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The problem of IR divergences in
differential calculations

O-NLO[']] _ /da_realjn+1 /dO_Virtualjn

O — 0.0

* Individually both contributions diverge
* Final state IR Divergences cancel in the sum



A solution is to subtract

ONLO [J] _ / (do_real Jn—l—l _dXSingulardO_Born Jn) _|_/ (do_virtual_I_XsingulardO_Born> Jn

The real is rendered finite by the counterterm -
which is subsequently added back to the virtual
in integrated form
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A very brief history of Subtraction

e Subtraction at NLO:

- 1991: phase space slicing [Glover, Giele,Kosower]
- 1995: FKS (residue subtraction) [Firxione, Kunszt, Signer]

- 1996: Dipole subtraction [Catani, Seymour]

e Subtraction at NNLO: gy diterential

- 2003: Sector Decomposition [Binoth, Heinrich;Anastasiou, Melnikov,Petriello] (limited in final states, numerical CT, subtraction)

- 2004: Subtraction for NNLO [Grazzini, Frixione]

- 2005: Antennas [Glover, Gehrmann, Gehrmann-De Ridder] (subtraction, general?; analytic CT, phasespace generation complicated)

- 2006: colorful subtraction scheme for jets [Somogyi, Trocsanyi, Del Duca] (subtraction, final states; inital?, numerical CT)

- 2007: Kt-subtraction [Catani, Grazzini] (slicing; analytic CT, color singlets; and limited number of final states)

—  2010: General subtraction with sector decomposition [Czakon; Boughezal, Melnikov, Petriello]

- 2010: Non-linear Mappings [Anastasiou, FH, Lazopoulos] (limited massive colored final states and color-singlets, numerical CT)

- 2015: N-jettiness Subtraction [Boughezal, Focke, Giele, Liu, Petriello; Gaunt, Stahlhofen, Tackmann, Walsh] (general?, complicated soft function, numerical CT)

- 2015: Projection to Born [Cacciari, Dreyer, Karlberg, Salam, Zanderigh] (limited in applications)



Conventions

pi; L] — ‘|‘p3‘|‘ +pk+pl
Sij = 2Di-Pj
sijk = 2(pi-pj + Di-Pk + Pj-PK)



Phase Space Measures and Volumes

The familiar Lorentz invariant on-shell phase space measure:

do (@ ma e = 1(2) S5 ) <Q Zm) 1] d%pi st (07 — m7)
k=1
Shorthand for massless particles:

dP1.,(Q) = dP1.,(Q50,...,0)

Shorthand for massive sums of momenta:
d(I)(12)34..n<Q; 512,0,..,0) = d(I)(12)34..n<Q§ $12) = d®(1z)34.,n(Q)

The integrated volume:

q>n<cg;m§,..,m,,%):/d<1>1._n<62;m%,..,mi>



Phase Space Factorisation

ds
d®1 (Q) = —== AP (19 k)i 1.n(Q: S12.4) dP12k(P12.4)
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A simple Example

I(Q;D):/d@m:&(Q) i

512523

Collinear singularities: 1/|2 and 2|3
Soft singularity: 2-0
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Singularities in Invariant Space

Q2
/dq)123(Q) = (QQ)_HEN:%/ dsio dsi3dsag 6(Q% —s1o—S13—523) (512513523) ¢
0

A 53
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Singularities evaluate to Poles
Dimensional Reqularisation

1Q:D) = (@) M0 I = B (5 - 25 000

It is impractical to have to evaluate phase space integrals in D-
dimensions!

How can we subtract singularities before integration in a minimal

way?
12



A simple Slicing Scheme

513

512
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A simple Slicing Scheme

O(52) = O(sy13) < azs13)
O(Ch2) = O(s23 < b3 Q)
O(Ca3) = O(s12 < b12Q°)
O(Ca3 N S2) = O(s2(13) < a2513)O(s23 < ba3Q°)
O(C12 N Ss) = O(s913) < a2513)O(s12 < b12Q?)
O(F) = @(82(13) > a2513)0O(s23 > b23Q2)@(312 > 512Q2)

Partition of unity:
1 = @(F) + @(Sg) + @(012) + @(023) — @(012 M SQ) — @(023 M SQ)
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Collinear Region

The collinear limit can be parameterised choosing $12 as a normal
coordinate:

S$12%92 N
p1 = Z1P75 n + /81221226
2p5.1
12
S12%1 1
P2 = Z9P75 n — \/31221226
127 99— n
P13-
512 9 9 —1
p12 = p3 + 0 p5=0=n Z1+ 29 =
2pi§.n 12

lim pi2 = py5 + O(s12)

s19—0
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Collinear Phase Space

dS 12

lim d(I)lzg(Q): d(I)12(312) lim dq)(12)3(Q;312)

s19—0 T s19—0

@ lim d®193(Q) = dPe,, dP—,(Q)

s12—0

dsi9
2T

ddc,, = d®i2(s12)




Soft Phase Space

p2 — 0 is parameterised by the normal coordinate

So(13) = 2p2.P13

52(13)

2+/513

and P2 = Eo(1,7)

since Lo =

17
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Soft Phase Space

hm d(I)123 (Q)

s13—Q>

. dsi3
—
s13—Q2 2T

d®15(s13) dP(13)2(Q; 513)

lim dq)lgg(Q) = dq)lg(Q2) dq)g2’3)

s13—Q?2

Aoy ?) =

dsg(13) 0®,,
2T

(QQ QQ — 52(13) )
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Soft Collinear Phase Space

Order limits such that 019 < a9

lim lim @(812 < leQQ) @(82<13> < CL2813)

ao— (0 b12—>0
i 519 — 0

= lim O(sys < b12Q2) @(ZQSQE < a9z18
ao—0

i 29 — ()

= O(s19 < b12Q%) O(29 < ay)

21~3>
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Singular Phase Spaces and Integrals

(471‘)_2_"6 b12Q? 1
/ déclg@(CIQ) - / d31251_26/ le dZQ 5(1 a4 22) (2’12‘2)_6
C I'(1—¢) Jo 0
. ©(C12) (2—¢) (012Q7)
12) 21 e I S 12 =
/ d(DClQ S12 zZ9 - (47T) F(2 - 26) 62
4 —2+€ o)
/ d(I)fS’lQ,S)@(SQ) — (I‘Zrl)— 6) 31_31_6/ dsi2 dsos (312323)_6 @(812 + 893 < CL2813)
So L
1.9)O(S2)s13 _ , \_ave (1 —€) si5ay™
/ d(I)SQ 512823 = (4ﬂ—) F(l T 26) 62
(47T)—2+6 b12Q? as
/ dq)(leSQ@(ClQ M SQ) — F(l = 6) / d812812€/ dzo 22_6 |
So N Co 0 0
/dcb O(C12NSs) _ (4m)7* (a2b12Q*)
L E ['(1—¢) €2
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Sum of Singular Regions

ISlngular(Q; ay, b12, b23) = (325)
QQ [+ Is1 (a27 Q ) e (b12Q2> S e (b23Q2) s oo (b23Q27 a2) — Icias (b12Q27 a2)]
d 2 -9 —-4]
it (QQB) [+( + na2+(9+4§2+18lna2—|—4ln2a2)+(’)(e))
—7—2Inb
+< + 222 | (444G + TInbia + In bo) +(9(e)>
—7—2Inb
+< + 2228 1 (44 4C2 + Tlnbos + In? by) —I—O(e))
2 -9 — 21 —2Inb
(6—2+ SR L B Y SO g
+2Inaslnbio + In? as -+ In? b12) + O(e))
g | —2Inbd
_(6_2_|_ J nCL: £ 23—{—(9—|—6C2—|—91na2—|—91n623
+21Inaglnbyg + In? as + In? b23) + O(E))] (3.26)
(I)g 2 -9 2
— W 6—2 =+ ? -+ (—1 cvwrs 21nb12 = 211’1[)23 - 2111@2 111[)12 o 2111&2 hlb23 -+ 21n CLQ) 0 O(E) -

Counter terms reproduce correct poles and simple finite parts
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Evaluation of finite part

 Use two different approaches:
i) Slicing

s
Ir(Q;a1,b12,b23) = /d(I>123 O(F) 8121;))23

O(F) = O(s12 > b12Q7)O(s23 > b23Q”)O(s2(13) > a2513)

i) Subtraction

2
S
Ir(Q; a1, bi2,b23) Z/d@ms[ i3 G O(s3(13) < a2Q?)

5§12 523 5§12 523

(2’12 — @(Zgl < CLQ)) 5
oo = 512/ O(s12 < b12Q7)

)
(Zgg—@ 223<CL2) 5
o O(s23 < b
So3 z03(1 — s23/(Q?) 23 < ba3Q’)
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What we learned from this simple example?

—)
-
-
-

A slicing scheme can be defined based on the
phase space factorisation property.

The Slicing scheme allows to define simple (to
integrate) counter terms.

The Slicing scheme can be promoted to a fully
local subtraction scheme.

Subtraction method easily outperforms its parent
slicing method numerically.
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The Blﬁ Questions:

GCan we generalise to muiti particle
amplitudes? To NNLO2 bheyond?

A

o

All generalizations are false,

inchiding this one.

Mare Bwain.

~N
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Overlap contributions

Using normal coordinates to define regions we partition the
phase space into a singular and a finite region

O(Singular) + O(F) =1
The finite region can expressed as

o(F) = [ -ew)
reR
Where R is the set of all singular regions.

Such that for our simple example: R = {C'5, Ca3, So}

27



Overlap contributions I

Combining and multiplying out we obtain:

O©(Singular) = — Z (— )Y H O(r)

UCR reU

where the sum goes over all non empty subsets U of R .
So for our simple example we just get:

©(Singular) = ©(Ci2) + O(Ca3) + O(52) — O(Cr2 N S2) — O(C3 N S2)
—@(Clg @ 023) + @(012 N Cag N SQ) :

Asi3

Which agrees with our previous expression if we further
demand the geometric cancellation identity:

@(012 M 023) — @(012 N Coz N SQ)

¥ 812



Overlap contributions Il

Introduce the measurement-function J1(l>n which allows forno |
more than unresolved partons. We then obtain:

J ©(Singular) = —J Z (—1)lv] H o(r)
Ueld() ret

1V is the set of soft and/or collinear singularities which:

i) pass the criteria of the the measurement function and
ii) survive the region cancellations

We will refer to the set /() as the set of IR forests.

29



Normal coordinates and
ordering of regions

Regions are defined by:

O( iy iy Skl = S(iy i) (kD))

We then impose the following strict order:

Qiyin..ip > - > Qi > bigig. g > > by,

30



Region Cancellations |

S4NSp

©(SanNSp) =O(SaNSpNSag),

31



Region Cancellations Il

CapNCap

OEC s BC ) O BIC i A ChrD)
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Region Cancellations Il

CAz'ﬂCAj CAiﬂCAjﬂSA

NGy

CajNCajNCyij NSy C 45N CajNCayj

@(CAi M CAj) = @(SA N Cy N CAj) o @(CAz’j N Ca N CAj)
—@(SA M CAz'j NCy; N CAJ') .

33



The set of IR forests factorises

as a consequence of region cancellations/ordering

* Conjecture:

UO =y x4 mod FO

- u?is a set of soft forests

- 4 is a set of collinear forests

34



Gounter terms for final states
In Yang Mills




Define an observable

l
Op1.ngl = / d®1. p \71(_2,%[ My ]?

In the following wish to compute for I1=1,2 ; the integrated counterterm:

ingular [ .
Olsl gnj_l — / d®1..n+l j( ?n,—l—l (Slngular) * ‘Ml..nJrl‘z

36



Key idea

Insert different volumes in different sets of Feynman diagrams

O(Singular) * (M1 1> = Y (M) 1t (Min)1.n41 O(Singular(k, m))

k.m

Independent sums/classes of Feynman Diagrams

37



N-particle final state at NLO



Poles of single real are isolated by singular volume contribution:

Si | . .
Oy = = lim lim
1
Yy (—1)|U|/d<1>1,_n+1 g [T o) « Myl
Ueci() reU

UV = {{Cii}, {S:}, {Cy, S} )

39



It is sufficient to define insertion in the limit
(almost any decomposition, which satisfies these will do)

Soft Region:

lim ©(Sy) * My pq1]> =D \Ml’ﬁ it 2 887 O agsi; — siip)

ap—0
iJ

Collinear Region:

2
lim ©(Cy) * M j.|° = — (Pij)pyp |IMFHH2 '..|2@(bijQ2 = Sij)

bi;—0 S5

40



Integrated counter-terms are simple!

;) (ski, i) :/d@fgl?l)(skz,ai)Sz.("”l)

(aZsp) ¢ T(1 —€)?
e2  T'(2-—2e¢)

= ZCF

2
T6(@%by) = [ 4%, (@) = (o)

(Q%b;;) ¢ (1 —€)(4 — 3¢) T(1 —¢)?

= 6C
S B2 T2 2
2
T50(@ byra) = [ dte,s(Qy,00) o (P
2 -
bija;)”
e 4CACF (Q Ja’ )

€2

Convenient to define a soft subtracted collinear counterterm:

IS(Q%, bij, a4, 05) = IG(Q%, by) — T (Q2, byj, ai) — T5C (Q2, bij, a5) 41



The integrated NLO counterterm
for n emissions:

Singular Cin2n . R
Olant1 = E :Iz‘j(Q bmvazva.?)oo;l..z’j..nﬂ
1>7

+ T T/dOOkllv/n—H . (Ski, a;)

v k,lF#

b ? ) l)
dOl( 13?an = d®y n4 |M1 g@—i—l‘jl(..n—l—l'

agrees with usual 1-loop Catani operator

42



N-particies final state at NNLO



Normal Coordinates and Measures at NNLO

Limits Normal coordinate Phase Space Measure
bound
e y 02 ijk
lillk sige < bijrQ ADc,, = —2+ by
7 — () S(;s < Q;;8 .
1] (i5)(kl) ij Skl d(bgkjl) _ 2ok lim_ d®,
i 17—0

44



The Double Soft Measure

Unlike the single the double soft measure has further support:

ds/:
(k1) _ S2(g)(kl) .
sy = or i3 MR
z didp, dip),
,> o dS(z’j)(kl) (27T)D_1 5+(Pz2) (27T)Dj_1 5+(P?) 5(3(ij)(kl) il sz'j-Pkl)

- Double soft integrals are not (completely) trivial.

- Evaluation can be simplified by IBPs.

- The corresponding 2 double soft Master integrals known [1208.3130]

- In fact even tripple soft masters (hard!, which enter at N3LO) are already
known from Higgs soft expansion at N3LO

45



Triple Collinear Masters

* Slightly harder than double soft but
same as N-jettiness beam function

* 4 Master Integrals

1

$123512223
1

$12513%2%3
1

$12813%13%12

M(C'2()2) (Q2;b123) = / d(I)C123 (b123Q2)

M(Cg()2>(@2;b123) Z/d@cm(bm?,QQ)

Mg122>(@2;b123) :/dq)0123(b123Q2)

* Evaluated by Ritzmann and Waalewijn for initial and final states
(to all orders in eps in terms of 4F3 and 3F2) (14073272



Double Soft - Triple Collinear Overlap

O(s;jk < bijrQ°) O(s(i) (k) < @ijSkl)
i bjjr — 0
O (s < bijr@") Olzijs 71y < @ij2kS g
i aj; — 0 l a;; — 0
Os(ijk < bijk@”) Olzij < ag)

Asymptotic measure:

d®c,, s, = dsgije daig —(%)D 5T (p2) o )DJ =67 (D7) (s i5) (k1) — 2Di-Pr) 0 (2ij — —p;.n)

Double soft triple collinear Master integrals can be extracted from the double soft Masters!
47



Singular double real contribution

Singular : : . .
(92;1“7&2 = — lim lim lim lim

aij—>0 a; —0 bijk_>0 bij—>0

d (=¥ / A0 i T [TO) « Ml

Uectd(2) rclU

Task is to find a suitable insertion of volumes:

-NLO limits are inserted as before!
-NNLO limits require a new prescription

48



Collinear phase spaces factorise
(in limit)

lim M k. |** O(Cijp) =

2 MHrrz
b0 (Sijk)2 ( ij )muz |

Uk ‘QG(Q bzgk Szjk)

49



What to do with the double soft?

Soft momenta factorised but color kinematic

correlations with up to 4 Wilson lines \

1 «— J)(rt i,5) o(rt
i |M, nol’ =5 ) M2 5 ) S
'jrt—O

- 500 30 IMED P (257 - s - 5§

1>7=1 /

Double soft momenta correlated, but only 2 Wilson lines

50



Let the kinematics follow the color!

lim ©(Sk;) * |[M1.nial® =

akl—>0
_‘CA > ’M(Z]) ynal’ (284" — 85V — 827) Oamsyy — suyg))
T

lim ~ lim (1 — ©(Sk))O(Sk)O(S)) * [Mi_pi2]* =

ar1—0 (ag,a;)—0

1 ol 5] 1
G S IMEDGD P S S Oarsr — skirny) O@sis — syip)
A

This fixes all the overlaps at NNLO!

51



lterated double soft limits: {Si;, Si}

n+2 '
lim  lim ©(Sk)O(Sk) * [Muni2l* = =Ca Y IMYD ol 5 Olamsiy — sigs)

ar;—0 ar—0

. (S]il’j)@(akslj — Sk(lj)) + S]il’i)@(akSli sises Sk(li)) = Sli%j)@(a,kSZ] s Sk(Z])))

3 different eikonals in iterated limit contribute to each
non-abelian double soft factor -



Gaveat: although {Si;. Cix} vanishes.
{55, Cir, Sj} survives, due to single soft Phase space

lim lim lim ©(Cy)O(S,)O(Sk) * M1 piol? =

a;r—0 ar—0b;;—0

n+2
2
~Ca 3 IMUY ol — (Paa) |, Olaw = 2) O(bQ® — su)

J7#k,l

(il,) . ,
- Sy O(arzs- i T Ak T Skj) — @(akszl] 8,5 — Skj)

Rescale invariance of
~ . ~ . eikonal factor is not
S(Zla.]) — S(ZlZla.])

1. I satisfied by the soft volume
bound 53



IR forests at NNLO

U? = {{SZ-}, {5i1:4Ci; 1 {Cije} {Ciji, Cij 1 { Cijies Sij ks { Cij, Si} {Cijr Cra}

1G5 10 S 10 Sk 15 5 9, 95 5.19,95, 9 1€ .65

{Cijk, Cij, Si}, {Cijk, Cij, Sk} { Cijk, Sij, Si}

{Czﬂm SZa SJ}7 {C’L]k‘? SZ) Sja Sz]}7

{07,37 Ck:la SZ}7 {CZ]7 SZJ? SZ}7 {CZja SZ) Skﬁ}a {CZ]7 SZ) Ska SZk}) {Cjk7 S’Lj7 S’L}a

{CZ]ka C’Lj7 SZ]? Sz}a {Cij7 CZ]) Szkiv Sk}? {ka’a C’Lja S’L7 Sk:}a {Cijia CZ]) SZ? Ska S’Lk’}

~

1@, Or1, SHSEIIEE Ops S oS Ll

.

Reality is slightly better since some terms can be combined into

one term..
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Primitive Measures

All limits of phase space measures at NNLO are expressable using

d@g;k)(ai,sjk) — dcbg’@ @(Si(jk) < aiSjk)
A0 (aij, s1) = A O(s5)0m) < aijsm)
d®c,. (b;;Q%) = dPc,, O(ss; < b;Q?)
dq)cijk(bz'ij2) = d®¢;,, O(sik < biixQ?)
d®c s (0,08 o) dDc s 6(s - b 00— a))
dc,., s, (i@ aij) = dPc, s, O(siik < bijr@%)O(zi5 < aij)

Other overlapping regions are all iterated or factorising integrals of the

NLO ones and evaluate to Gamma-functions. >



Convenient to combine sets regions:

O(C12) = ©(C12) (1 - O(81) — O(Sy))
O (S12) = ©(S12) [(1 — O(51) — O(5%)) (1 — ©(C12))

+O(51) Y O(Co) +O(52) ) @(Clk)}
kA1,2 kA1,2

—0©(51)0(52)(1 — O(S512))

3

O(Sk)(1— > O(Cy))

1 i>j=1

B

O(Ci23) = O(C1a3) [(1 o

i

+ 3 S (1-6(5;)0(5)8(S)) (1 — O(Ci) — O(Cy))

i>j=1 k=1%4,j

3 3
+ 3 Y ey (-es) - o)) (1-e(cy)

i>j=1k=1+#1,j

+0(5/)0(Cix) + ©(5)O(Cy1) )]
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Leads to following basic integrated counterterm building blocks:
Qb

lim lim lim lim d02:123__n+2®((7123) —
aij—>0 ai—>0 bijk_>0 bij—>0

C
1919293(75123,t12,t13,t23,a12,&13,a23,&1,a27&3)/dOO;@._nH

lim lim Lim dOs.123. n1+20(512) =
aij—>0 ai—>0 bij_>0

CA (4,7 A

2 : J) S

2 A0y 733 n12Lo192 (817, @12, a1, a2, tr2, tuis Ty, i, t2;)
i,j#1,2 ’

(4,9)(k,l)  —+S S
Bl Z /dooz;lﬁé§..n+2zgl(5ij’a1)192(8kl’a2)
i 5.k 11,2
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The integrated NNLO counterterm

Singular C i "
02;1..n+2 = E :Igigj(tlj’a“aj)Ol;l..ij..n+2
i>j
ZZ (4,7) Sl
L j/ dC)h1“MJ%+21ék(SU7ak)
k i,57#k
@ T = s
= Z Loig; (Lij» @iy aj) Ly, g, (trr, ak, ar) OO;l..z‘j..kl..n+2
i>j>k>l
C
g5 § Zgigjgk(tijk:atijatikatjk:aaijaaz’kaajk:aaiyajaak:)00;1__,{7'74;.‘n+2

1k

C ) S
T > I0, (i, ai, aj) / 404 o (o o)

1>3 k#6,5 |me{1,..,i7,..K,.n+2}

(4,5)(m,n) S S
o / dOy1 i/ maa Zaw (81, ax) Ty, (Smn, ar1)
kL igmonzth,l

Ca = :
5 2 Z z / do((]ff,lj)yl/n—i—Q _’Z'gigl (81]7 a‘k)l? a’k) a’l7 tk)l) t’Lk) tjk; t’Ll) t]l)
kil 4,57kl -



Check for H—>gg double real emission

Analytic result is easy to obtain:

OH—>91929394 o 120(CF>2(0A) OH—>9 192
1 ]_121 il [ ¢ 872} 1[123C 473C __4691
et e 30 2 3 . 54

304951 2303
+[ = EQ I +99¢3 + Cz] O(e )} (5.48)
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Q%bijr = o,

OSingular
H—g1929394

2 _ _ _
Q°bi; = B1, a;; =02, a =00
= 120(CF)2(CA)2OH—>9192
1 1121+1[39< 872}+1[123C+@<_4691
e 330 els T 45 Blimme il o iy
586351 6788 1496 8 1 17 89

i il o e, Ll o G st b e i

[ 1620 T a5 2T 15 @ 5% glee — gla — z5le

Poles check out!

Finite terms
remain to be
checked.

_%LglLﬁl = %L%@L& - ?Lmﬁ;l — %L/@Lil = %L%gl«n

EL40 ~ S LayCs — pLosls — TeLasCa + T2l + ke,

+%7L51 + % 2 _ %Lm@ +4¢sLg, + §L52L51C2

+%L51L31L52 + %LﬁlLﬁgLaz - %L(%QLgngg o 4—;1351%1%2

—gLalLﬁl@ i gLleCQ — ?LO@LMCQ - §L52L0q<2 + %Lg@(z

%ngqu ] %LﬂzLal + %L@Lﬂl + gLalLiQ + %me
44 8 12 8

+BL21LQ1 &0 gL%ngl — gLﬁlLalLfm ik gLEMLOQLﬂ2

8 4 16
_gLalL%zLQQ El gLalL?mLﬁQ + ELﬁlLalLﬁzLaz] 3 O(€>} 60



Outlook & Conclusion
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Outlook

* Application of the differential cross section calculations still requires
adequate mappings
* They should exist, but not completely trivial

e Generalisation to initial states and real-virtual is not much work
* Required tripple collinear integrals already known

* Generalisation to massive colored states (tops)
* possible, but requires eikonal factors with massive Wilson lines (more
challenging; integrals may not be known?)

e N3LO should be possible
* tripple soft known; double real-virtual: double soft known also; ... 62



Conclusions

* Presented a new subtraction scheme based on different slicing
observables for different sets of Feynman diagrams

* Integrated counterterms are simple and can be recycled from higgs soft
expansion and n-jettiness jet function

* Scheme is useless as a slicing scheme!
* Numerically unstable

* Proposition: Scheme can be promoted to a fully local subtraction scheme,
after including proper mappings.. (remains to be shown!)
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Scalar integral Checks

Checked that sum of integrated counterterms reproduces poles of

the following to integrals:
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