM34rPU16tJNsAgVS5kRQd0V3ShuKji20BmGTJppYzOZkGSEUrp146+4caHi1k9w59+YtrPQ1gshJ+fcy805kWBUacf5tubmFxaXlgsrxdW19Y1Ne2v7TqWZxMTDKUtlM0KKMMqJp6lmpCkkQUnESCPqXYz0xgORiqb8VvcFCRLU4TSmGGlDhTYsi5AeivD+APo6hSK8qvgVc/Xy53Vol5yqMy44C9wclEBe9dD+8tspzhLCNWZIqZbrCB0MkNQUMzIs+pkiAuEe6pCWgRwlRAWDsZMh3DdMG8apNIdrOGZ/TwxQolQ/iUxngnRXTWsj8j+tlen4NBhQLjJNOJ4sijMGjclRLLBNJcGa9Q1AWFLzV4i7SCKsTXhFE4I7bXkWeEfVs6pzc1yqnedpFMAu2ANl4IITUAOXoA48gMEjeAav4M16sl6sd+tj0jpn5TM74E9Znz+Qlpfp</latexit>

pi ! pI , (pk + pj) ! pK
<latexit sha1_base64="H8xK8LSPZgf5BGsdWmWOCx5LEKI=">AAACCHicbVBPS8MwHE39O+e/qkcvwSFMHKMVQb0NvSheJlg3WEtJs3SLS9OQpMIYu3rxq3jxoOLVj+DNb2O29aCbD0Ie7/1+JO9FglGlHefbmptfWFxaLqwUV9fWNzbtre07lWYSEw+nLJXNCCnCKCeeppqRppAEJREjjah3MfIbD0QqmvJb3RckSFCH05hipI0U2lCEFPo6NfdVxa/Asgh7hyK8P8jF69AuOVVnDDhL3JyUQI56aH/57RRnCeEaM6RUy3WEDgZIaooZGRb9TBGBcA91SMtQjhKigsE4yRDuG6UN41SawzUcq783BihRqp9EZjJBuqumvZH4n9fKdHwaDCgXmSYcTx6KMwZNyFEtsE0lwZr1DUFYUvNXiLtIIqxNeUVTgjsdeZZ4R9WzqnNzXKqd520UwC7YA2XgghNQA5egDjyAwSN4Bq/gzXqyXqx362MyOmflOzvgD6zPH5LXl+k=</latexit><latexit sha1_base64="H8xK8LSPZgf5BGsdWmWOCx5LEKI=">AAACCHicbVBPS8MwHE39O+e/qkcvwSFMHKMVQb0NvSheJlg3WEtJs3SLS9OQpMIYu3rxq3jxoOLVj+DNb2O29aCbD0Ie7/1+JO9FglGlHefbmptfWFxaLqwUV9fWNzbtre07lWYSEw+nLJXNCCnCKCeeppqRppAEJREjjah3MfIbD0QqmvJb3RckSFCH05hipI0U2lCEFPo6NfdVxa/Asgh7hyK8P8jF69AuOVVnDDhL3JyUQI56aH/57RRnCeEaM6RUy3WEDgZIaooZGRb9TBGBcA91SMtQjhKigsE4yRDuG6UN41SawzUcq783BihRqp9EZjJBuqumvZH4n9fKdHwaDCgXmSYcTx6KMwZNyFEtsE0lwZr1DUFYUvNXiLtIIqxNeUVTgjsdeZZ4R9WzqnNzXKqd520UwC7YA2XgghNQA5egDjyAwSN4Bq/gzXqyXqx362MyOmflOzvgD6zPH5LXl+k=</latexit><latexit sha1_base64="H8xK8LSPZgf5BGsdWmWOCx5LEKI=">AAACCHicbVBPS8MwHE39O+e/qkcvwSFMHKMVQb0NvSheJlg3WEtJs3SLS9OQpMIYu3rxq3jxoOLVj+DNb2O29aCbD0Ie7/1+JO9FglGlHefbmptfWFxaLqwUV9fWNzbtre07lWYSEw+nLJXNCCnCKCeeppqRppAEJREjjah3MfIbD0QqmvJb3RckSFCH05hipI0U2lCEFPo6NfdVxa/Asgh7hyK8P8jF69AuOVVnDDhL3JyUQI56aH/57RRnCeEaM6RUy3WEDgZIaooZGRb9TBGBcA91SMtQjhKigsE4yRDuG6UN41SawzUcq783BihRqp9EZjJBuqumvZH4n9fKdHwaDCgXmSYcTx6KMwZNyFEtsE0lwZr1DUFYUvNXiLtIIqxNeUVTgjsdeZZ4R9WzqnNzXKqd520UwC7YA2XgghNQA5egDjyAwSN4Bq/gzXqyXqx362MyOmflOzvgD6zPH5LXl+k=</latexit>

|M0
m+1(.., i, j, k, ..)|2

j unresolved�������! X0
3 (i, j, k) |M0

m(.., I,K, ..)|2
<latexit sha1_base64="246J4mDog5T8gGLTJ5KNBdyuNC8="></latexit><latexit sha1_base64="246J4mDog5T8gGLTJ5KNBdyuNC8="></latexit><latexit sha1_base64="246J4mDog5T8gGLTJ5KNBdyuNC8="></latexit>



|M0
m+1(.., i, j, k, ..)|2

j unresolved�������! X0
3 (i, j, k) |M0

m(.., I,K, ..)|2
<latexit sha1_base64="246J4mDog5T8gGLTJ5KNBdyuNC8="></latexit><latexit sha1_base64="246J4mDog5T8gGLTJ5KNBdyuNC8="></latexit><latexit sha1_base64="246J4mDog5T8gGLTJ5KNBdyuNC8="></latexit>
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• Exploits factorisation properties in IR limits 
• Formalism operates on colour-ordered amplitudes

Partial amplitude Reduced amplitudeAntenna 
function {pi, pj , pk} ! {pI , pK}

<latexit sha1_base64="Lwjwf4OjZTiiAga9IhsKRRHSvIk=">AAACJnicbVDLSgMxFM3UV62vqks3wSK4kDIjgrqRohvFTQVrC50yZNJMG5vJDMkdoQz9Gzf+ihvBB+LOTzHTFh+tB3I5nHMvN/f4seAabPvDys3Mzs0v5BcLS8srq2vF9Y0bHSWKshqNRKQaPtFMcMlqwEGwRqwYCX3B6n7vLPPrd0xpHslr6MesFZKO5AGnBIzkFU9cwQJwUxx7fM+U26z0MMau4p0uuAPsQoR/mi4y//Lb9Yolu2wPgaeJMyYlNEbVKz677YgmIZNABdG66dgxtFKigFPBBgU30SwmtEc6rGmoJCHTrXR45wDvGKWNg0iZJwEP1d8TKQm17oe+6QwJdPWkl4n/ec0EgqNWymWcAJN0tChIBDanZ6HhNleMgugbQqji5q+YdokiFEy0BROCM3nyNKntl4/L9tVBqXI6TiOPttA22kUOOkQVdI6qqIYoukeP6AW9Wg/Wk/VmvY9ac9Z4ZhP9gfX5Bc8vpEw=</latexit><latexit sha1_base64="Lwjwf4OjZTiiAga9IhsKRRHSvIk=">AAACJnicbVDLSgMxFM3UV62vqks3wSK4kDIjgrqRohvFTQVrC50yZNJMG5vJDMkdoQz9Gzf+ihvBB+LOTzHTFh+tB3I5nHMvN/f4seAabPvDys3Mzs0v5BcLS8srq2vF9Y0bHSWKshqNRKQaPtFMcMlqwEGwRqwYCX3B6n7vLPPrd0xpHslr6MesFZKO5AGnBIzkFU9cwQJwUxx7fM+U26z0MMau4p0uuAPsQoR/mi4y//Lb9Yolu2wPgaeJMyYlNEbVKz677YgmIZNABdG66dgxtFKigFPBBgU30SwmtEc6rGmoJCHTrXR45wDvGKWNg0iZJwEP1d8TKQm17oe+6QwJdPWkl4n/ec0EgqNWymWcAJN0tChIBDanZ6HhNleMgugbQqji5q+YdokiFEy0BROCM3nyNKntl4/L9tVBqXI6TiOPttA22kUOOkQVdI6qqIYoukeP6AW9Wg/Wk/VmvY9ac9Z4ZhP9gfX5Bc8vpEw=</latexit><latexit sha1_base64="Lwjwf4OjZTiiAga9IhsKRRHSvIk=">AAACJnicbVDLSgMxFM3UV62vqks3wSK4kDIjgrqRohvFTQVrC50yZNJMG5vJDMkdoQz9Gzf+ihvBB+LOTzHTFh+tB3I5nHMvN/f4seAabPvDys3Mzs0v5BcLS8srq2vF9Y0bHSWKshqNRKQaPtFMcMlqwEGwRqwYCX3B6n7vLPPrd0xpHslr6MesFZKO5AGnBIzkFU9cwQJwUxx7fM+U26z0MMau4p0uuAPsQoR/mi4y//Lb9Yolu2wPgaeJMyYlNEbVKz677YgmIZNABdG66dgxtFKigFPBBgU30SwmtEc6rGmoJCHTrXR45wDvGKWNg0iZJwEP1d8TKQm17oe+6QwJdPWkl4n/ec0EgqNWymWcAJN0tChIBDanZ6HhNleMgugbQqji5q+YdokiFEy0BROCM3nyNKntl4/L9tVBqXI6TiOPttA22kUOOkQVdI6qqIYoukeP6AW9Wg/Wk/VmvY9ac9Z4ZhP9gfX5Bc8vpEw=</latexit>

The antenna function captures multiple IR limits, e.g.

pj ! 0
<latexit sha1_base64="GUs44AOytNheYIMwbxThNNE9o8E=">AAAB73icbVBNSwMxFHzrZ61fVY9egkXwVLIiqLeiF48VXFtpl5JNs21skl2SrFCW/govHlS8+ne8+W9M2z1o60BgmHmPvJkoFdxYjL+9peWV1bX10kZ5c2t7Z7eyt39vkkxTFtBEJLoVEcMEVyyw3ArWSjUjMhKsGQ2vJ37ziWnDE3VnRykLJekrHnNKrJMe0u4j6tgE4W6limt4CrRI/IJUoUCjW/nq9BKaSaYsFcSYto9TG+ZEW04FG5c7mWEpoUPSZ21HFZHMhPn04DE6dkoPxYl2T1k0VX9v5EQaM5KRm5TEDsy8NxH/89qZjS/CnKs0s0zR2UdxJpCLOEmPelwzasXIEUI1d7ciOiCaUOs6KrsS/PnIiyQ4rV3W8O1ZtX5VtFGCQziCE/DhHOpwAw0IgIKEZ3iFN097L9679zEbXfKKnQP4A+/zBzg3j48=</latexit><latexit sha1_base64="GUs44AOytNheYIMwbxThNNE9o8E=">AAAB73icbVBNSwMxFHzrZ61fVY9egkXwVLIiqLeiF48VXFtpl5JNs21skl2SrFCW/govHlS8+ne8+W9M2z1o60BgmHmPvJkoFdxYjL+9peWV1bX10kZ5c2t7Z7eyt39vkkxTFtBEJLoVEcMEVyyw3ArWSjUjMhKsGQ2vJ37ziWnDE3VnRykLJekrHnNKrJMe0u4j6tgE4W6limt4CrRI/IJUoUCjW/nq9BKaSaYsFcSYto9TG+ZEW04FG5c7mWEpoUPSZ21HFZHMhPn04DE6dkoPxYl2T1k0VX9v5EQaM5KRm5TEDsy8NxH/89qZjS/CnKs0s0zR2UdxJpCLOEmPelwzasXIEUI1d7ciOiCaUOs6KrsS/PnIiyQ4rV3W8O1ZtX5VtFGCQziCE/DhHOpwAw0IgIKEZ3iFN097L9679zEbXfKKnQP4A+/zBzg3j48=</latexit><latexit sha1_base64="GUs44AOytNheYIMwbxThNNE9o8E=">AAAB73icbVBNSwMxFHzrZ61fVY9egkXwVLIiqLeiF48VXFtpl5JNs21skl2SrFCW/govHlS8+ne8+W9M2z1o60BgmHmPvJkoFdxYjL+9peWV1bX10kZ5c2t7Z7eyt39vkkxTFtBEJLoVEcMEVyyw3ArWSjUjMhKsGQ2vJ37ziWnDE3VnRykLJekrHnNKrJMe0u4j6tgE4W6limt4CrRI/IJUoUCjW/nq9BKaSaYsFcSYto9TG+ZEW04FG5c7mWEpoUPSZ21HFZHMhPn04DE6dkoPxYl2T1k0VX9v5EQaM5KRm5TEDsy8NxH/89qZjS/CnKs0s0zR2UdxJpCLOEmPelwzasXIEUI1d7ciOiCaUOs6KrsS/PnIiyQ4rV3W8O1ZtX5VtFGCQziCE/DhHOpwAw0IgIKEZ3iFN097L9679zEbXfKKnQP4A+/zBzg3j48=</latexit>

pj k pk
<latexit sha1_base64="mwk9/EGQXlYQ9wI8LoeuhlNxJD8=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVBIR1FvRi8cKxhbaEDbbSbt2s1l2N0qp/SlePKh49Z9489+4bXPQ1gcDj/dmmJkXS8608bxvZ2l5ZXVtvbRR3tza3tl1K3t3OssVhYBmPFOtmGjgTEBgmOHQkgpIGnNoxoOrid98AKVZJm7NUEKYkp5gCaPEWClyKzK6xx1JFOEcOJbRIHKrXs2bAi8SvyBVVKARuV+dbkbzFIShnGjd9j1pwhFRhlEO43In1yAJHZAetC0VJAUdjqanj/GRVbo4yZQtYfBU/T0xIqnWwzS2nSkxfT3vTcT/vHZukvNwxITMDQg6W5TkHJsMT3LAXaaAGj60hFDF7K2Y9m0M1Ni0yjYEf/7lRRKc1C5q3s1ptX5ZpFFCB+gQHSMfnaE6ukYNFCCKHtEzekVvzpPz4rw7H7PWJaeY2Ud/4Hz+ADZWk4Q=</latexit><latexit sha1_base64="mwk9/EGQXlYQ9wI8LoeuhlNxJD8=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVBIR1FvRi8cKxhbaEDbbSbt2s1l2N0qp/SlePKh49Z9489+4bXPQ1gcDj/dmmJkXS8608bxvZ2l5ZXVtvbRR3tza3tl1K3t3OssVhYBmPFOtmGjgTEBgmOHQkgpIGnNoxoOrid98AKVZJm7NUEKYkp5gCaPEWClyKzK6xx1JFOEcOJbRIHKrXs2bAi8SvyBVVKARuV+dbkbzFIShnGjd9j1pwhFRhlEO43In1yAJHZAetC0VJAUdjqanj/GRVbo4yZQtYfBU/T0xIqnWwzS2nSkxfT3vTcT/vHZukvNwxITMDQg6W5TkHJsMT3LAXaaAGj60hFDF7K2Y9m0M1Ni0yjYEf/7lRRKc1C5q3s1ptX5ZpFFCB+gQHSMfnaE6ukYNFCCKHtEzekVvzpPz4rw7H7PWJaeY2Ud/4Hz+ADZWk4Q=</latexit><latexit sha1_base64="mwk9/EGQXlYQ9wI8LoeuhlNxJD8=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVBIR1FvRi8cKxhbaEDbbSbt2s1l2N0qp/SlePKh49Z9489+4bXPQ1gcDj/dmmJkXS8608bxvZ2l5ZXVtvbRR3tza3tl1K3t3OssVhYBmPFOtmGjgTEBgmOHQkgpIGnNoxoOrid98AKVZJm7NUEKYkp5gCaPEWClyKzK6xx1JFOEcOJbRIHKrXs2bAi8SvyBVVKARuV+dbkbzFIShnGjd9j1pwhFRhlEO43In1yAJHZAetC0VJAUdjqanj/GRVbo4yZQtYfBU/T0xIqnWwzS2nSkxfT3vTcT/vHZukvNwxITMDQg6W5TkHJsMT3LAXaaAGj60hFDF7K2Y9m0M1Ni0yjYEf/7lRRKc1C5q3s1ptX5ZpFFCB+gQHSMfnaE6ukYNFCCKHtEzekVvzpPz4rw7H7PWJaeY2Ud/4Hz+ADZWk4Q=</latexit>

pj k pi
<latexit sha1_base64="gc8t+2OuTQjXd4oGLR+KN2wnnlk=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVFIR1FvRi8cKxhbaEDbbSbt2s1l2N0qJ/SlePKh49Z9489+4bXPQ1gcDj/dmmJkXSc608bxvZ2l5ZXVtvbRR3tza3tl1K3t3Os0UBZ+mPFXtiGjgTIBvmOHQlgpIEnFoRcOrid96AKVZKm7NSEKQkL5gMaPEWCl0KzK8x11JFOEcOJYhC92qV/OmwIukXpAqKtAM3a9uL6VZAsJQTrTu1D1pgpwowyiHcbmbaZCEDkkfOpYKkoAO8unpY3xklR6OU2VLGDxVf0/kJNF6lES2MyFmoOe9ifif18lMfB7kTMjMgKCzRXHGsUnxJAfcYwqo4SNLCFXM3orpwMZAjU2rbEOoz7+8SPyT2kXNuzmtNi6LNEroAB2iY1RHZ6iBrlET+YiiR/SMXtGb8+S8OO/Ox6x1ySlm9tEfOJ8/M1CTgg==</latexit><latexit sha1_base64="gc8t+2OuTQjXd4oGLR+KN2wnnlk=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVFIR1FvRi8cKxhbaEDbbSbt2s1l2N0qJ/SlePKh49Z9489+4bXPQ1gcDj/dmmJkXSc608bxvZ2l5ZXVtvbRR3tza3tl1K3t3Os0UBZ+mPFXtiGjgTIBvmOHQlgpIEnFoRcOrid96AKVZKm7NSEKQkL5gMaPEWCl0KzK8x11JFOEcOJYhC92qV/OmwIukXpAqKtAM3a9uL6VZAsJQTrTu1D1pgpwowyiHcbmbaZCEDkkfOpYKkoAO8unpY3xklR6OU2VLGDxVf0/kJNF6lES2MyFmoOe9ifif18lMfB7kTMjMgKCzRXHGsUnxJAfcYwqo4SNLCFXM3orpwMZAjU2rbEOoz7+8SPyT2kXNuzmtNi6LNEroAB2iY1RHZ6iBrlET+YiiR/SMXtGb8+S8OO/Ox6x1ySlm9tEfOJ8/M1CTgg==</latexit><latexit sha1_base64="gc8t+2OuTQjXd4oGLR+KN2wnnlk=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVFIR1FvRi8cKxhbaEDbbSbt2s1l2N0qJ/SlePKh49Z9489+4bXPQ1gcDj/dmmJkXSc608bxvZ2l5ZXVtvbRR3tza3tl1K3t3Os0UBZ+mPFXtiGjgTIBvmOHQlgpIEnFoRcOrid96AKVZKm7NSEKQkL5gMaPEWCl0KzK8x11JFOEcOJYhC92qV/OmwIukXpAqKtAM3a9uL6VZAsJQTrTu1D1pgpwowyiHcbmbaZCEDkkfOpYKkoAO8unpY3xklR6OU2VLGDxVf0/kJNF6lES2MyFmoOe9ifif18lMfB7kTMjMgKCzRXHGsUnxJAfcYwqo4SNLCFXM3orpwMZAjU2rbEOoz7+8SPyT2kXNuzmtNi6LNEroAB2iY1RHZ6iBrlET+YiiR/SMXtGb8+S8OO/Ox6x1ySlm9tEfOJ8/M1CTgg==</latexit>

2sik
sijskj

<latexit sha1_base64="bd/x4Ss7ZWywltrEOw3pC6LArSk=">AAACBXicbVDLSsNAFL3xWesr6lKEwSK4KkkR1F3RjcsKxhbaECbTSTvt5MHMRCghKzf+ihsXKm79B3f+jZM2C209MHMP59zLzD1+wplUlvVtLC2vrK6tVzaqm1vbO7vm3v69jFNBqENiHouOjyXlLKKOYorTTiIoDn1O2/74uvDbD1RIFkd3apJQN8SDiAWMYKUlzzzqBQKTrIGkl7FxnmdFHeX6Ho/y3DNrVt2aAi0SuyQ1KNHyzK9ePyZpSCNFOJaya1uJcjMsFCOc5tVeKmmCyRgPaFfTCIdUutl0jRydaKWPgljoEyk0VX9PZDiUchL6ujPEaijnvUL8z+umKrhwMxYlqaIRmT0UpBypGBWZoD4TlCg+0QQTwfRfERlinYvSyVV1CPb8yovEadQv69btWa15VaZRgUM4hlOw4RyacAMtcIDAIzzDK7wZT8aL8W58zFqXjHLmAP7A+PwBCSiZtA==</latexit><latexit sha1_base64="bd/x4Ss7ZWywltrEOw3pC6LArSk=">AAACBXicbVDLSsNAFL3xWesr6lKEwSK4KkkR1F3RjcsKxhbaECbTSTvt5MHMRCghKzf+ihsXKm79B3f+jZM2C209MHMP59zLzD1+wplUlvVtLC2vrK6tVzaqm1vbO7vm3v69jFNBqENiHouOjyXlLKKOYorTTiIoDn1O2/74uvDbD1RIFkd3apJQN8SDiAWMYKUlzzzqBQKTrIGkl7FxnmdFHeX6Ho/y3DNrVt2aAi0SuyQ1KNHyzK9ePyZpSCNFOJaya1uJcjMsFCOc5tVeKmmCyRgPaFfTCIdUutl0jRydaKWPgljoEyk0VX9PZDiUchL6ujPEaijnvUL8z+umKrhwMxYlqaIRmT0UpBypGBWZoD4TlCg+0QQTwfRfERlinYvSyVV1CPb8yovEadQv69btWa15VaZRgUM4hlOw4RyacAMtcIDAIzzDK7wZT8aL8W58zFqXjHLmAP7A+PwBCSiZtA==</latexit><latexit sha1_base64="bd/x4Ss7ZWywltrEOw3pC6LArSk=">AAACBXicbVDLSsNAFL3xWesr6lKEwSK4KkkR1F3RjcsKxhbaECbTSTvt5MHMRCghKzf+ihsXKm79B3f+jZM2C209MHMP59zLzD1+wplUlvVtLC2vrK6tVzaqm1vbO7vm3v69jFNBqENiHouOjyXlLKKOYorTTiIoDn1O2/74uvDbD1RIFkd3apJQN8SDiAWMYKUlzzzqBQKTrIGkl7FxnmdFHeX6Ho/y3DNrVt2aAi0SuyQ1KNHyzK9ePyZpSCNFOJaya1uJcjMsFCOc5tVeKmmCyRgPaFfTCIdUutl0jRydaKWPgljoEyk0VX9PZDiUchL6ujPEaijnvUL8z+umKrhwMxYlqaIRmT0UpBypGBWZoD4TlCg+0QQTwfRfERlinYvSyVV1CPb8yovEadQv69btWa15VaZRgUM4hlOw4RyacAMtcIDAIzzDK7wZT8aL8W58zFqXjHLmAP7A+PwBCSiZtA==</latexit>

1

sij
Pij(z)

<latexit sha1_base64="S3S1RT6rVJ6H+s1QOsZrlVj8L/A=">AAACAnicbVDLSsNAFL2pr1pfUXe6GSxC3ZREBHVXdOOygrGFNoTJdNKOnTyYmQg1BNz4K25cqLj1K9z5N07TLrT1wOUezrmXmXv8hDOpLOvbKC0sLi2vlFcra+sbm1vm9s6tjFNBqENiHou2jyXlLKKOYorTdiIoDn1OW/7wcuy37qmQLI5u1Cihboj7EQsYwUpLnrnXDQQmmZ1n0svYXZ6jZtFrD0eeWbXqVgE0T+wpqcIUTc/86vZikoY0UoRjKTu2lSg3w0Ixwmle6aaSJpgMcZ92NI1wSKWbFTfk6FArPRTEQlekUKH+3shwKOUo9PVkiNVAznpj8T+vk6rgzM1YlKSKRmTyUJBypGI0DgT1mKBE8ZEmmAim/4rIAOtQlI6tokOwZ0+eJ85x/bxuXZ9UGxfTNMqwDwdQAxtOoQFX0AQHCDzCM7zCm/FkvBjvxsdktGRMd3bhD4zPH37Ol50=</latexit><latexit sha1_base64="S3S1RT6rVJ6H+s1QOsZrlVj8L/A=">AAACAnicbVDLSsNAFL2pr1pfUXe6GSxC3ZREBHVXdOOygrGFNoTJdNKOnTyYmQg1BNz4K25cqLj1K9z5N07TLrT1wOUezrmXmXv8hDOpLOvbKC0sLi2vlFcra+sbm1vm9s6tjFNBqENiHou2jyXlLKKOYorTdiIoDn1OW/7wcuy37qmQLI5u1Cihboj7EQsYwUpLnrnXDQQmmZ1n0svYXZ6jZtFrD0eeWbXqVgE0T+wpqcIUTc/86vZikoY0UoRjKTu2lSg3w0Ixwmle6aaSJpgMcZ92NI1wSKWbFTfk6FArPRTEQlekUKH+3shwKOUo9PVkiNVAznpj8T+vk6rgzM1YlKSKRmTyUJBypGI0DgT1mKBE8ZEmmAim/4rIAOtQlI6tokOwZ0+eJ85x/bxuXZ9UGxfTNMqwDwdQAxtOoQFX0AQHCDzCM7zCm/FkvBjvxsdktGRMd3bhD4zPH37Ol50=</latexit><latexit sha1_base64="S3S1RT6rVJ6H+s1QOsZrlVj8L/A=">AAACAnicbVDLSsNAFL2pr1pfUXe6GSxC3ZREBHVXdOOygrGFNoTJdNKOnTyYmQg1BNz4K25cqLj1K9z5N07TLrT1wOUezrmXmXv8hDOpLOvbKC0sLi2vlFcra+sbm1vm9s6tjFNBqENiHou2jyXlLKKOYorTdiIoDn1OW/7wcuy37qmQLI5u1Cihboj7EQsYwUpLnrnXDQQmmZ1n0svYXZ6jZtFrD0eeWbXqVgE0T+wpqcIUTc/86vZikoY0UoRjKTu2lSg3w0Ixwmle6aaSJpgMcZ92NI1wSKWbFTfk6FArPRTEQlekUKH+3shwKOUo9PVkiNVAznpj8T+vk6rgzM1YlKSKRmTyUJBypGI0DgT1mKBE8ZEmmAim/4rIAOtQlI6tokOwZ0+eJ85x/bxuXZ9UGxfTNMqwDwdQAxtOoQFX0AQHCDzCM7zCm/FkvBjvxsdktGRMd3bhD4zPH37Ol50=</latexit>

1

skj
Pkj(z)

<latexit sha1_base64="DF4ycTuAIvp8gsv06aB9udze4b4=">AAACAnicbVDLSsNAFL2pr1pfUXe6GSxC3ZREBHVXdOOygrGFNoTJdNKOnTyYmQg1BNz4K25cqLj1K9z5N07TLrT1wOUezrmXmXv8hDOpLOvbKC0sLi2vlFcra+sbm1vm9s6tjFNBqENiHou2jyXlLKKOYorTdiIoDn1OW/7wcuy37qmQLI5u1Cihboj7EQsYwUpLnrnXDQQmmZ1n0suGd3mOmkWvPRx5ZtWqWwXQPLGnpApTND3zq9uLSRrSSBGOpezYVqLcDAvFCKd5pZtKmmAyxH3a0TTCIZVuVtyQo0Ot9FAQC12RQoX6eyPDoZSj0NeTIVYDOeuNxf+8TqqCMzdjUZIqGpHJQ0HKkYrROBDUY4ISxUeaYCKY/isiA6xDUTq2ig7Bnj15njjH9fO6dX1SbVxM0yjDPhxADWw4hQZcQRMcIPAIz/AKb8aT8WK8Gx+T0ZIx3dmFPzA+fwCE/peh</latexit><latexit sha1_base64="DF4ycTuAIvp8gsv06aB9udze4b4=">AAACAnicbVDLSsNAFL2pr1pfUXe6GSxC3ZREBHVXdOOygrGFNoTJdNKOnTyYmQg1BNz4K25cqLj1K9z5N07TLrT1wOUezrmXmXv8hDOpLOvbKC0sLi2vlFcra+sbm1vm9s6tjFNBqENiHou2jyXlLKKOYorTdiIoDn1OW/7wcuy37qmQLI5u1Cihboj7EQsYwUpLnrnXDQQmmZ1n0suGd3mOmkWvPRx5ZtWqWwXQPLGnpApTND3zq9uLSRrSSBGOpezYVqLcDAvFCKd5pZtKmmAyxH3a0TTCIZVuVtyQo0Ot9FAQC12RQoX6eyPDoZSj0NeTIVYDOeuNxf+8TqqCMzdjUZIqGpHJQ0HKkYrROBDUY4ISxUeaYCKY/isiA6xDUTq2ig7Bnj15njjH9fO6dX1SbVxM0yjDPhxADWw4hQZcQRMcIPAIz/AKb8aT8WK8Gx+T0ZIx3dmFPzA+fwCE/peh</latexit><latexit sha1_base64="DF4ycTuAIvp8gsv06aB9udze4b4=">AAACAnicbVDLSsNAFL2pr1pfUXe6GSxC3ZREBHVXdOOygrGFNoTJdNKOnTyYmQg1BNz4K25cqLj1K9z5N07TLrT1wOUezrmXmXv8hDOpLOvbKC0sLi2vlFcra+sbm1vm9s6tjFNBqENiHou2jyXlLKKOYorTdiIoDn1OW/7wcuy37qmQLI5u1Cihboj7EQsYwUpLnrnXDQQmmZ1n0suGd3mOmkWvPRx5ZtWqWwXQPLGnpApTND3zq9uLSRrSSBGOpezYVqLcDAvFCKd5pZtKmmAyxH3a0TTCIZVuVtyQo0Ot9FAQC12RQoX6eyPDoZSj0NeTIVYDOeuNxf+8TqqCMzdjUZIqGpHJQ0HKkYrROBDUY4ISxUeaYCKY/isiA6xDUTq2ig7Bnj15njjH9fO6dX1SbVxM0yjDPhxADWw4hQZcQRMcIPAIz/AKb8aT8WK8Gx+T0ZIx3dmFPzA+fwCE/peh</latexit>

limit mappingX0
3 (i, j, k)

<latexit sha1_base64="ad0Y/9ySgyx12GWujH6nmuZCc58=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahQimJCuqt6MVjBWMLbSyb7aZds9mE3Y1QQv+GFw8qXv013vw3btsctPXBwOO9GWbm+QlnStv2t1VYWl5ZXSuulzY2t7Z3yrt79ypOJaEuiXks2z5WlDNBXc00p+1EUhz5nLb88Hrit56oVCwWd3qUUC/CA8ECRrA2UrfdO32wq6z2WAuPe+WKXbenQIvEyUkFcjR75a9uPyZpRIUmHCvVcexEexmWmhFOx6VuqmiCSYgHtGOowBFVXja9eYyOjNJHQSxNCY2m6u+JDEdKjSLfdEZYD9W8NxH/8zqpDi68jIkk1VSQ2aIg5UjHaBIA6jNJieYjQzCRzNyKyBBLTLSJqWRCcOZfXiTuSf2ybt+eVRpXeRpFOIBDqIID59CAG2iCCwQSeIZXeLNS68V6tz5mrQUrn9mHP7A+fwBhQpAk</latexit><latexit sha1_base64="ad0Y/9ySgyx12GWujH6nmuZCc58=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahQimJCuqt6MVjBWMLbSyb7aZds9mE3Y1QQv+GFw8qXv013vw3btsctPXBwOO9GWbm+QlnStv2t1VYWl5ZXSuulzY2t7Z3yrt79ypOJaEuiXks2z5WlDNBXc00p+1EUhz5nLb88Hrit56oVCwWd3qUUC/CA8ECRrA2UrfdO32wq6z2WAuPe+WKXbenQIvEyUkFcjR75a9uPyZpRIUmHCvVcexEexmWmhFOx6VuqmiCSYgHtGOowBFVXja9eYyOjNJHQSxNCY2m6u+JDEdKjSLfdEZYD9W8NxH/8zqpDi68jIkk1VSQ2aIg5UjHaBIA6jNJieYjQzCRzNyKyBBLTLSJqWRCcOZfXiTuSf2ybt+eVRpXeRpFOIBDqIID59CAG2iCCwQSeIZXeLNS68V6tz5mrQUrn9mHP7A+fwBhQpAk</latexit><latexit sha1_base64="ad0Y/9ySgyx12GWujH6nmuZCc58=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahQimJCuqt6MVjBWMLbSyb7aZds9mE3Y1QQv+GFw8qXv013vw3btsctPXBwOO9GWbm+QlnStv2t1VYWl5ZXSuulzY2t7Z3yrt79ypOJaEuiXks2z5WlDNBXc00p+1EUhz5nLb88Hrit56oVCwWd3qUUC/CA8ECRrA2UrfdO32wq6z2WAuPe+WKXbenQIvEyUkFcjR75a9uPyZpRIUmHCvVcexEexmWmhFOx6VuqmiCSYgHtGOowBFVXja9eYyOjNJHQSxNCY2m6u+JDEdKjSLfdEZYD9W8NxH/8zqpDi68jIkk1VSQ2aIg5UjHaBIA6jNJieYjQzCRzNyKyBBLTLSJqWRCcOZfXiTuSf2ybt+eVRpXeRpFOIBDqIID59CAG2iCCwQSeIZXeLNS68V6tz5mrQUrn9mHP7A+fwBhQpAk</latexit>

pi ! pI , pk ! pK
<latexit sha1_base64="2nPx7YADsVT9faBE9qLTlxARSOw=">AAACAnicbVBNS8MwGE7n15xfVW96CQ7BwxitCOpt6EXxMsG6wVpKmqVbWJqGJBVGGXjxr3jxoOLVX+HNf2O29aCbL4Q8eZ735c3zRIJRpR3n2yotLC4tr5RXK2vrG5tb9vbOvUoziYmHU5bKdoQUYZQTT1PNSFtIgpKIkVY0uBzrrQciFU35nR4KEiSox2lMMdKGCu09EVLo6xSK8Lrm18w1KJ43oV116s6k4DxwC1AFRTVD+8vvpjhLCNeYIaU6riN0kCOpKWZkVPEzRQTCA9QjHQM5SogK8omHETw0TBfGqTSHazhhf0/kKFFqmESmM0G6r2a1Mfmf1sl0fBbklItME46ni+KMQWNyHAjsUkmwZkMDEJbU/BXiPpIIaxNbxYTgzlqeB95x/bzu3J5UGxdFGmWwDw7AEXDBKWiAK9AEHsDgETyDV/BmPVkv1rv1MW0tWcXMLvhT1ucP6qaV+A==</latexit><latexit sha1_base64="2nPx7YADsVT9faBE9qLTlxARSOw=">AAACAnicbVBNS8MwGE7n15xfVW96CQ7BwxitCOpt6EXxMsG6wVpKmqVbWJqGJBVGGXjxr3jxoOLVX+HNf2O29aCbL4Q8eZ735c3zRIJRpR3n2yotLC4tr5RXK2vrG5tb9vbOvUoziYmHU5bKdoQUYZQTT1PNSFtIgpKIkVY0uBzrrQciFU35nR4KEiSox2lMMdKGCu09EVLo6xSK8Lrm18w1KJ43oV116s6k4DxwC1AFRTVD+8vvpjhLCNeYIaU6riN0kCOpKWZkVPEzRQTCA9QjHQM5SogK8omHETw0TBfGqTSHazhhf0/kKFFqmESmM0G6r2a1Mfmf1sl0fBbklItME46ni+KMQWNyHAjsUkmwZkMDEJbU/BXiPpIIaxNbxYTgzlqeB95x/bzu3J5UGxdFGmWwDw7AEXDBKWiAK9AEHsDgETyDV/BmPVkv1rv1MW0tWcXMLvhT1ucP6qaV+A==</latexit><latexit sha1_base64="2nPx7YADsVT9faBE9qLTlxARSOw=">AAACAnicbVBNS8MwGE7n15xfVW96CQ7BwxitCOpt6EXxMsG6wVpKmqVbWJqGJBVGGXjxr3jxoOLVX+HNf2O29aCbL4Q8eZ735c3zRIJRpR3n2yotLC4tr5RXK2vrG5tb9vbOvUoziYmHU5bKdoQUYZQTT1PNSFtIgpKIkVY0uBzrrQciFU35nR4KEiSox2lMMdKGCu09EVLo6xSK8Lrm18w1KJ43oV116s6k4DxwC1AFRTVD+8vvpjhLCNeYIaU6riN0kCOpKWZkVPEzRQTCA9QjHQM5SogK8omHETw0TBfGqTSHazhhf0/kKFFqmESmM0G6r2a1Mfmf1sl0fBbklItME46ni+KMQWNyHAjsUkmwZkMDEJbU/BXiPpIIaxNbxYTgzlqeB95x/bzu3J5UGxdFGmWwDw7AEXDBKWiAK9AEHsDgETyDV/BmPVkv1rv1MW0tWcXMLvhT1ucP6qaV+A==</latexit>

(pi + pj) ! pI , pk ! pK
<latexit sha1_base64="9/OH1VmZLzNy418S4nCXkOj3uS4=">AAACCHicbVDLSgMxFM34rPU16tJNsAgVS5kRQd0V3ShuKji20BmGTJppYzOZkGSEUrp146+4caHi1k9w59+YtrPQ1gshJ+fcy805kWBUacf5tubmFxaXlgsrxdW19Y1Ne2v7TqWZxMTDKUtlM0KKMMqJp6lmpCkkQUnESCPqXYz0xgORiqb8VvcFCRLU4TSmGGlDhTYsi5AeivD+APo6hSK8qvgVc/Xy53Vol5yqMy44C9wclEBe9dD+8tspzhLCNWZIqZbrCB0MkNQUMzIs+pkiAuEe6pCWgRwlRAWDsZMh3DdMG8apNIdrOGZ/TwxQolQ/iUxngnRXTWsj8j+tlen4NBhQLjJNOJ4sijMGjclRLLBNJcGa9Q1AWFLzV4i7SCKsTXhFE4I7bXkWeEfVs6pzc1yqnedpFMAu2ANl4IITUAOXoA48gMEjeAav4M16sl6sd+tj0jpn5TM74E9Znz+Qlpfp</latexit><latexit sha1_base64="9/OH1VmZLzNy418S4nCXkOj3uS4=">AAACCHicbVDLSgMxFM34rPU16tJNsAgVS5kRQd0V3ShuKji20BmGTJppYzOZkGSEUrp146+4caHi1k9w59+YtrPQ1gshJ+fcy805kWBUacf5tubmFxaXlgsrxdW19Y1Ne2v7TqWZxMTDKUtlM0KKMMqJp6lmpCkkQUnESCPqXYz0xgORiqb8VvcFCRLU4TSmGGlDhTYsi5AeivD+APo6hSK8qvgVc/Xy53Vol5yqMy44C9wclEBe9dD+8tspzhLCNWZIqZbrCB0MkNQUMzIs+pkiAuEe6pCWgRwlRAWDsZMh3DdMG8apNIdrOGZ/TwxQolQ/iUxngnRXTWsj8j+tlen4NBhQLjJNOJ4sijMGjclRLLBNJcGa9Q1AWFLzV4i7SCKsTXhFE4I7bXkWeEfVs6pzc1yqnedpFMAu2ANl4IITUAOXoA48gMEjeAav4M16sl6sd+tj0jpn5TM74E9Znz+Qlpfp</latexit><latexit sha1_base64="9/OH1VmZLzNy418S4nCXkOj3uS4=">AAACCHicbVDLSgMxFM34rPU16tJNsAgVS5kRQd0V3ShuKji20BmGTJppYzOZkGSEUrp146+4caHi1k9w59+YtrPQ1gshJ+fcy805kWBUacf5tubmFxaXlgsrxdW19Y1Ne2v7TqWZxMTDKUtlM0KKMMqJp6lmpCkkQUnESCPqXYz0xgORiqb8VvcFCRLU4TSmGGlDhTYsi5AeivD+APo6hSK8qvgVc/Xy53Vol5yqMy44C9wclEBe9dD+8tspzhLCNWZIqZbrCB0MkNQUMzIs+pkiAuEe6pCWgRwlRAWDsZMh3DdMG8apNIdrOGZ/TwxQolQ/iUxngnRXTWsj8j+tlen4NBhQLjJNOJ4sijMGjclRLLBNJcGa9Q1AWFLzV4i7SCKsTXhFE4I7bXkWeEfVs6pzc1yqnedpFMAu2ANl4IITUAOXoA48gMEjeAav4M16sl6sd+tj0jpn5TM74E9Znz+Qlpfp</latexit>

pi ! pI , (pk + pj) ! pK
<latexit sha1_base64="H8xK8LSPZgf5BGsdWmWOCx5LEKI=">AAACCHicbVBPS8MwHE39O+e/qkcvwSFMHKMVQb0NvSheJlg3WEtJs3SLS9OQpMIYu3rxq3jxoOLVj+DNb2O29aCbD0Ie7/1+JO9FglGlHefbmptfWFxaLqwUV9fWNzbtre07lWYSEw+nLJXNCCnCKCeeppqRppAEJREjjah3MfIbD0QqmvJb3RckSFCH05hipI0U2lCEFPo6NfdVxa/Asgh7hyK8P8jF69AuOVVnDDhL3JyUQI56aH/57RRnCeEaM6RUy3WEDgZIaooZGRb9TBGBcA91SMtQjhKigsE4yRDuG6UN41SawzUcq783BihRqp9EZjJBuqumvZH4n9fKdHwaDCgXmSYcTx6KMwZNyFEtsE0lwZr1DUFYUvNXiLtIIqxNeUVTgjsdeZZ4R9WzqnNzXKqd520UwC7YA2XgghNQA5egDjyAwSN4Bq/gzXqyXqx362MyOmflOzvgD6zPH5LXl+k=</latexit><latexit sha1_base64="H8xK8LSPZgf5BGsdWmWOCx5LEKI=">AAACCHicbVBPS8MwHE39O+e/qkcvwSFMHKMVQb0NvSheJlg3WEtJs3SLS9OQpMIYu3rxq3jxoOLVj+DNb2O29aCbD0Ie7/1+JO9FglGlHefbmptfWFxaLqwUV9fWNzbtre07lWYSEw+nLJXNCCnCKCeeppqRppAEJREjjah3MfIbD0QqmvJb3RckSFCH05hipI0U2lCEFPo6NfdVxa/Asgh7hyK8P8jF69AuOVVnDDhL3JyUQI56aH/57RRnCeEaM6RUy3WEDgZIaooZGRb9TBGBcA91SMtQjhKigsE4yRDuG6UN41SawzUcq783BihRqp9EZjJBuqumvZH4n9fKdHwaDCgXmSYcTx6KMwZNyFEtsE0lwZr1DUFYUvNXiLtIIqxNeUVTgjsdeZZ4R9WzqnNzXKqd520UwC7YA2XgghNQA5egDjyAwSN4Bq/gzXqyXqx362MyOmflOzvgD6zPH5LXl+k=</latexit><latexit sha1_base64="H8xK8LSPZgf5BGsdWmWOCx5LEKI=">AAACCHicbVBPS8MwHE39O+e/qkcvwSFMHKMVQb0NvSheJlg3WEtJs3SLS9OQpMIYu3rxq3jxoOLVj+DNb2O29aCbD0Ie7/1+JO9FglGlHefbmptfWFxaLqwUV9fWNzbtre07lWYSEw+nLJXNCCnCKCeeppqRppAEJREjjah3MfIbD0QqmvJb3RckSFCH05hipI0U2lCEFPo6NfdVxa/Asgh7hyK8P8jF69AuOVVnDDhL3JyUQI56aH/57RRnCeEaM6RUy3WEDgZIaooZGRb9TBGBcA91SMtQjhKigsE4yRDuG6UN41SawzUcq783BihRqp9EZjJBuqumvZH4n9fKdHwaDCgXmSYcTx6KMwZNyFEtsE0lwZr1DUFYUvNXiLtIIqxNeUVTgjsdeZZ4R9WzqnNzXKqd520UwC7YA2XgghNQA5egDjyAwSN4Bq/gzXqyXqx362MyOmflOzvgD6zPH5LXl+k=</latexit>

�⇤ iq

kq̄

jg �⇤ Iq

Kq̄

X0
3 (iq, jg, kq̄) ⇠

<latexit sha1_base64="bxwlqjjCWgiJwJhw27F3Bck0VBM=">AAACCnicbVBNS8NAEN34WetX1KOXpUWoUEqqgnorevFYwdhCE8Nmu2nX7ibp7kYoIXcv/hUvHlS8+gu8+W/ctjlo64OBx3szzMzzY0alsqxvY2FxaXlltbBWXN/Y3No2d3ZvZZQITGwcsUi0fSQJoyGxFVWMtGNBEPcZafmDy7HfeiBC0ii8UaOYuBz1QhpQjJSWPLPU9o7vLFih3rAK771eFQ681PGRSIdZdggdSblnlq2aNQGcJ/WclEGOpmd+Od0IJ5yECjMkZaduxcpNkVAUM5IVnUSSGOEB6pGOpiHiRLrp5JcMHmilC4NI6AoVnKi/J1LEpRxxX3dypPpy1huL/3mdRAVnbkrDOFEkxNNFQcKgiuA4GNilgmDFRpogLKi+FeI+EggrHV9Rh1CffXme2Ee185p1fVJuXORpFMA+KIEKqINT0ABXoAlsgMEjeAav4M14Ml6Md+Nj2rpg5DN74A+Mzx/QwZk9</latexit><latexit sha1_base64="bxwlqjjCWgiJwJhw27F3Bck0VBM=">AAACCnicbVBNS8NAEN34WetX1KOXpUWoUEqqgnorevFYwdhCE8Nmu2nX7ibp7kYoIXcv/hUvHlS8+gu8+W/ctjlo64OBx3szzMzzY0alsqxvY2FxaXlltbBWXN/Y3No2d3ZvZZQITGwcsUi0fSQJoyGxFVWMtGNBEPcZafmDy7HfeiBC0ii8UaOYuBz1QhpQjJSWPLPU9o7vLFih3rAK771eFQ681PGRSIdZdggdSblnlq2aNQGcJ/WclEGOpmd+Od0IJ5yECjMkZaduxcpNkVAUM5IVnUSSGOEB6pGOpiHiRLrp5JcMHmilC4NI6AoVnKi/J1LEpRxxX3dypPpy1huL/3mdRAVnbkrDOFEkxNNFQcKgiuA4GNilgmDFRpogLKi+FeI+EggrHV9Rh1CffXme2Ee185p1fVJuXORpFMA+KIEKqINT0ABXoAlsgMEjeAav4M14Ml6Md+Nj2rpg5DN74A+Mzx/QwZk9</latexit><latexit sha1_base64="bxwlqjjCWgiJwJhw27F3Bck0VBM=">AAACCnicbVBNS8NAEN34WetX1KOXpUWoUEqqgnorevFYwdhCE8Nmu2nX7ibp7kYoIXcv/hUvHlS8+gu8+W/ctjlo64OBx3szzMzzY0alsqxvY2FxaXlltbBWXN/Y3No2d3ZvZZQITGwcsUi0fSQJoyGxFVWMtGNBEPcZafmDy7HfeiBC0ii8UaOYuBz1QhpQjJSWPLPU9o7vLFih3rAK771eFQ681PGRSIdZdggdSblnlq2aNQGcJ/WclEGOpmd+Od0IJ5yECjMkZaduxcpNkVAUM5IVnUSSGOEB6pGOpiHiRLrp5JcMHmilC4NI6AoVnKi/J1LEpRxxX3dypPpy1huL/3mdRAVnbkrDOFEkxNNFQcKgiuA4GNilgmDFRpogLKi+FeI+EggrHV9Rh1CffXme2Ee185p1fVJuXORpFMA+KIEKqINT0ABXoAlsgMEjeAav4M14Ml6Md+Nj2rpg5DN74A+Mzx/QwZk9</latexit>

|
<latexit sha1_base64="B7ERe//2MlsC4dDVjwyXJ6BiU08=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3Qil9hd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O4WV1bX1jeJmaWt7Z3evvH9wr5NMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4M/Wbj6g0T+SdGaUYxLQvecQZNVZqPHXLFbfqzkCWiZeTCuSod8tfnV7CshilYYJq3fbc1ARjqgxnAielTqYxpWxI+9i2VNIYdTCeHTohJ1bpkShRtqQhM/X3xJjGWo/i0HbG1Az0ojcV//PamYkugzGXaWZQsvmiKBPEJGT6NelxhcyIkSWUKW5vJWxAFWXGZlOyIXiLLy8T/6x6VXUb55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9aWYzT</latexit><latexit sha1_base64="B7ERe//2MlsC4dDVjwyXJ6BiU08=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3Qil9hd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O4WV1bX1jeJmaWt7Z3evvH9wr5NMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4M/Wbj6g0T+SdGaUYxLQvecQZNVZqPHXLFbfqzkCWiZeTCuSod8tfnV7CshilYYJq3fbc1ARjqgxnAielTqYxpWxI+9i2VNIYdTCeHTohJ1bpkShRtqQhM/X3xJjGWo/i0HbG1Az0ojcV//PamYkugzGXaWZQsvmiKBPEJGT6NelxhcyIkSWUKW5vJWxAFWXGZlOyIXiLLy8T/6x6VXUb55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9aWYzT</latexit><latexit sha1_base64="B7ERe//2MlsC4dDVjwyXJ6BiU08=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3Qil9hd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O4WV1bX1jeJmaWt7Z3evvH9wr5NMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4M/Wbj6g0T+SdGaUYxLQvecQZNVZqPHXLFbfqzkCWiZeTCuSod8tfnV7CshilYYJq3fbc1ARjqgxnAielTqYxpWxI+9i2VNIYdTCeHTohJ1bpkShRtqQhM/X3xJjGWo/i0HbG1Az0ojcV//PamYkugzGXaWZQsvmiKBPEJGT6NelxhcyIkSWUKW5vJWxAFWXGZlOyIXiLLy8T/6x6VXUb55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9aWYzT</latexit>

|
<latexit sha1_base64="B7ERe//2MlsC4dDVjwyXJ6BiU08=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3Qil9hd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O4WV1bX1jeJmaWt7Z3evvH9wr5NMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4M/Wbj6g0T+SdGaUYxLQvecQZNVZqPHXLFbfqzkCWiZeTCuSod8tfnV7CshilYYJq3fbc1ARjqgxnAielTqYxpWxI+9i2VNIYdTCeHTohJ1bpkShRtqQhM/X3xJjGWo/i0HbG1Az0ojcV//PamYkugzGXaWZQsvmiKBPEJGT6NelxhcyIkSWUKW5vJWxAFWXGZlOyIXiLLy8T/6x6VXUb55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9aWYzT</latexit><latexit sha1_base64="B7ERe//2MlsC4dDVjwyXJ6BiU08=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3Qil9hd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O4WV1bX1jeJmaWt7Z3evvH9wr5NMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4M/Wbj6g0T+SdGaUYxLQvecQZNVZqPHXLFbfqzkCWiZeTCuSod8tfnV7CshilYYJq3fbc1ARjqgxnAielTqYxpWxI+9i2VNIYdTCeHTohJ1bpkShRtqQhM/X3xJjGWo/i0HbG1Az0ojcV//PamYkugzGXaWZQsvmiKBPEJGT6NelxhcyIkSWUKW5vJWxAFWXGZlOyIXiLLy8T/6x6VXUb55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9aWYzT</latexit><latexit sha1_base64="B7ERe//2MlsC4dDVjwyXJ6BiU08=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3Qil9hd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O4WV1bX1jeJmaWt7Z3evvH9wr5NMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4M/Wbj6g0T+SdGaUYxLQvecQZNVZqPHXLFbfqzkCWiZeTCuSod8tfnV7CshilYYJq3fbc1ARjqgxnAielTqYxpWxI+9i2VNIYdTCeHTohJ1bpkShRtqQhM/X3xJjGWo/i0HbG1Az0ojcV//PamYkugzGXaWZQsvmiKBPEJGT6NelxhcyIkSWUKW5vJWxAFWXGZlOyIXiLLy8T/6x6VXUb55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9aWYzT</latexit> |

<latexit sha1_base64="B7ERe//2MlsC4dDVjwyXJ6BiU08=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3Qil9hd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O4WV1bX1jeJmaWt7Z3evvH9wr5NMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4M/Wbj6g0T+SdGaUYxLQvecQZNVZqPHXLFbfqzkCWiZeTCuSod8tfnV7CshilYYJq3fbc1ARjqgxnAielTqYxpWxI+9i2VNIYdTCeHTohJ1bpkShRtqQhM/X3xJjGWo/i0HbG1Az0ojcV//PamYkugzGXaWZQsvmiKBPEJGT6NelxhcyIkSWUKW5vJWxAFWXGZlOyIXiLLy8T/6x6VXUb55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9aWYzT</latexit><latexit sha1_base64="B7ERe//2MlsC4dDVjwyXJ6BiU08=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3Qil9hd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O4WV1bX1jeJmaWt7Z3evvH9wr5NMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4M/Wbj6g0T+SdGaUYxLQvecQZNVZqPHXLFbfqzkCWiZeTCuSod8tfnV7CshilYYJq3fbc1ARjqgxnAielTqYxpWxI+9i2VNIYdTCeHTohJ1bpkShRtqQhM/X3xJjGWo/i0HbG1Az0ojcV//PamYkugzGXaWZQsvmiKBPEJGT6NelxhcyIkSWUKW5vJWxAFWXGZlOyIXiLLy8T/6x6VXUb55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9aWYzT</latexit><latexit sha1_base64="B7ERe//2MlsC4dDVjwyXJ6BiU08=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3Qil9hd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O4WV1bX1jeJmaWt7Z3evvH9wr5NMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4M/Wbj6g0T+SdGaUYxLQvecQZNVZqPHXLFbfqzkCWiZeTCuSod8tfnV7CshilYYJq3fbc1ARjqgxnAielTqYxpWxI+9i2VNIYdTCeHTohJ1bpkShRtqQhM/X3xJjGWo/i0HbG1Az0ojcV//PamYkugzGXaWZQsvmiKBPEJGT6NelxhcyIkSWUKW5vJWxAFWXGZlOyIXiLLy8T/6x6VXUb55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9aWYzT</latexit>

|
<latexit sha1_base64="B7ERe//2MlsC4dDVjwyXJ6BiU08=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3Qil9hd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O4WV1bX1jeJmaWt7Z3evvH9wr5NMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4M/Wbj6g0T+SdGaUYxLQvecQZNVZqPHXLFbfqzkCWiZeTCuSod8tfnV7CshilYYJq3fbc1ARjqgxnAielTqYxpWxI+9i2VNIYdTCeHTohJ1bpkShRtqQhM/X3xJjGWo/i0HbG1Az0ojcV//PamYkugzGXaWZQsvmiKBPEJGT6NelxhcyIkSWUKW5vJWxAFWXGZlOyIXiLLy8T/6x6VXUb55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9aWYzT</latexit><latexit sha1_base64="B7ERe//2MlsC4dDVjwyXJ6BiU08=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3Qil9hd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O4WV1bX1jeJmaWt7Z3evvH9wr5NMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4M/Wbj6g0T+SdGaUYxLQvecQZNVZqPHXLFbfqzkCWiZeTCuSod8tfnV7CshilYYJq3fbc1ARjqgxnAielTqYxpWxI+9i2VNIYdTCeHTohJ1bpkShRtqQhM/X3xJjGWo/i0HbG1Az0ojcV//PamYkugzGXaWZQsvmiKBPEJGT6NelxhcyIkSWUKW5vJWxAFWXGZlOyIXiLLy8T/6x6VXUb55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9aWYzT</latexit><latexit sha1_base64="B7ERe//2MlsC4dDVjwyXJ6BiU08=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3Qil9hd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O4WV1bX1jeJmaWt7Z3evvH9wr5NMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4M/Wbj6g0T+SdGaUYxLQvecQZNVZqPHXLFbfqzkCWiZeTCuSod8tfnV7CshilYYJq3fbc1ARjqgxnAielTqYxpWxI+9i2VNIYdTCeHTohJ1bpkShRtqQhM/X3xJjGWo/i0HbG1Az0ojcV//PamYkugzGXaWZQsvmiKBPEJGT6NelxhcyIkSWUKW5vJWxAFWXGZlOyIXiLLy8T/6x6VXUb55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9aWYzT</latexit>

2
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<latexit sha1_base64="fbJEoIrGo3uSD/jWCs80JRwj+XQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU01FUG9FLx5bMLbQhrLZTtq1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZekAiujet+O4WV1bX1jeJmaWt7Z3evvH/woONUMfRYLGLVDqhGwSV6hhuB7UQhjQKBrWB0O/VbT6g0j+W9GSfoR3QgecgZNVZqnvXKFbfqzkCWSS0nFcjR6JW/uv2YpRFKwwTVulNzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bHTohJ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IRXfsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2ZRsCLXFl5eJd169rrrNi0r9Jk+jCEdwDKdQg0uowx00wAMGCM/wCm/Oo/PivDsf89aCk88cwh84nz/l44yG</latexit><latexit sha1_base64="fbJEoIrGo3uSD/jWCs80JRwj+XQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU01FUG9FLx5bMLbQhrLZTtq1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZekAiujet+O4WV1bX1jeJmaWt7Z3evvH/woONUMfRYLGLVDqhGwSV6hhuB7UQhjQKBrWB0O/VbT6g0j+W9GSfoR3QgecgZNVZqnvXKFbfqzkCWSS0nFcjR6JW/uv2YpRFKwwTVulNzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bHTohJ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IRXfsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2ZRsCLXFl5eJd169rrrNi0r9Jk+jCEdwDKdQg0uowx00wAMGCM/wCm/Oo/PivDsf89aCk88cwh84nz/l44yG</latexit><latexit sha1_base64="fbJEoIrGo3uSD/jWCs80JRwj+XQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU01FUG9FLx5bMLbQhrLZTtq1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZekAiujet+O4WV1bX1jeJmaWt7Z3evvH/woONUMfRYLGLVDqhGwSV6hhuB7UQhjQKBrWB0O/VbT6g0j+W9GSfoR3QgecgZNVZqnvXKFbfqzkCWSS0nFcjR6JW/uv2YpRFKwwTVulNzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bHTohJ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IRXfsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2ZRsCLXFl5eJd169rrrNi0r9Jk+jCEdwDKdQg0uowx00wAMGCM/wCm/Oo/PivDsf89aCk88cwh84nz/l44yG</latexit>

Example: tree-level quark, anti-quark antenna

Framework - antenna subtraction
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Real subtraction then numerically integrated

d�S =
1

Sm+1
d�m+1(..., pi, pj , pk, ...)X

0
ijk(i, j, k) |M0

m(.., I,K, ..)|2J (m)
m (.., pI , pK , ..)

<latexit sha1_base64="q54VSIo4cbDb07VkoPKahqsRxso="></latexit><latexit sha1_base64="q54VSIo4cbDb07VkoPKahqsRxso="></latexit><latexit sha1_base64="q54VSIo4cbDb07VkoPKahqsRxso="></latexit>

Reduced 
amplitude

Jet functionAntenna 
function

m+1 parton 
phase-space

Framework - antenna subtraction



which allows to construct integrated subtraction term          .
19

d�m+1(..., pi, pj , pk, ...) = d�m(..., pI , pK , ...) · d�Xijk(pi, pj , pk; pI + pK)
<latexit sha1_base64="1e+EJxMpo1HXmg2tMgUXYf0L4Tc="></latexit><latexit sha1_base64="1e+EJxMpo1HXmg2tMgUXYf0L4Tc="></latexit><latexit sha1_base64="1e+EJxMpo1HXmg2tMgUXYf0L4Tc="></latexit>

Real subtraction then numerically integrated

Reduced 
amplitude

Jet functionAntenna 
function

d�S =
1

Sm+1
d�m+1(..., pi, pj , pk, ...)X

0
ijk(i, j, k) |M0

m(.., I,K, ..)|2J (m)
m (.., pI , pK , ..)

<latexit sha1_base64="q54VSIo4cbDb07VkoPKahqsRxso="></latexit><latexit sha1_base64="q54VSIo4cbDb07VkoPKahqsRxso="></latexit><latexit sha1_base64="q54VSIo4cbDb07VkoPKahqsRxso="></latexit>

Note that (phase-space factorisation):

can be used to re-write subtraction term according to:

analytically integrated 
in d-dimensions

m+1 parton 
phase-space

d�m(..., pI , pK , ...) |M0
m(.., I,K, ..)|2J (m)

m (.., pI , pK , ..)

Z
d�XijkX

0
ijk(i, j, k)

<latexit sha1_base64="5P8SF6PyScGmFQ0hNVVww8P5GJE="></latexit><latexit sha1_base64="5P8SF6PyScGmFQ0hNVVww8P5GJE="></latexit><latexit sha1_base64="5P8SF6PyScGmFQ0hNVVww8P5GJE="></latexit>

d�T
<latexit sha1_base64="IiFjnK+DyoSa9+ZYwNMF6ixfnNA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rNLbSxrLZbNqlu5uwuxFK6K/w4kHFq3/Hm//GbZuDtj4YeLw3w8y8MOVMG9f9dkorq2vrG+XNytb2zu5edf/gXieZItQnCU9UJ8Saciapb5jhtJMqikXIaTsc3Uz99hNVmiWyZcYpDQQeSBYzgo2VHqKeZgOBH1v9as2tuzOgZeIVpAYFmv3qVy9KSCaoNIRjrbuem5ogx8owwumk0ss0TTEZ4QHtWiqxoDrIZwdP0IlVIhQnypY0aKb+nsix0HosQtspsBnqRW8q/ud1MxNfBjmTaWaoJPNFccaRSdD0exQxRYnhY0swUczeisgQK0yMzahiQ/AWX14m/ln9qu7endca10UaZTiCYzgFDy6gAbfQBB8ICHiGV3hzlPPivDsf89aSU8wcwh84nz8j/pAq</latexit><latexit sha1_base64="IiFjnK+DyoSa9+ZYwNMF6ixfnNA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rNLbSxrLZbNqlu5uwuxFK6K/w4kHFq3/Hm//GbZuDtj4YeLw3w8y8MOVMG9f9dkorq2vrG+XNytb2zu5edf/gXieZItQnCU9UJ8Saciapb5jhtJMqikXIaTsc3Uz99hNVmiWyZcYpDQQeSBYzgo2VHqKeZgOBH1v9as2tuzOgZeIVpAYFmv3qVy9KSCaoNIRjrbuem5ogx8owwumk0ss0TTEZ4QHtWiqxoDrIZwdP0IlVIhQnypY0aKb+nsix0HosQtspsBnqRW8q/ud1MxNfBjmTaWaoJPNFccaRSdD0exQxRYnhY0swUczeisgQK0yMzahiQ/AWX14m/ln9qu7endca10UaZTiCYzgFDy6gAbfQBB8ICHiGV3hzlPPivDsf89aSU8wcwh84nz8j/pAq</latexit><latexit sha1_base64="IiFjnK+DyoSa9+ZYwNMF6ixfnNA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rNLbSxrLZbNqlu5uwuxFK6K/w4kHFq3/Hm//GbZuDtj4YeLw3w8y8MOVMG9f9dkorq2vrG+XNytb2zu5edf/gXieZItQnCU9UJ8Saciapb5jhtJMqikXIaTsc3Uz99hNVmiWyZcYpDQQeSBYzgo2VHqKeZgOBH1v9as2tuzOgZeIVpAYFmv3qVy9KSCaoNIRjrbuem5ogx8owwumk0ss0TTEZ4QHtWiqxoDrIZwdP0IlVIhQnypY0aKb+nsix0HosQtspsBnqRW8q/ud1MxNfBjmTaWaoJPNFccaRSdD0exQxRYnhY0swUczeisgQK0yMzahiQ/AWX14m/ln9qu7endca10UaZTiCYzgFDy6gAbfQBB8ICHiGV3hzlPPivDsf89aSU8wcwh84nz8j/pAq</latexit>

Framework - antenna subtraction
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$
$
$
X.$Chen,$J.$Cruz$Mar)nez,$J.$Currie,$AG,$T.$Gehrmann,$E.W.N.$Glover,$$
$$$$$$$$$$$$$$$$$$$$A.Huss,$$M.$Jacquier,$T.$Morgan,$J.$Niehues,$J.$Pires$
•  Common$infrastructure$for$the$implementa)on$of$NNLO$

correc)ons$using$antenna$subtrac)on$for$:$$

•  +$….$
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NNLOJET$

Aude$Gehrmann8De$Ridder$$$Par)cle$Physics$Colloquium,$Karlsruhe,$07.07.2016$

NNLOJET

_ ___ ____ ____ ____________

/ |/ / |/ / / / __ \__ / / __/_ __/

/ / / /__/ /_/ / // / _/ / /

/_/|_/_/|_/____/\____/\___/___/ /_/

X. Chen, J. Cruz-Martinez, J. Currie, A. Gehrmann–De Ridder, T. Gehrmann,
E.W.N. Glover, AH, M. Jaquier, T. Morgan, J. Niehues, J. Pires

Common code base for NNLO corrections using Antenna Subtraction
I pp ! Z/�⇤ ! `+`� + 0, 1 jets
I pp ! H ! �� + 0, 1, 2 jets
I pp ! dijets
I ep ! 2 jets (talk by J. Niehues)
I . . .

I Fully differential parton-level event generator
I Work in progress: Interface to APPLgrid, fastNLO

6/23

pp ! dijets

pp ! H !! �� + 0, 1, 2 jets

pp ! Z/�⇤ ! l+l� + 0, 1 jets

ep ! 2(+1) jets

X. Chen, J. Cruz-Martinez, J. Currie, RG, A. Gehrmann-De Ridder, T. Gehrmann, 
E.W.N. Glover, A. Huss, I. Maier, T. Morgan, J. Niehues, J. Pires, D. Walker 

[CERN, IPPP Durham, Zurich (ETH and UZH), Lisbon (CFTP)]  

Processes:

pp ! V ! ll̄ + 0, 1 jets

pp ! H + 0, 1, 2 jets

pp ! dijets

ep ! 1, 2 jets

eē ! 3 jets

...

Common framework for NNLO corrections

• parton-level Monte Carlo generator 

• basis: Antenna subtraction formalism 

• implementation strongly follows:  

• In progress: APPLfast-NNLO interface  

Gehrmann(-De Ridder), Glover - arXiv:0505111

PDF fitting with full NNLO calculations

Currie, Glover, Wells - arXiv:1301.4693
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Gehrmann-De Ridder, Gehrmann, Glover, Huss, Morgan - arXiv:1605.04295 
JHEP 07(2016)133

Previous results: inclusive     spectrumpZT

re
co
il

Z pZT 6= 0
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Inclusive      spectrum
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Figure 2. The unnormalised Z-boson transverse momentum distribution for the cuts given in
Table 1 and 66 GeV < m`` < 116 GeV. ATLAS data is taken from Ref. [15]. The luminosity error
is not shown. The green bands denote the NLO prediction with scale uncertainty and the blue
bands show the NNLO prediction with scale uncertainty.

Figure 3. The normalised Z-boson transverse momentum distribution for the cuts given in Table 1
and 66 GeV < m`` < 116 GeV. ATLAS data is taken from Ref. [15]. The green bands denote the
NLO prediction with scale uncertainty and the blue bands show the NNLO prediction with scale
uncertainty.

the data by the measured values for the inclusive lepton pair cross section in this fiducial

bin. The cross section for this mass window was measured to be [15],

�exp(66 GeV < m`` < 116 GeV) = 537.10± 0.45% (sys.)± 2.80% (lumi.) pb.
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Figure 3. The normalised Z-boson transverse momentum distribution for the cuts given in Table 1
and 66 GeV < m`` < 116 GeV. ATLAS data is taken from Ref. [15]. The green bands denote the
NLO prediction with scale uncertainty and the blue bands show the NNLO prediction with scale
uncertainty.

the data by the measured values for the inclusive lepton pair cross section in this fiducial

bin. The cross section for this mass window was measured to be [15],

�exp(66 GeV < m`` < 116 GeV) = 537.10± 0.45% (sys.)± 2.80% (lumi.) pb.

– 5 –

Absolute cross-section Normalised cross-section

Scale variation:  
Input PDFs:  
EW scheme:

pZT

NNPDF3.0 NNLO ↵s(mZ) = 0.118, mem. 0

µ0 = EZ
T , 1/2 < µF /µR < 2

↵�GF scheme
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ATLAS Data
| < 2.5lep|y
 > 25 [GeV]lep

T
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 [GeV] < 116ll66 < m

7 TeV 8 TeV 13 TeV

Scale Uncertainty
 0.0012±(mz) = 0.1182 sα

68% CL PDF Uncertainty
0.15) GeV± = (1.40pole

cm
Quadrature sumMMHT14 NNLO
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Fiducial Z cross-section uncertainties

↵s(mZ) = 0.1182± 0.0012

�PDF = 1�CL
mpole

c = 1.4± 0.15GeV

MT
Z , 1/2 < µF /µR < 2
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Impact of input value of          in global fit

NNPDF3.0
MMHT14

CT14

mpole
c

Input PDFs: MMHT’14, heavy quark variation 
arXiv:1510.02332
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NNPDF3.0

x
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(x
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=m
z)

ce
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d
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=m

z)
/

d 0.9
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 CL)σ = 1.40 GeV (1cMMHT NNLO m

 = 1.55 GeVcMMHT NNLO m
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charm PDF down PDF

Impact of input value of          in global fitmpole
c



• NNPDF3.0     NNPDF3.1, fit non-perturbative charm  

• NNPDF3.0     NNPDF3.1,           = 1.275     1.51 GeV  

• NNPDF3.0     NNPDF3.1,       data included
26

Absolute cross section

24 Juan Rojo                                                                                                                  LHCP2017, Shanghai, 16/05/2017

PDFs and precision physics at the LHC Run II

Compare recent PDF fits with fiducial W,Z cross-sections at 
13 TeV from ATLAS!

Theory calculations with FEWZ and Horace: NNLO QCD + 
NLO EW. The latter improves agreement with data!

Qualitative agreement between theory and data for most 
cases - now looking forward to differential measurements!

J. Rojo - LHCP Conference

minp.
c

minp.
c = 1.275 GeV

minp.
c = 1.3 GeV

minp.
c = 1.4 GeV

!

!!

!

Precision calculations    Precision PDF extractions!
<latexit sha1_base64="Fwel2RJH1iRRkES7NYxyoz4No+w=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsN+3STTbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88GpVpxn2mpNLtkBouRcJ9FCh5O9WcxqHkrXB0M/VbT1wboZIHHKc8iOkgEZFgFK1030XVq9bcujsDWSZeQWpQoNmrfnX7imUxT5BJakzHc1MMcqpRMMknlW5meErZiA54x9KExtwE+ezUCTmxSp9ESttKkMzU3xM5jY0Zx6HtjCkOzaI3Ff/zOhlGl0EukjRDnrD5oiiTBBWZ/k36QnOGcmwJZVrYWwkbUk0Z2nQqNgRv8eVl4p/Vr+ru3XmtcV2kUYYjOIZT8OACGnALTfCBwQCe4RXeHOm8OO/Ox7y15BQzh/AHzucPzCWNqg==</latexit><latexit sha1_base64="Fwel2RJH1iRRkES7NYxyoz4No+w=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsN+3STTbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88GpVpxn2mpNLtkBouRcJ9FCh5O9WcxqHkrXB0M/VbT1wboZIHHKc8iOkgEZFgFK1030XVq9bcujsDWSZeQWpQoNmrfnX7imUxT5BJakzHc1MMcqpRMMknlW5meErZiA54x9KExtwE+ezUCTmxSp9ESttKkMzU3xM5jY0Zx6HtjCkOzaI3Ff/zOhlGl0EukjRDnrD5oiiTBBWZ/k36QnOGcmwJZVrYWwkbUk0Z2nQqNgRv8eVl4p/Vr+ru3XmtcV2kUYYjOIZT8OACGnALTfCBwQCe4RXeHOm8OO/Ox7y15BQzh/AHzucPzCWNqg==</latexit><latexit sha1_base64="Fwel2RJH1iRRkES7NYxyoz4No+w=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsN+3STTbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88GpVpxn2mpNLtkBouRcJ9FCh5O9WcxqHkrXB0M/VbT1wboZIHHKc8iOkgEZFgFK1030XVq9bcujsDWSZeQWpQoNmrfnX7imUxT5BJakzHc1MMcqpRMMknlW5meErZiA54x9KExtwE+ezUCTmxSp9ESttKkMzU3xM5jY0Zx6HtjCkOzaI3Ff/zOhlGl0EukjRDnrD5oiiTBBWZ/k36QnOGcmwJZVrYWwkbUk0Z2nQqNgRv8eVl4p/Vr+ru3XmtcV2kUYYjOIZT8OACGnALTfCBwQCe4RXeHOm8OO/Ox7y15BQzh/AHzucPzCWNqg==</latexit>

pZT



27

Angular coefficients in Z-boson production

RG, Gehrmann-De Ridder, Gehrmann, Glover, Huss - arXiv:1708.00008  
JHEP 01(2017)003

hadron plane

x

y

z

lepton plane

p1 p2

k1

��
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kµ1,2 =

p
q2

2
(1,± sin ✓ cos�,± sin ✓ sin�,± cos ✓)T

Defining lepton kinematics in V(q) rest frame

d�

d4q cos ✓ d�
=

3

16⇡

d�unpol.

d4q

⇢
(1 + cos2 ✓) +

1

2
A0 (1� 3 cos2 ✓)

+A1 sin(2✓) cos�+
1

2
A2 sin2 ✓ cos(2�)

+A3 sin ✓ cos�+A4 cos ✓ +A5 sin2 ✓ sin(2�)

+A6 sin(2✓) sin�+A7 sin ✓ sin�

�

Decompose cross section in terms of spherical polynomials           

l = 0 m = 0

l = 1 m = �1, 0, 1

l = 2 m = �2,�1, 0, 1, 2

Total of 9 terms 
Encode QCD dynamics Lepton pair kinematics

A0,..,7(q)

fi(✓,�)

fi(✓,�)

General set-up

p(p1) + p(p2) ! V (q) +X ! `(k1) + ¯̀(k2) +X
<latexit sha1_base64="75kbhH4ewhHGJyv2LUr98zLREk0=">AAACJHicbZDLSsNAFIYn9VbrLerSzWARUgolKYIKLopuXFYwbaEJYTKdtkMnF2cmQgl9GTe+ihsXVly48VmcpFlo64GBj//8hzPn92NGhTTNL620tr6xuVXeruzs7u0f6IdHHRElHBMbRyziPR8JwmhIbEklI72YExT4jHT9yW3W7z4RLmgUPshpTNwAjUI6pBhJJXn6dWzEnlWDdZhBswYdGcGO8Vir93J0CGPGZOFwfMTTTJgppakcnl41G2ZecBWsAqqgqLanz51BhJOAhBIzJETfMmPppohLihmZVZxEkBjhCRqRvsIQBUS4aX7lDJ4pZQCHEVcvlDBXf0+kKBBiGvjKGSA5Fsu9TPyv10/k8NJNaRgnkoR4sWiYMKjOzyKDA8oJlmyqAGFO1V8hHiOOsFTBVlQI1vLJq2A3G1cN8/682rop0iiDE3AKDGCBC9ACd6ANbIDBM3gF72CuvWhv2of2ubCWtGLmGPwp7fsHhwGgnw==</latexit><latexit sha1_base64="75kbhH4ewhHGJyv2LUr98zLREk0=">AAACJHicbZDLSsNAFIYn9VbrLerSzWARUgolKYIKLopuXFYwbaEJYTKdtkMnF2cmQgl9GTe+ihsXVly48VmcpFlo64GBj//8hzPn92NGhTTNL620tr6xuVXeruzs7u0f6IdHHRElHBMbRyziPR8JwmhIbEklI72YExT4jHT9yW3W7z4RLmgUPshpTNwAjUI6pBhJJXn6dWzEnlWDdZhBswYdGcGO8Vir93J0CGPGZOFwfMTTTJgppakcnl41G2ZecBWsAqqgqLanz51BhJOAhBIzJETfMmPppohLihmZVZxEkBjhCRqRvsIQBUS4aX7lDJ4pZQCHEVcvlDBXf0+kKBBiGvjKGSA5Fsu9TPyv10/k8NJNaRgnkoR4sWiYMKjOzyKDA8oJlmyqAGFO1V8hHiOOsFTBVlQI1vLJq2A3G1cN8/682rop0iiDE3AKDGCBC9ACd6ANbIDBM3gF72CuvWhv2of2ubCWtGLmGPwp7fsHhwGgnw==</latexit><latexit sha1_base64="75kbhH4ewhHGJyv2LUr98zLREk0=">AAACJHicbZDLSsNAFIYn9VbrLerSzWARUgolKYIKLopuXFYwbaEJYTKdtkMnF2cmQgl9GTe+ihsXVly48VmcpFlo64GBj//8hzPn92NGhTTNL620tr6xuVXeruzs7u0f6IdHHRElHBMbRyziPR8JwmhIbEklI72YExT4jHT9yW3W7z4RLmgUPshpTNwAjUI6pBhJJXn6dWzEnlWDdZhBswYdGcGO8Vir93J0CGPGZOFwfMTTTJgppakcnl41G2ZecBWsAqqgqLanz51BhJOAhBIzJETfMmPppohLihmZVZxEkBjhCRqRvsIQBUS4aX7lDJ4pZQCHEVcvlDBXf0+kKBBiGvjKGSA5Fsu9TPyv10/k8NJNaRgnkoR4sWiYMKjOzyKDA8oJlmyqAGFO1V8hHiOOsFTBVlQI1vLJq2A3G1cN8/682rop0iiDE3AKDGCBC9ACd6ANbIDBM3gF72CuvWhv2of2ubCWtGLmGPwp7fsHhwGgnw==</latexit>



(                                 )

Angular coefficients                    first measured in low-mass Dell-Yan 

* Measurements by Na10/E615 in late 80s (Pion beams on Tungsten) 
* Measurements by NuSea ’06/’08 (pp and pd collisions) 
 

At LHC and TeVatron, measurements performed around Z-boson mass 
 
* CDF measurement - arXiv:1103.5699  
* ATLAS/CMS measurements - arXiv:1606.00689 / arXiv:1504.03512

Measurement of angular coefficients (polarisation) in W production                  
* ATLAS/CMS measurements - arXiv:1203.2165 / arXiv:1104.3829 
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Some context
A0, A1, A2

A3, A4(sensitive to               )

(see ref. [27-30] of arXiv:1708.00008)

pT,W > 30/50 GeV

the three-dimensional boson production phase space, defined by the variables m, pT, and y, and the two-
dimensional boson decay phase space, defined by the variables ✓ and �. Accordingly, a prediction of
the kinematic distributions of vector bosons and their decay products can be transformed into another
prediction by applying separate reweighting of the three-dimensional boson production phase-space dis-
tributions, followed by a reweighting of the angular decay distributions.

The reweighting is performed in several steps. First, the inclusive rapidity distribution is reweighted
according to the NNLO QCD predictions evaluated with DYNNLO. Then, at a given rapidity, the vector-
boson transverse-momentum shape is reweighted to the Pythia 8 prediction with the AZ tune. This pro-
cedure provides the transverse-momentum distribution of vector bosons predicted by Pythia 8, preserving
the rapidity distribution at NNLO. Finally, at given rapidity and transverse momentum, the angular vari-
ables are reweighted according to:

w =
1 + cos2 ✓ +

P
i A0i(pT, y) Pi(cos ✓, �)

1 + cos2 ✓ +
P

i Ai(pT, y) Pi(cos ✓, �)
,

where A0i are the angular coe�cients evaluated at O(↵2
s ), and Ai are the angular coe�cients of the

Powheg+Pythia 8 samples. This reweighting procedure neglects the small dependence of the two-
dimensional (pT,y) distribution and of the angular coe�cients on the final state invariant mass. The
procedure is used to include the corrections described in Sections 6.2 and 6.3, as well as to estimate the
impact of the QCD modelling uncertainties described in Section 6.5.

The validity of the reweighting procedure is tested at particle level by generating independent W-boson
samples using the CT10nnlo and NNPDF3.0 [96] NNLO PDF sets, and the same value of mW . The
relevant kinematic distributions are calculated for both samples and used to reweight the CT10nnlo sample
to the NNPDF3.0 one. The procedure described in Section 2.2 is then used to determine the value of mW
by fitting the NNPDF3.0 sample using templates from the reweighted CT10nnlo sample. The fitted value
agrees with the input value within 1.5±2.0 MeV. The statistical precision of this test is used to assign the
associated systematic uncertainty.

The resulting model is tested by comparing the predicted Z-boson di↵erential cross section as a function
of rapidity, the W-boson di↵erential cross section as a function of lepton pseudorapidity, and the angu-
lar coe�cients in Z-boson events, to the corresponding ATLAS measurements [41, 42]. The comparison
with the measured W and Z cross sections is shown in Figure 3. Satisfactory greement between the meas-
urements and the theoretical predictions is observed. A �2 compatibility test is performed for the three
distributions simultaneously, including the correlations between the uncertainties. The compatibility test
yields a �2/dof value of 45/34. Other NNLO PDF sets such as NNPDF3.0, CT14 [97], MMHT2014 [98],
and ABM12 [99] are in worse agreement with these distributions. Based on the quantitative comparisons
performed in Ref. [41], only CT10nnlo, CT14 and MMHT2014 are considered further. The better agree-
ment obtained with CT10nnlo can be ascribed to the weaker suppression of the strange quark density
compared to the u- and d-quark sea densities in this PDF set.

The predictions of the angular coe�cients in Z-boson events are compared to the ATLAS measurement at
p

s = 8 TeV [42]. Good greement between the measurements and DYNNLO is observed for the relevant
coe�cients, except for A2, where the measurement is significantly below the prediction. As an example,
Figure 4 shows the comparison for A0 and A2 as a function of pZ

T. For A2, an additional source of
uncertainty in the theoretical prediction is considered to account for the observed disagreement with data,
as discussed in Section 6.5.3.

16

Enters         extraction via 
weighting of angular variables

mW

(i.e. ATLAS P8 Tune vs. FO)



practically: run pp > ll+X, perform projection in Collins-Soper frame  
                  fill histograms (w.r.t.                  ) weighted by 

reality: integrating highly oscillating functions… 
 
solutions: clever reweighting of P.S. + many integrand evaluations..

30

Predictions of angular coefficients

for the non-vanishing diagonal components of the hadronic tensor. We observe that the

Lam–Tung relation is equivalent to A0 � A2 = 0. Note that the result of Eq. (2.11) is not

frame independent but only holds if both the z- and x-axis in the lepton-pair rest frame lie

in the hadronic event plane. This condition enters in the step where the form factors Hi are

expressed in terms of the diagonal Hij components using Eq. (2.12) and can be understood

by inspecting the covariant formulation of Eq. (2.2) in the lepton-pair rest frame: The only

form factors that contribute to the trace of the hadronic tensor on the r.h.s. of Eq. (2.2)

are H1,...,4. The tensor structures multiplying H2,3,4 only involve momenta lying inside the

hadronic plane and it is solely the tensor g̃µ⌫ multiplying the form factor H1 which has a

non-vanishing component orthogonal to it. The Lam–Tung relation therefore distinguishes

the direction perpendicular to the hadronic plane and can be interpreted as a statement

about the current–current correlation of the hadronic tensor in this direction.6

Making use of the completeness of the spherical harmonics, the angular coe�cients

appearing in the decomposition provided in Eq. (2.5) can be extracted through the pro-

jectors

A0 = 4� 10
⌦
cos2 ✓

↵
, A1 = 5 hsin(2✓) cos�i , A2 = 10

⌦
sin2 ✓ cos(2�)

↵
,

A3 = 4 hsin ✓ cos�i , A4 = 4 hcos ✓i , A5 = 5
⌦
sin2 ✓ sin(2�)

↵
,

A6 = 5 hsin(2✓) sin�i , A7 = 4 hsin ✓ sin�i , (2.13)

where h. . .i denotes taking the (normalised) weighted average over the angular variables ✓,

� and is defined as

hf(✓,�)i ⌘

R 1
�1 d cos ✓

R 2⇡
0 d� d�(✓,�) f(✓,�)

R 1
�1 d cos ✓

R 2⇡
0 d� d�(✓,�)

. (2.14)

The dominant angular coe�cients are A0,...,4, while A5,6,7 vanish at O(↵s) and only

receive small O
�
↵2
s

�
corrections from the absorptive parts of the one-loop amplitudes in

Z+ jet production. We therefore will not discuss the coe�cients A5,6,7 in the following. In

the case of pure �⇤ exchange, the relevant coe�cients are the parity-conserving coe�cients

A0,1,2. A3 and A4, on the other hand, are odd under parity and proportional to the product

of vector- and axial-vector-couplings of the gauge boson to the fermions. As such, they

are sensitive to the relative rate of incoming down- and up-type quark fluxes as well as

the weak mixing angle sw. All the coe�cients Ai vanish in the limit pT,Z ! 0 with the

exception of A4, which is finite in this limit and directly related to the forward–backward

asymmetry.

One of the goals of this work is to assess the compatibility of the observed extent of

Lam–Tung violation with that expected in predictions based on pQCD. This can be done

by directly studying the pT,Z distribution for the di↵erence of the angular coe�cients A0

and A2. Here, we propose a new observable

�LT
⌘ 1�

A2

A0
, (2.15)

6
For hypothetical spin-0 partons, the current correlator would be completely confined within the hadronic

event plane, which then yields for Eq. (2.2): H1 = 0.

– 7 –

projection via spherical polynomials to obtain angular coefficients

f(✓,�)

A0 = 4� 10
⌦
cos2 ✓

↵
, A1 = 5 hsin(2✓) cos�i , A2 = 10

⌦
sin2 ✓ cos(2�)

↵
,

A3 = 4 hsin ✓ cos�i , A4 = 4 hcos ✓i (relevant angular coefficients)

m``, y``, p
``
T

(lab-frame)
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study the region: 
accuracy:              NNLO (from Z+jet @ NNLO) 
input scheme:            -scheme 
PDF set:                PDF4LHC NNLO asmz0118 
scale:

pT,Z > 10 GeV

Gµ

µ0 =
q

m2
`` + p2T,``

Scale variation (arbitrary stuff)

Numerical set-up (boring stuff)

If you correlate numerator and denominator, `artificial’ cancellation

1/2 < µF /µR < 2

No        dependence at all at LOµR

We independently vary in numerator/denominator, such that

1/2 < µi
a/µ

j
b < 2

i, j = num. or den.
a,b = fac. or ren.

31-point scale variation
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Predictions vs. data

 (Collins-Soper frame)

A0



33  (Collins-Soper frame)
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34  (Collins-Soper frame)

   correlated

A2

Predictions vs. data



35  (Collins-Soper frame)
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A3

Predictions vs. data



37  (Collins-Soper frame)
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Aside:Input parameters for angular coefficients

PDFs: PDF4LHC NNLO Hessian 30 member set 
Choice of electroweak input parameters:{Mos

Z , Mos
W , Gµ

F }

In this scheme         is a derived parameter:sos,2w

sos,2w = 1� Mos,2
W

Mos,2
Z

⇡ 0.223

Problem for observables proportional to vector coupling (A3,A4)

/ 2

3
gupV +

1

3
gdoVCross section for these contributions is

⇡ 0.031C
⇥
s2w = 0.230

⇤

⇡ 0.043C
⇥
s2w = 0.223

⇤

Included the leading one- and two-loop universal corrections 
relating MW-MZ, allows for matching to EW corrections

s2e↵. = 1� m2
W

⇢m2
Z

, �⇢ = 0.0082
<latexit sha1_base64="AG/RNT80eF9PP5ZVyRMDgJxHZ1I="></latexit><latexit sha1_base64="AG/RNT80eF9PP5ZVyRMDgJxHZ1I="></latexit><latexit sha1_base64="AG/RNT80eF9PP5ZVyRMDgJxHZ1I="></latexit>



s2e↵. = 1� m2
W

⇢m2
Z

, �⇢ = 0.0082
<latexit sha1_base64="AG/RNT80eF9PP5ZVyRMDgJxHZ1I="></latexit><latexit sha1_base64="AG/RNT80eF9PP5ZVyRMDgJxHZ1I="></latexit><latexit sha1_base64="AG/RNT80eF9PP5ZVyRMDgJxHZ1I="></latexit>
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PDFs: PDF4LHC NNLO Hessian 30 member set 
Choice of electroweak input parameters:{Mos

Z , Mos
W , Gµ

F }

In this scheme         is a derived parameter:sos,2w

sos,2w = 1� Mos,2
W

Mos,2
Z

⇡ 0.223

Problem for observables proportional to vector coupling (A3,A4)

/ 2

3
gupV +

1

3
gdoVCross section for these contributions is

⇡ 0.031C
⇥
s2w = 0.230

⇤

⇡ 0.043C
⇥
s2w = 0.223

⇤

Included the leading one- and two-loop universal corrections 
relating MW-MZ, allows for matching to EW corrections
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Predictions vs. data (CMS)

 (Collins-Soper frame)
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Predictions vs. data (CMS)

 (Collins-Soper frame)
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1) Uncorrelated scale uncertainties more conservative  
 
* Leads to similar uncertainties @ NNLO as correlated  

2) Shapes of                    distributions altered @ NNLO 
 
* Leads to better description of ATLAS/CMS data  
 

3) Shapes of              distributions not altered @ NNLO  
 
* To accuracy of data, central NLO prediction adequate  
**PDF and EW effects to be considered if data improves

Intermediate conclusions

A0, A1, A2

A3, A4

 (Normalisation better determined)
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Assessing Lam-Tung violation
In Collins-Soper reference frame, a relation (in FO) between            :  

 

Shown by Lam, Tung for DY(’78,’79,’80), known as Lam-Tung relation 

A0, A2

A0 = A2, valid to O(↵s)

�LT = 1� A2

A0

However, in FO this relation is broken at             , by real and virtualO(↵2
s)

 (dependence on unpol. sigma cancels)

Can quantify agreement with data with chi-squared test to

Section 2, the extent of the breaking of the Lam–Tung relation can be assessed by measuring

the pT,Z distribution for the di↵erence of the angular coe�cients A0 and A2, or equivalently

through the normalised observable �LT. The latter has the benefit of better exposing the

violation of the Lam–Tung relation in the lower pT,Z range, where the angular coe�cients

A0 and A2 are individually relatively small. In the following, we discuss the corrections to

(A0�A2) and quantify the consistency of the data and the predictions by performing a �2

test. We then present results for �LT and perform a comparison to data, where the data

points for the latter are obtained by re-expressing �LT in terms of the measured angular

coe�cients.

Before comparing to data, it is important to comment on the expected accuracy of our

theoretical predictions for these two observables. As for the individual angular coe�cients,

our theoretical predictions for (A0�A2) are obtained from the computation of the produc-

tion process for Z + jet at O(↵3
s ). While the O(↵3

s ) contributions comprise genuine NNLO

corrections to the individual Ai coe�cients as demonstrated throughout this section, the

prediction degrades to an NLO-accurate description for the di↵erence (A0�A2) and �LT.8

For consistency with the rest of the paper, we will continue to refer to the corrections of

order O(↵3
s ) as “NNLO corrections” and similarly label the figures in this section as NNLO

predictions.

Figure 8 shows the pT,Z distribution for (A0 � A2), where the ATLAS data is rep-

resented by black points, and is compared to LO (blue), NLO (green), and NNLO (red)

theoretical predictions. [ The NNLO corrections are observed to be large and

positive, amounting to +40% at moderate pT,Z values, and provide an improved

description of the ATLAS data. It is worth noting that while a reduction of

the absolute scale uncertainties is already observed at NNLO with respect to

NLO, the relative uncertainty is in fact reduced by almost a factor of two across

the shown pT,Z range. ] This is a reflection of the fact that the computation of the

Z + jet-production process at O(↵3
s ) at finite pT,Z used to predict the di↵erence (A0 �A2)

is only NLO accurate and therefore yields corrections and remaining scale uncertainties

which are typical for NLO e↵ects. In Fig. 8, we have also chosen to include the regularised

ATLAS data (indicated by the grey fill). As discussed towards the start of this section,

large bin-to-bin correlations are introduced in the regularisation procedure of the ATLAS

data (see for example Fig. 24 of Ref. [33]). We believe that this demonstrates how a visual

comparison of the theory prediction with respect to the regularised data (in this case at

least) can lead one to overestimate the disagreement between theory and data.

As an alternative to a visual comparison, the quality of the theoretical description of

the data can again be quantified by performing a �2 test according to

�2 =
NdataX

i,j

(Oi
exp �Oi

th.)�
�1
ij (Oj

exp �Oj
th.), (3.2)

where Oi
exp and Oi

th. are respectively the central value of the experimental and theor-

etical predictions for data point i, and ��1
ij is the inverse covariance matrix. In this

8
In the sense that the first non-trivial prediction for these observables begins at O(↵

2
s ).
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same binning choice as the data. The results are

NLO (ATLAS): �2/Ndata = 185.8/38 = 4.89 ,

NNLO (ATLAS): �2/Ndata = 68.3/38 = 1.80 .

This test indeed demonstrates that the NLO predictions give a poor description of the data

in the considered pT,Z range, a point that was also highlighted in the experimental ana-

lysis [33]. This tension is largely reduced with the inclusion of the NNLO corrections, and

from closer inspection of Fig. 3, can be mainly attributed to the large negative corrections

to the A2 distribution.

The corresponding pT,Z distributions for the CMS measurement are shown in Fig. 9 for

the rapidity bins |yZ| 2 [0.0, 1.0] (left) and |yZ| 2 [1.0, 2.1] (right). The NNLO corrections

to (A0 � A2) exhibit a similar behaviour for the CMS kinematic selections, and again

improve the description of data. This agreement can also be quantified by performing a

�2 test, where in this case the test is performed directly on the (A0 � A2) distribution as

no covariance matrix for these Ai coe�cients is publicly available. In total 14 data points

are considered, corresponding to seven pT,Z bins for each rapidity selection. The results,

assuming uncorrelated bins, are

NLO (CMS): �2/Ndata = 24.5/14 = 1.75 ,

NNLO (CMS): �2/Ndata = 14.2/14 = 1.01 .

Similar to the findings for the ATLAS data, the description of the CMS data is substantially

improved at NNLO.

As discussed previously, it is also informative to express the data in terms of the new

obserable �LT as defined in Eq. (2.15). This comparison is performed in Figs. 10 and 11 for

the ATLAS and CMS measurements, respectively, where the data has been re-expressed in

terms of this quantity.9 It is found that the extent of the Lam–Tung violation observed in

data is consistently described by the NNLO predictions. While there is some tendency for

the data to prefer a stronger Lam–Tung violation for pT,Z > 40 GeV, more precise data is

required to confirm this behaviour.

4 Conclusions and outlook

Using our calculation of the Z+ jet process at NNLO [36], we have computed the pT,Z dis-

tributions for the angular coe�cients in Z-boson production to O(↵3
s ). We have focussed

on the phenomenologically most relevant angular coe�cients Ai=0,...,4 for pp collisions at
p
s = 8 TeV and have compared them with available LHC data. [ The NNLO correc-

tions are observed to have an important impact on the predicted distributions

for A0, A1, and A2, resulting in a substantial reduction of the uncertainty of the

predictions, as well as altering the shapes of these distributions. Of particular

note is that the corrections to the A2 distribution are both large and negative

9
We omit the lower panels with the K-factors in these figures, as they are almost identical to the case

of (A0 �A2) shown in Figs. 8 and 9 due to the small corrections to the A0 coe�cient.

– 18 –

Assessing Lam-Tung violation



45

10 210
 [GeV]Z

TP

0

0.05

0.1

0.15

0.2

0.252
 A− 0

A

CMS data
LO
NLO
NNLO

NNLOJET  = 8 TeVs [0.0,1.0]∈| 
Z

 Z+X,  |y→pp

 [GeV]
T, Z

p
0.5

1

1.5

2

R
at

io
 to

 N
LO

10010

10 210
 [GeV]Z

TP

0

0.05

0.1

0.15

0.2

0.252
 A− 0

A

CMS data
LO
NLO
NNLO

NNLOJET  = 8 TeVs [1.0,2.1]∈| 
Z

 Z+X,  |y→pp

 [GeV]
T, Z

p
0.5

1

1.5

2

R
at

io
 to

 N
LO

10010

same binning choice as the data. The results are

NLO (ATLAS): �2/Ndata = 185.8/38 = 4.89 ,

NNLO (ATLAS): �2/Ndata = 68.3/38 = 1.80 .

This test indeed demonstrates that the NLO predictions give a poor description of the data

in the considered pT,Z range, a point that was also highlighted in the experimental ana-

lysis [33]. This tension is largely reduced with the inclusion of the NNLO corrections, and

from closer inspection of Fig. 3, can be mainly attributed to the large negative corrections

to the A2 distribution.

The corresponding pT,Z distributions for the CMS measurement are shown in Fig. 9 for

the rapidity bins |yZ| 2 [0.0, 1.0] (left) and |yZ| 2 [1.0, 2.1] (right). The NNLO corrections
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are considered, corresponding to seven pT,Z bins for each rapidity selection. The results,

assuming uncorrelated bins, are
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Similar to the findings for the ATLAS data, the description of the CMS data is substantially

improved at NNLO.

As discussed previously, it is also informative to express the data in terms of the new

obserable �LT as defined in Eq. (2.15). This comparison is performed in Figs. 10 and 11 for

the ATLAS and CMS measurements, respectively, where the data has been re-expressed in

terms of this quantity.9 It is found that the extent of the Lam–Tung violation observed in

data is consistently described by the NNLO predictions. While there is some tendency for

the data to prefer a stronger Lam–Tung violation for pT,Z > 40 GeV, more precise data is

required to confirm this behaviour.

4 Conclusions and outlook

Using our calculation of the Z+ jet process at NNLO [36], we have computed the pT,Z dis-

tributions for the angular coe�cients in Z-boson production to O(↵3
s ). We have focussed

on the phenomenologically most relevant angular coe�cients Ai=0,...,4 for pp collisions at
p
s = 8 TeV and have compared them with available LHC data. [ The NNLO correc-

tions are observed to have an important impact on the predicted distributions

for A0, A1, and A2, resulting in a substantial reduction of the uncertainty of the

predictions, as well as altering the shapes of these distributions. Of particular

note is that the corrections to the A2 distribution are both large and negative
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We omit the lower panels with the K-factors in these figures, as they are almost identical to the case
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•NNLO QCD necessary to describe data (NLO QCD inadequate)  

•Impacts other measurements (e.g. MW, ATLAS arXiv:1701.07240) 
 
 
 

•We can provide NNLO predictions for W/Z distributions
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Angular coefficients

the three-dimensional boson production phase space, defined by the variables m, pT, and y, and the two-
dimensional boson decay phase space, defined by the variables ✓ and �. Accordingly, a prediction of
the kinematic distributions of vector bosons and their decay products can be transformed into another
prediction by applying separate reweighting of the three-dimensional boson production phase-space dis-
tributions, followed by a reweighting of the angular decay distributions.

The reweighting is performed in several steps. First, the inclusive rapidity distribution is reweighted
according to the NNLO QCD predictions evaluated with DYNNLO. Then, at a given rapidity, the vector-
boson transverse-momentum shape is reweighted to the Pythia 8 prediction with the AZ tune. This pro-
cedure provides the transverse-momentum distribution of vector bosons predicted by Pythia 8, preserving
the rapidity distribution at NNLO. Finally, at given rapidity and transverse momentum, the angular vari-
ables are reweighted according to:

w =
1 + cos2 ✓ +

P
i A0i(pT, y) Pi(cos ✓, �)

1 + cos2 ✓ +
P

i Ai(pT, y) Pi(cos ✓, �)
,

where A0i are the angular coe�cients evaluated at O(↵2
s ), and Ai are the angular coe�cients of the

Powheg+Pythia 8 samples. This reweighting procedure neglects the small dependence of the two-
dimensional (pT,y) distribution and of the angular coe�cients on the final state invariant mass. The
procedure is used to include the corrections described in Sections 6.2 and 6.3, as well as to estimate the
impact of the QCD modelling uncertainties described in Section 6.5.

The validity of the reweighting procedure is tested at particle level by generating independent W-boson
samples using the CT10nnlo and NNPDF3.0 [96] NNLO PDF sets, and the same value of mW . The
relevant kinematic distributions are calculated for both samples and used to reweight the CT10nnlo sample
to the NNPDF3.0 one. The procedure described in Section 2.2 is then used to determine the value of mW
by fitting the NNPDF3.0 sample using templates from the reweighted CT10nnlo sample. The fitted value
agrees with the input value within 1.5±2.0 MeV. The statistical precision of this test is used to assign the
associated systematic uncertainty.

The resulting model is tested by comparing the predicted Z-boson di↵erential cross section as a function
of rapidity, the W-boson di↵erential cross section as a function of lepton pseudorapidity, and the angu-
lar coe�cients in Z-boson events, to the corresponding ATLAS measurements [41, 42]. The comparison
with the measured W and Z cross sections is shown in Figure 3. Satisfactory greement between the meas-
urements and the theoretical predictions is observed. A �2 compatibility test is performed for the three
distributions simultaneously, including the correlations between the uncertainties. The compatibility test
yields a �2/dof value of 45/34. Other NNLO PDF sets such as NNPDF3.0, CT14 [97], MMHT2014 [98],
and ABM12 [99] are in worse agreement with these distributions. Based on the quantitative comparisons
performed in Ref. [41], only CT10nnlo, CT14 and MMHT2014 are considered further. The better agree-
ment obtained with CT10nnlo can be ascribed to the weaker suppression of the strange quark density
compared to the u- and d-quark sea densities in this PDF set.

The predictions of the angular coe�cients in Z-boson events are compared to the ATLAS measurement at
p

s = 8 TeV [42]. Good greement between the measurements and DYNNLO is observed for the relevant
coe�cients, except for A2, where the measurement is significantly below the prediction. As an example,
Figure 4 shows the comparison for A0 and A2 as a function of pZ

T. For A2, an additional source of
uncertainty in the theoretical prediction is considered to account for the observed disagreement with data,
as discussed in Section 6.5.3.

16

 (for future MW extractions)

NNLO QCD accurate observables
•Scale uncertainties (in some cases) become sub-dominant  

•Become sensitive to a number interesting physics effects

• Heavy quark mass effects 
• PDFs 
• Strong coupling

• Non-perturbative effects 
•                     corrections 
• …
EW ⌦QCD
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Lots of work still left to do…
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Flavour tagging
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As = s(x,Q2)� s̄(x,Q2)

Rs =
s(x,Q2) + s̄(x,Q2)

ū(x,Q2) + d̄(x,Q2)

• Probe assumption of intrinsic charm at NNLO 
• Probe the strange PDF asymmetry and suppression
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q
Z/�

`�

`+

recoil

pZT 6= 0

charm-jet  

c(x,Q0) 6= 0?



51

Flavour tagging
Collinear              splittings (NLO)

The soft-quarks problem (NNLO)

_
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g

Figure 1: (a) Specific qq̄ → qq̄ flavour channel for a 2 → 2 parton scattering process; (b)
higher-order diagram that can be seen as a correction to (a); (c) higher-order diagram that
can be seen as a correction to the process qq̄ → gg, but with the same final-state partons
as (b).

with an existing jet algorithm, such as the kt-clustering [6, 7, 8] or cone [9] algorithm, that
defines jets such that each particle belongs to at most one jet. One can then determine
the net flavour content of each of the jets, as the total number of quarks minus antiquarks
for each quark flavour. Jets with no net flavour are identified as gluon jets, those with
(minus) one unit of net flavour are (anti) quark jets, while those with more than one unit
of flavour (or both a flavour and a different antiflavour) cannot be identified with a single
QCD parton.

3

4

1

2

k

k

k

k

Figure 2: A large-angle soft gluon splitting to a large-angle soft qq̄ pair (k3, k4) with the
q and q̄ then clustered into different jets (k1, k2).

Applied to the kt or cone algorithms, this procedure yields a jet flavour that is infrared
(IR) safe at (relative) order αs discussed in our example above. However at (relative) order
α2

s a large-angle soft gluon can split into a widely separated soft qq̄ pair and the q and
q̄ may end up being clustered into different jets, ‘polluting’ the flavour of those jets, see
fig. 2. Because this happens for arbitrarily soft gluons branching to quarks, the resulting
jet flavours are infrared unsafe from order α2

s onwards. We are not aware of this problem
having been discussed previously in the literature, though there do exist statements that
are suggestive of IR safety issues when discussing flavour [10].

In section 2 we shall discuss IR flavour unsafety with respect to the kt (or ‘Durham’)
algorithm in e+e− [6]. There we shall recall that the kt closeness measure is specifically
related to the divergences of QCD matrix elements when producing soft and collinear
gluons. However there are no divergences for the production of soft quarks and, as we shall

3

g ! qq̄

dij =
2 min(E2p

i , E2p
j )

Q2
(1� cos ✓ij)

E3    soft, combines with closest parton

Can result in k1+k3 combining b-jet
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PDF grids

K. Rabbertz Kraków, Poland, 06.03.2018 xFitter Workshop 3

 Started as common project of NNLOJET,      

    APPLgrid, and fastNLO authors at                 

    QCD@LHC in London

 Interface between NNLOJET and fast grid    

    technology - APPLgrid and fastNLO

 Aimed to be the least obtrusive as possible 

    for both ends of the interface

 Intended to be reusable by other theory       

    programs

What is APPLfast?

K. Rabbertz Kraków, Poland, 06.03.2018 xFitter Workshop 1

xFitter Workshop, March 2018

Developments in APPLfast

D. Britzger (Heidelberg), C. Gwenlan (Oxford), A. Huss (CERN),
 K. Rabbertz (KIT), M. Sutton (Sussex)
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PDF grids

K. Rabbertz Kraków, Poland, 06.03.2018 xFitter Workshop 22

Inclusive jet pT – combined grid

LO

NNLONLO

Ratio
FastNLO / 
NNLOJET

+1%

-1%

±1‰

Error bars:
stat. uncertainty estimate 
from NNLOJET
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Angular coefficients for W

kµ1,2 =

p
q2

2
(1,± sin ✓ cos�,± sin ✓ sin�,± cos ✓)T

Defining lepton kinematics in V(q) rest frame

d�

d4q cos ✓ d�
=

3

16⇡

d�unpol.

d4q

⇢
(1 + cos2 ✓) +

1

2
A0 (1� 3 cos2 ✓)

+A1 sin(2✓) cos�+
1

2
A2 sin2 ✓ cos(2�)

+A3 sin ✓ cos�+A4 cos ✓ +A5 sin2 ✓ sin(2�)

+A6 sin(2✓) sin�+A7 sin ✓ sin�

�

Decompose cross section in terms of spherical polynomials           fi(✓,�)

p(p1) + p(p2) ! V (q) +X ! `(k1) + ¯̀(k2) +X
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Angular coefficients for W
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ATLAS sample reweighting

6 Vector-boson production and decay

Samples of inclusive vector-boson production are produced using the Powheg MC generator interfaced
to Pythia 8, henceforth referred to as Powheg+Pythia 8. The W- and Z-boson samples are reweighted to
include the e↵ects of higher-order QCD and electroweak (EW) corrections, as well as the results of fits to
measured distributions which improve the agreement of the simulated lepton kinematic distributions with
the data. The e↵ect of virtual photon production and Z/�⇤ interference is included in both the predictions
and the Powheg+Pythia 8 simulated Z-boson samples. The reweighting procedure used to include the
corrections in the simulated event samples is detailed in Section 6.4.

The correction procedure is based on the factorisation of the fully di↵erential leptonic Drell–Yan cross
section [31] into four terms:

d�
dp1 dp2

=

"
d�(m)

dm

# "
d�(y)

dy

# 2666664
d�(pT, y)

dpT dy

 
d�(y)

dy

!�13777775

2
6666664(1 + cos2 ✓) +

7X

i=0

Ai(pT, y)Pi(cos ✓, �)

3
7777775 , (2)

where p1 and p2 are the lepton and anti-lepton four-momenta; m, pT, and y are the invariant mass,
transverse momentum, and rapidity of the dilepton system; ✓ and � are the polar angle and azimuth of the
lepton1 in any given rest frame of the dilepton system; Ai are numerical coe�cients, and Pi are spherical
harmonics of order zero, one and two.

The di↵erential cross section as a function of the invariant mass, d�(m)/dm, is modelled with a Breit–
Wigner parameterisation according to Eq. (1). In the case of the Z-boson samples, the photon propagator
is included using the running electromagnetic coupling constant; further electroweak corrections are dis-
cussed in Section 6.1. The di↵erential cross section as a function of boson rapidity, d�(y)/dy, and the
coe�cients Ai are modelled with perturbative QCD fixed-order predictions, as described in Section 6.2.
The transverse-momentum spectrum at a given rapidity, d�(pT, y)/(dpT dy) · (d�(y)/dy)�1, is modelled
with predictions based on the Pythia 8 MC generator, as discussed in Section 6.3. An exhaustive review
of available predictions for W- and Z-boson production at the LHC is given in Ref. [70].

Measurements of W- and Z-boson production are used to validate and constrain the modelling of the fully
di↵erential leptonic Drell–Yan cross section. The PDF central values and uncertainties, as well as the
modelling of the di↵erential cross section as a function of boson rapidity, are validated by comparing
to the 7 TeV W- and Z-boson rapidity measurements [41], based on the same data sample. The QCD
parameters of the parton shower model were determined by fits to the transverse-momentum distribution
of the Z boson measured at 7 TeV [44]. The modelling of the Ai coe�cients is validated by comparing the
theoretical predictions to the 8 TeV measurement of the angular coe�cients in Z-boson decays [42].

6.1 Electroweak corrections and uncertainties

The dominant source of electroweak corrections to W- and Z-boson production originates from QED
final-state radiation, and is simulated with Photos. The e↵ect of QED initial-state radiation (ISR) is
also included through the Pythia 8 parton shower. The uncertainty in the modelling of QED FSR is
evaluated by comparing distributions obtained using the default leading-order photon emission matrix
elements with predictions obtained using NLO matrix elements, as well as by comparing Photos with
an alternative implementation based on the Yennie–Frautschi–Suura formalism [71], which is available

1 Here, lepton refers to the negatively charged lepton from a W� or Z boson, and the neutrino from a W+ boson.
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the three-dimensional boson production phase space, defined by the variables m, pT, and y, and the two-
dimensional boson decay phase space, defined by the variables ✓ and �. Accordingly, a prediction of
the kinematic distributions of vector bosons and their decay products can be transformed into another
prediction by applying separate reweighting of the three-dimensional boson production phase-space dis-
tributions, followed by a reweighting of the angular decay distributions.

The reweighting is performed in several steps. First, the inclusive rapidity distribution is reweighted
according to the NNLO QCD predictions evaluated with DYNNLO. Then, at a given rapidity, the vector-
boson transverse-momentum shape is reweighted to the Pythia 8 prediction with the AZ tune. This pro-
cedure provides the transverse-momentum distribution of vector bosons predicted by Pythia 8, preserving
the rapidity distribution at NNLO. Finally, at given rapidity and transverse momentum, the angular vari-
ables are reweighted according to:

w =
1 + cos2 ✓ +

P
i A0i(pT, y) Pi(cos ✓, �)

1 + cos2 ✓ +
P

i Ai(pT, y) Pi(cos ✓, �)
,

where A0i are the angular coe�cients evaluated at O(↵2
s ), and Ai are the angular coe�cients of the

Powheg+Pythia 8 samples. This reweighting procedure neglects the small dependence of the two-
dimensional (pT,y) distribution and of the angular coe�cients on the final state invariant mass. The
procedure is used to include the corrections described in Sections 6.2 and 6.3, as well as to estimate the
impact of the QCD modelling uncertainties described in Section 6.5.

The validity of the reweighting procedure is tested at particle level by generating independent W-boson
samples using the CT10nnlo and NNPDF3.0 [96] NNLO PDF sets, and the same value of mW . The
relevant kinematic distributions are calculated for both samples and used to reweight the CT10nnlo sample
to the NNPDF3.0 one. The procedure described in Section 2.2 is then used to determine the value of mW
by fitting the NNPDF3.0 sample using templates from the reweighted CT10nnlo sample. The fitted value
agrees with the input value within 1.5±2.0 MeV. The statistical precision of this test is used to assign the
associated systematic uncertainty.

The resulting model is tested by comparing the predicted Z-boson di↵erential cross section as a function
of rapidity, the W-boson di↵erential cross section as a function of lepton pseudorapidity, and the angu-
lar coe�cients in Z-boson events, to the corresponding ATLAS measurements [41, 42]. The comparison
with the measured W and Z cross sections is shown in Figure 3. Satisfactory greement between the meas-
urements and the theoretical predictions is observed. A �2 compatibility test is performed for the three
distributions simultaneously, including the correlations between the uncertainties. The compatibility test
yields a �2/dof value of 45/34. Other NNLO PDF sets such as NNPDF3.0, CT14 [97], MMHT2014 [98],
and ABM12 [99] are in worse agreement with these distributions. Based on the quantitative comparisons
performed in Ref. [41], only CT10nnlo, CT14 and MMHT2014 are considered further. The better agree-
ment obtained with CT10nnlo can be ascribed to the weaker suppression of the strange quark density
compared to the u- and d-quark sea densities in this PDF set.

The predictions of the angular coe�cients in Z-boson events are compared to the ATLAS measurement at
p

s = 8 TeV [42]. Good greement between the measurements and DYNNLO is observed for the relevant
coe�cients, except for A2, where the measurement is significantly below the prediction. As an example,
Figure 4 shows the comparison for A0 and A2 as a function of pZ

T. For A2, an additional source of
uncertainty in the theoretical prediction is considered to account for the observed disagreement with data,
as discussed in Section 6.5.3.
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ATLAS, ‘unregularised’ A.C.
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Figure 28: For the eeCC+µµCC channel in the yZ-integrated configuration, overlays of regularised with unregularised
results are shown for A0 � A2.
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CMS, absolute uncertainties

6 7 Results
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Figure 1: Relative uncertainties in percent of the normalised fiducial cross section measure-
ment. Each plot shows the qT dependence in the indicated ranges of |y|.
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Figure 2: Relative uncertainties in percent of the absolute fiducial cross section measurement.
The 2.6% uncertainty in the luminosity is not included. Each plot shows the qT dependence in
the indicated ranges of |y|.

five bins in |y| and the last plot shows the qT dependence integrated over |y|. In the bottom
panels the ratio of the FEWZ prediction to data is shown. The vertical error bars represent the
statistical uncertainties of data and simulation. The red-hatched bands drawn at the points
represent the systematic uncertainties of the measurement only. The scale uncertainties are
indicated by the grey-shaded areas and the PDF uncertainties by the light-hatched bands. The
scale uncertainties are estimated from the envelope of the following combinations of variations
of the factorisation µF and the renormalisation µR scales: (2µF,2µR), (0.5µF,0.5µR), (2µF,µR),
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Antenna subtraction - NNLO workflow
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Previous results:     observable�⇤
⌘

��
�acop

t̂

Recoil

~pT,`1 ~pT,`2

~pT,Z ~aT

~aL

Gehrmann-De Ridder, Gehrmann, Glover, Huss, Morgan - arXiv:1610.01843 
JHEP 11(2016)094



62

η
*φ

-310 -210 -110 1 10

 [%
]

η*φ
/d
σ

 d
σ

U
nc

er
ta

in
ty

 o
n 

1/

-210

-110

1

10
Detector Background

Model Data statistics

Total systematic

-1 = 8 TeV, 20.3 fbs
| < 2.4

ll
 < 116 GeV, |yll m≤66 GeV 

-channelµµ

ATLAS

.    observable�⇤
⌘

      - spectrum�⇤
⌘

�⇤
⌘ = tan

✓
�acop

2

◆
· sin(✓⇤⌘)

      - spectrumpZT

        depends on      directions  
Not on lepton energies - Banfi et al. 

l±

�acop = ⇡ ���

cos(✓⇤⌘) = tanh[(⌘l � ⌘l̄)/2]

η
*φ

-310 -210 -110 1 10

 [%
]

η*φ
/d
σ

 d
σ

U
nc

er
ta

in
ty

 o
n 

1/

-110

1

10

Detector Background

Model Data statistics

Total systematic

-1 = 8 TeV, 20.3 fbs
| < 2.4

ll
 < 116 GeV, |yll m≤66 GeV 

ee-channel

ATLAS

η
*φ

-310 -210 -110 1 10

 [%
]

η*φ
/d
σ

 d
σ

U
nc

er
ta

in
ty

 o
n 

1/

-210

-110

1

10
Detector Background

Model Data statistics

Total systematic

-1 = 8 TeV, 20.3 fbs
| < 2.4

ll
 < 116 GeV, |yll m≤66 GeV 

-channelµµ

ATLAS

 [GeV]ll
T

p
1 10 210

 [%
]

ll T
/d

p
σ

 d
σ

U
nc

er
ta

in
ty

 o
n 

1/

1−10

1

10
Data statistics
Detector
Background
Model
Total systematic

ATLAS -1=8 TeV, 20.3 fbs
ee-channel

| < 2.4
ll

 < 116 GeV, |yll m≤66 GeV 

 [GeV]ll
T

p
1 10 210

 [%
]

ll T
/d

p
σ

 d
σ

U
nc

er
ta

in
ty

 o
n 

1/

1−10

1

10 Data statistics
Detector
Background
Model
Total systematic

ATLAS -1=8 TeV, 20.3 fbs
-channelµµ

| < 2.4
ll

 < 116 GeV, |yll m≤66 GeV 
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i j k I K

Figure 2: Colour connection of the partons showing the parent and daughter partons for the single
unresolved antenna.

such that,

dσR
NLO − dσS

NLO = N
∑

m+1

dΦm+1(p1, . . . , pm+1; q)
1

Sm+1

×
[

|Mm+1(p1, . . . , pm+1)|2 J (m+1)
m (p1, . . . , pm+1)

−
∑

j

X0
ijk |Mm(p1, . . . , p̃I , p̃K , . . . , pm+1)|2 J (m)

m (p1, . . . , p̃I , p̃K , . . . , pm+1)

]

.

(2.6)

The subtraction term involves the m-parton amplitude depending only on the rede-

fined on-shell momenta p1, . . . , p̃I , p̃K , . . . , pm+1 where p̃I , p̃K are linear combinations of

pi, pj , pk while the tree antenna function X0
ijk depends only on pi, pj , pk. X0

ijk describes all

of the configurations (for this colour-ordered amplitude) where parton j is unresolved. This

occurs because of the particular factorisation properties of colour-ordered amplitudes. In

particular, when particle j is a gluon and becomes soft, the colour-ordered matrix element

undergoes QED-like factorisation so that,

|Mm+1(p1, . . . , pi, pj , pk, . . . , pm+1)|2 → 2sik

sijsjk
|Mm(p1, . . . , p̃I , p̃K , . . . , pm+1)|2.

In this limit p̃I ≡ pi and p̃K ≡ pk. Together particles I and K form a colour connected

hard antenna that radiates particle j. In doing so, the momenta of the radiators change to

form particles i and k. The type of particle may also change. For example when particle

j is a gluon, the colour factor is modified at the amplitude level by,

T
aj

ik ↔ δiIδIKδKk,

as illustrated in Figure 2. The antenna factorisation of squared matrix element and phase

space can be illustrated pictorially, as displayed in Figure 3.

The antenna approach described here is closely related to the commonly used dipole

factorisation formalism derived by Catani and Seymour [40]. Here, the corresponding

subtraction term for the same colour-ordered squared matrix element is given by

dσS
NLO = N

∑

m+1

dΦm+1(p1, . . . , pm+1; q)
1

Sm+1

[

∑

j

Dij,k |Mm((p1, . . . , p̃ij , p̃k, . . . , pm+1)|2 J (m)
m (p1, . . . , p̃ij , p̃k, . . . , pm+1)
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i j k Il L

Figure 4: Colour connection of the partons showing the parent and daughter partons for the
double unresolved antenna.

i j k l Im MK

Figure 5: Colour connection of the partons showing the parent and daughter partons for two
adjacent single unresolved antennae.

j k I Ki n o p N P

Figure 6: Colour connection of the partons showing the parent and daughter partons for two
disconnected single unresolved antennae.

2.3.1 Subtraction terms for single unresolved partons

Starting point for the subtraction terms for single unresolved partons are the NLO single

unresolved antenna subtraction terms (2.5),

dσS,a
NNLO = N

∑

m+2

dΦm+2(p1, . . . , pm+2; q)
1

Sm+2

×
[
∑

j

X0
ijk |Mm+1(p1, . . . , p̃I , p̃K , . . . , pm+2)|2 J (m+1)

m (p1, . . . , p̃I , p̃K , . . . , pm+2)

]

,

(2.16)

where the NLO jet function J (m)
m is now replaced by J (m+1)

m . In contrast to the NLO case,

subtracting these terms from the full (m+2)-parton matrix element does not ensure a finite

contribution in all single unresolved regions. This behaviour is related to the fact that at

NNLO the jet function J (m+1)
m allows one of the (m + 1) momenta to become unresolved,

while at NLO J (m)
m required all m momenta to be hard. As a consequence, all momenta in

the antenna function, including pj, could be resolved while one of the momenta present in

the reduced (m + 1)-parton matrix element becomes unresolved. We distinguish between

two cases: (1) where p̃I or p̃K become unresolved and (2) where any other momentum,

po, in the matrix element becomes unresolved. Case (1) is necessarily a double unresolved

limit since p̃I and p̃K are linear combinations of two momenta; this configuration is treated

below in the discussion of the double unresolved limits of (2.16).

Case (2) is a single unresolved limit, since pj is resolved, while po becomes unresolved.

In this limit, dσS,a
NNLO becomes singular. Its singular structure in this limit does not coincide

with the limit of the full (m + 2)-parton matrix element (which is already subtracted by

– 11 –

2.1 Construction of the real emission subtraction term

The single real emission cross section takes the form,

d�̂
R

ij,NLO = N
R

NLO

X

�

d�n+1(p3, · · · , pn+3; p1, p2)
1

Sn+1

⇥


M

0
n+3(�(1, · · · , n + 3)) J

(n+1)
n ({p}n+1) + O

✓
1

N2

◆�
, (2.10)

where, as in Eq. (2.3), Sn+1 is a final-state symmetry factor, {p}n+1 denotes the set of

(n + 1) final-state momenta, M
0
n+3 denotes an (n + 3)-parton squared partial amplitude

for a given colour ordering denoted by � and i labels the parton with momentum pi. The

overall coupling is given by

N
R

NLO = NLO

✓
↵sN

2⇡

◆
C̄(✏)

C(✏)
(2.11)

where C(✏) = C̄(✏)/8⇡
2.

2.1.1 Colour ordered strings

Before discussing the various subtraction terms, it is useful to review the possible structures

available for colour ordered matrix elements. There are two basic objects from which all

colour structures can be assembled: gluon strings and quark strings. A gluon string is

characterised by a trace over SU(N) generators, where ak denotes the generator associated

with external gluon k, e.g., an n-gluon colour ordered matrix element is associated with

the colour structure,

Tr(T a1T
a2 · · · T

an�1T
an) ⌘ (a1a2 · · · an�1an). (2.12)

The colour ordered partial amplitude associated with this colour structure contains IR

divergences between colour connected partons, i.e., those external legs whose associated

generators are adjacent in the colour structure. Due to the trace nature of the colour factors

the partial amplitudes display cyclic symmetry, which means that the colour connection

not only exists between adjacent partons in the notation defined above, but also between

the endpoints a1 and an.

The other basic colour structure is the quark string, given by a string of gluon gen-

erators bookended by fundamental quark indices, e.g., a quark string containing a quark-

antiquark pair and n gluons has the colour structure,

(T a1T
a2 · · · T

an�1T
an)ij ⌘ (a1a2 · · · an�1an)ij , (2.13)

where i, j denote the fundamental (antifundamental) colour indices carried by the quark

(antiquark). The IR divergences of the partial amplitude associated with this colour struc-

ture also exist for unresolved configurations involving colour connected partons. The gluons

at each end of the quark string are not colour connected to each other but are colour con-

nected to the quark endpoints instead.
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