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Overview reconstruction at Tevatron and early LHC

Address physics questions where
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Hadronic top reconstruction
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• Often simple
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-fit with and

1

�

d�

d cos ✓⇤
= (126)

+ F�
3

8
(1� cos ✓⇤)2 (127)

F
0

3

4
(1� cos2 ✓⇤) (128)

+ F
+

3

8
(1 + cos ✓⇤)2 (129)

�i⌃H(p2) = 4nf

✓
yfp
2

◆
2 1

16⇡2

(130)

�M2

H = ⌃H(p2 = 0) = nf

y2f
8⇡2

✓
�⇤2 + 6m2

f log
⇤

mf
� 2m2

f

◆
+O(1/⇤2) (131)

m2

W = (pl + p⌫)
2 = m2

l + 2(ElE⌫ � ~pl~p⌫) (132)

Ei =
q
m2

i + ~p2i (133)

~pi = (pT,i, pZ,i) (134)

ml = 0 (135)

pZ,⌫ =
pZ,l ±

q
~p2l (

2 � p2T,lp
2

T,⌫)

p2T,l

(136)

 =
m2

W

2
+ ~pT,l · ~pT,⌫ (137)

m2

t = (pb + pl + p⌫)
2 (138)

m2

W = m2

j1j2 (139)

m2

W = m2

j1j2 (140)

�2 (141)

m2

t = m2

b,j1,j2 (142)

8

• Kinematic fitter (HitFitter, KinFitter, …)

• Matrix Element Method

Leptonic top reconstruction
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• Full reconstruction by estimating  
using

• Templating, exploiting e.g.
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• Mini-isolation criteria for high-pT, see e.g. [Rehermann, Tweedie ’10]
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Most tops produced at threshold
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An incomplete list of important searches and measurements:
‣ Resonance searches


‣ Afb


‣ Anomalous top couplings  
  and effective operators

Motivation to reconstruct tops at LHC 13/14

Sensitivity for New Physics kicks in at high energy scales

Top and Higgs most interesting particles of SM 



Window to elw. symmetry breaking

Due to large      
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‣ Radiative elw. sym. breaking in e.g. 
SUSY or composite Higgs models

‣ Higgs-top coupling


‣ top-partner searches 
  (stop, vector-like quarks)


‣ New particles in association  

with tops

‣ In SM, top largest contributor to 
destabilising the elw. scale can turn    negative
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[See talk by 
M. Peskin]



Generic kinematic in New Physics search

SM
BSM

SM
BSM

Jets Jets

high pT high pT

Proton

Proton

need big jet cone

BSM
very heavy

jet substructure = for resonance properties
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Different scenarios based on pT vs mass
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Standard reconstruction (templating, MEM, …) focuses on Scenario 1
Physics cases require Scenarios 2 and 3
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The parton shower bridges the gap from the hard interaction scale 
down to the hadronization scale O(1) GeV

partons from the hard interaction 
emit other partons (gluons and 
quarks)

These emissions are enhanced if they 
are collinear and/or soft with respect 
to the emitting parton
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Probability enhanced in soft and collinear region due to ~
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e+e� ! 3 jets (208)
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Collinear limit:

Soft limit:

Mqq̄g = Mqq̄gst
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factorizes (Eikonal Current)
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One can be slightly more quantitative...
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pT top 500 GeV, pT gluon 20 GeV

Dead region around top

R=1.5

R=0.4

7Top 2015               Ischia      Michael Spannowsky                14.09.2015              



Radiation off bottom quark down 
to hadronization scale

angular distribution for 
radiation off W decay products

pT top quark [GeV]
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However, at the LHC many sources of radiation:

• Pileup

• Underlying Event

• Initial state radiation (ISR)

• Hard radiation from many resonances in event

Jet mass and internal structure will be affected by these sources

20

III. QCD EFFECTS

Hadronic final states of hard interactions resulting form proton-bunch crossings at the LHC are subject to
many sources of QCD radiation. Final state radiation are soft and collinear jets radiated o↵ the produced
particles, in our case the top quark. It can be described well using the parton shower, and radiation o↵
heavy states is suppressed. Initial state radiation are soft and collinear jets from initial state radiation,
arising because the incoming partons have to bridge the gap in scale between the proton and the hard
process. In the collinear limit they are also well described by the parton shower, in the harder regime they
require matrix element corrections [17].

Underlying event is additional soft QCD activity arising from a given proton-proton interaction and sur-
rounding the hard event. It is caused by semi- or non-perturbative interactions between the proton remnants.
The soft continuous underlying event radiation can have a large e↵ect on the jet mass and critically depends
on the size R of the fat jet [57]
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At the LHC, the amount of transverse momentum of the underlying event radiation per unit rapidity, ⇤
UE

,
is roughly O(10) GeV [58].

Finally, pile-up is the e↵ect of multiple proton-proton collisions in one beam crossing. Its e↵ects are already
observed now and are expected to become even harder to deal with once the LHC runs at design energy and
design luminosity. Pile-up can add up to 100 GeV of soft radiation per unit rapidity [59].

As discussed in Sec. II the kT and C/A algorithms, for a virtuality and an angular ordered shower, aim to
reverse the shower evolution. Approximately, they preserve the physical picture of the jet evolution from the
hard scale to the hadronization scale in the recombination sequence. Initial state radiation, underlying event
and pile-up spoil this picture and add noise to the jet clustering. Jet-mass-based algorithms using subjets
as part of the reverse-engineered cluster history are sensitive to a distortion by uncorrelated soft radiation.

An additional complication in identifying events with hadronically decaying electroweak resonances is that
splittings of quarks and gluons can geometrically induce a large jet mass,

⌦
m2

j

↵ ' Ci ↵s p
2

T,j �R2

j1j2 , (26)

where Ci = 3 (4/3) are the color factors for gluon (quark) induced jets [60]. For very hard jets this value
can become of the order of the electroweak scale. This makes initial state radiation associated with heavy
particle production dangerous, in particular in events with generically large jet multiplicity. For the top
tagger it also means that while pT,j and R are required to be large to capture all decay products, they should
not become too large.

To discriminate a hadronically decaying heavy resonance from a QCD jet, e.g. using its invariant mass,
all final state radiation has to be properly recombined. This implies that we can separate it from initial state
radiation, underlying event and pile-up. While underlying event and pile-up tend to be soft compared to the
decay products of a boosted resonance, initial state radiation is not [32]. Its typical transverse momentum
can be of the same order as a W decay jet, in particular for moderately boosted top quarks. Therefore,
di↵erent substructure approaches are needed to cope with underlying event/pile-up and with initial state
radiation.
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uncorrelated radiation from a fat jet while retaining final state radiation o↵ the resonance. For QCD jets
grooming methods reduce the upper end of the jet mass distribution, whereas for signal events they yield
a sharper peak near the true resonance mass mj = m
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. To keep these methods generic it is implicitly
assumed that for boosted heavy particles pT,FSR > pT,(ISR,UE,PU)

. Thus, the transverse momentum of the
subjets is an important criterion to discriminate between final state radiation and other radiation. Using
soft-collinear e↵ective theory it has recently been shown that under certain conditions grooming techniques
factorize [61].

As a matter of fact, the problem of QCD e↵ects inside geometrically large jets was early on noticed by
the authors of Ref. [62]. This is why their ‘top tagger’ is based on narrow kT jets for the top decay products
which are then combined in the spirit of the C/A-algorithm.
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arising because the incoming partons have to bridge the gap in scale between the proton and the hard
process. In the collinear limit they are also well described by the parton shower, in the harder regime they
require matrix element corrections [17].
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Finally, pile-up is the e↵ect of multiple proton-proton collisions in one beam crossing. Its e↵ects are already
observed now and are expected to become even harder to deal with once the LHC runs at design energy and
design luminosity. Pile-up can add up to 100 GeV of soft radiation per unit rapidity [59].

As discussed in Sec. II the kT and C/A algorithms, for a virtuality and an angular ordered shower, aim to
reverse the shower evolution. Approximately, they preserve the physical picture of the jet evolution from the
hard scale to the hadronization scale in the recombination sequence. Initial state radiation, underlying event
and pile-up spoil this picture and add noise to the jet clustering. Jet-mass-based algorithms using subjets
as part of the reverse-engineered cluster history are sensitive to a distortion by uncorrelated soft radiation.

An additional complication in identifying events with hadronically decaying electroweak resonances is that
splittings of quarks and gluons can geometrically induce a large jet mass,
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Figure 4: Left: Decay sequences in (a) tt and (c) dijet QCD events. Right: Event displays for
(b) top jets and (d) QCD jets with invariant mass near mtop. The labeling is similar to Fig. 1,
though here we take R = 0.8, and the cells are colored according to how the jet is divided into
three candidate subjets. The open square indicates the total jet direction, the open circles indicate
the two subjet directions, and the crosses indicate the three subjet directions. The discriminating
variable τ3/τ2 measures the relative alignment of the jet energy along the crosses compared to the
open circles.

a b jet and a W boson, and if the W boson decays hadronically into two quarks, the top jet

will have three lobes of energy. Thus, instead of τ2/τ1, one expects τ3/τ2 to be an effective

discriminating variable for top jets. This is indeed the case, as sketched in Figs. 4, 5, 6,

and 7.

– 7 –

(a)

0 0.5 1 1.5

4.5

5

5.5

6

Boosted Top Jet, R = 0.8

η

φ

(b)

(c)

−1.5 −1 −0.5 0
−0.15

0.35

0.85

1.35

1.75
Boosted QCD Jet, R = 0.8

η

φ

(d)

Figure 4: Left: Decay sequences in (a) tt and (c) dijet QCD events. Right: Event displays for
(b) top jets and (d) QCD jets with invariant mass near mtop. The labeling is similar to Fig. 1,
though here we take R = 0.8, and the cells are colored according to how the jet is divided into
three candidate subjets. The open square indicates the total jet direction, the open circles indicate
the two subjet directions, and the crosses indicate the three subjet directions. The discriminating
variable τ3/τ2 measures the relative alignment of the jet energy along the crosses compared to the
open circles.

a b jet and a W boson, and if the W boson decays hadronically into two quarks, the top jet

will have three lobes of energy. Thus, instead of τ2/τ1, one expects τ3/τ2 to be an effective

discriminating variable for top jets. This is indeed the case, as sketched in Figs. 4, 5, 6,

and 7.

– 7 –

0 0.2 0.4 0.6 0.8 1
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

τ1 of jet

R
el

at
iv

e 
oc

cu
re

nc
e

145 GeV < mj < 205 GeV

 

 

Top jets
QCD jets

(a)

0 0.2 0.4 0.6 0.8 1
0

0.02

0.04

0.06

0.08

0.1

0.12

τ2 of jet

R
el

at
iv

e 
oc

cu
re

nc
e

145 GeV < mj < 205 GeV

 

 

Top jets
QCD jets

(b)

0 0.2 0.4 0.6 0.8 1
0

0.05

0.1

0.15

0.2

0.25

τ3 of jet

R
el

at
iv

e 
oc

cu
re

nc
e

145 GeV < mj < 205 GeV

 

 

Top jets
QCD jets

(c)

Figure 5: Distributions of (a) τ1, (b) τ2 and (c) τ3 for boosted top and QCD jets. For these plots,
we impose an invariant mass window of 145 GeV < mjet < 205 GeV on jets with R = 0.8, pT > 300
GeV and |η| < 1.3.
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Figure 6: Distributions of (a) τ2/τ1 and (b) τ3/τ2 for boosted top and QCD jets. The selection
criteria are the same as in Fig. 5. We see that τ3/τ2 is a good discriminating variable between
top jets and QCD jets. In this paper, we do not explore τ2/τ1 for top jets, though it does contain
additional information.
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Figure 7: Density plots in the (a) τ1–τ2 plane and (b) τ2–τ3 plane for boosted top and QCD jets.
The selection criteria are the same as in Fig. 5. These plots suggest further improvement in boosted
top identification is possible with a multivariate method.
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Figure 5: Distributions of (a) τ1, (b) τ2 and (c) τ3 for boosted top and QCD jets. For these plots,
we impose an invariant mass window of 145 GeV < mjet < 205 GeV on jets with R = 0.8, pT > 300
GeV and |η| < 1.3.
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Figure 5: Distributions of (a) τ1, (b) τ2 and (c) τ3 for boosted top and QCD jets. For these plots,
we impose an invariant mass window of 145 GeV < mjet < 205 GeV on jets with R = 0.8, pT > 300
GeV and |η| < 1.3.
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Figure 6: Distributions of (a) τ2/τ1 and (b) τ3/τ2 for boosted top and QCD jets. The selection
criteria are the same as in Fig. 5. We see that τ3/τ2 is a good discriminating variable between
top jets and QCD jets. In this paper, we do not explore τ2/τ1 for top jets, though it does contain
additional information.
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Figure 7: Density plots in the (a) τ1–τ2 plane and (b) τ2–τ3 plane for boosted top and QCD jets.
The selection criteria are the same as in Fig. 5. These plots suggest further improvement in boosted
top identification is possible with a multivariate method.
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Figure 5: Distributions of (a) τ1, (b) τ2 and (c) τ3 for boosted top and QCD jets. For these plots,
we impose an invariant mass window of 145 GeV < mjet < 205 GeV on jets with R = 0.8, pT > 300
GeV and |η| < 1.3.
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Figure 6: Distributions of (a) τ2/τ1 and (b) τ3/τ2 for boosted top and QCD jets. The selection
criteria are the same as in Fig. 5. We see that τ3/τ2 is a good discriminating variable between
top jets and QCD jets. In this paper, we do not explore τ2/τ1 for top jets, though it does contain
additional information.
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Figure 7: Density plots in the (a) τ1–τ2 plane and (b) τ2–τ3 plane for boosted top and QCD jets.
The selection criteria are the same as in Fig. 5. These plots suggest further improvement in boosted
top identification is possible with a multivariate method.
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and, no good discriminators:
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Figure 5: Distributions of (a) τ1, (b) τ2 and (c) τ3 for boosted top and QCD jets. For these plots,
we impose an invariant mass window of 145 GeV < mjet < 205 GeV on jets with R = 0.8, pT > 300
GeV and |η| < 1.3.
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Figure 6: Distributions of (a) τ2/τ1 and (b) τ3/τ2 for boosted top and QCD jets. The selection
criteria are the same as in Fig. 5. We see that τ3/τ2 is a good discriminating variable between
top jets and QCD jets. In this paper, we do not explore τ2/τ1 for top jets, though it does contain
additional information.
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Figure 7: Density plots in the (a) τ1–τ2 plane and (b) τ2–τ3 plane for boosted top and QCD jets.
The selection criteria are the same as in Fig. 5. These plots suggest further improvement in boosted
top identification is possible with a multivariate method.
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However, ratio of taus is good discriminator:
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Figure 5: Distributions of (a) τ1, (b) τ2 and (c) τ3 for boosted top and QCD jets. For these plots,
we impose an invariant mass window of 145 GeV < mjet < 205 GeV on jets with R = 0.8, pT > 300
GeV and |η| < 1.3.
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Figure 6: Distributions of (a) τ2/τ1 and (b) τ3/τ2 for boosted top and QCD jets. The selection
criteria are the same as in Fig. 5. We see that τ3/τ2 is a good discriminating variable between
top jets and QCD jets. In this paper, we do not explore τ2/τ1 for top jets, though it does contain
additional information.
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Figure 7: Density plots in the (a) τ1–τ2 plane and (b) τ2–τ3 plane for boosted top and QCD jets.
The selection criteria are the same as in Fig. 5. These plots suggest further improvement in boosted
top identification is possible with a multivariate method.
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Figure 5: Distributions of (a) τ1, (b) τ2 and (c) τ3 for boosted top and QCD jets. For these plots,
we impose an invariant mass window of 145 GeV < mjet < 205 GeV on jets with R = 0.8, pT > 300
GeV and |η| < 1.3.
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Figure 6: Distributions of (a) τ2/τ1 and (b) τ3/τ2 for boosted top and QCD jets. The selection
criteria are the same as in Fig. 5. We see that τ3/τ2 is a good discriminating variable between
top jets and QCD jets. In this paper, we do not explore τ2/τ1 for top jets, though it does contain
additional information.
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Figure 7: Density plots in the (a) τ1–τ2 plane and (b) τ2–τ3 plane for boosted top and QCD jets.
The selection criteria are the same as in Fig. 5. These plots suggest further improvement in boosted
top identification is possible with a multivariate method.
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•          is best discriminator for boosted tops

• In ratio effects from soft/uncorrelated radiation cancel

N-subjettiness: Degree to which a jet has N subjets
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I. Find fat jets (C/A, R=1.5, pT>200 GeV) 

II. Find hard substructure using mass drop criterion

Mass-drop Tagger: HEPTopTagger

Undo clustering,

�U < 0.02 (64)

U = 0 (65)

BR(H ⇤ ⌅v⌅̄4 ⇤ 4l)

BR(H ⇤ ZZ ⇤ 4l)
⌅ 1 (66)

mH = 200 GeV (67)

BR(H ⇤ ⌅4⌅̄4) ⌅ 0.1 (68)

|Ui⇥4 | (69)

BR(u4 ⇤ q +W) ⌅ 1 (70)

⇤u4b (71)

Vu4b (72)

p̄ (73)

p̄

p
v 10�4 (74)

⇥ =
nB � nB̄

n�
(75)

JGen4 = 30⇥ JSM (76)

⇥bh
2 ⌅ 0.0224 (77)

⇥ = (5.14± 0.25)⇥ 10�10 (78)

W�Jet (79)

das ist sch�n wei§

⇧(pp ⇤ jet ⌅ll
+) ⌅ 496 fb (80)

⇧(pp ⇤ b ⌅ll
+) ⌅ 4.4 fb (81)

⇧(pp ⇤ t ⇤ b ⌅ll
+) ⌅ 13.2 fb (82)

mdaughter1 < 0.8 mmother (83)

S/
⇧
B10 fb�1 ⌅ 6 (84)

5

to keep both daughters

fat jet
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I. Find fat jets (C/A, R=1.5, pT>200 GeV) 

II. Find hard substructure using mass drop criterion

How does the HEPTopTagger work?

Undo clustering,

�U < 0.02 (64)

U = 0 (65)

BR(H ⇤ ⌅v⌅̄4 ⇤ 4l)

BR(H ⇤ ZZ ⇤ 4l)
⌅ 1 (66)

mH = 200 GeV (67)
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⇥bh
2 ⌅ 0.0224 (77)

⇥ = (5.14± 0.25)⇥ 10�10 (78)

W�Jet (79)

das ist sch�n wei§

⇧(pp ⇤ jet ⌅ll
+) ⌅ 496 fb (80)

⇧(pp ⇤ b ⌅ll
+) ⌅ 4.4 fb (81)

⇧(pp ⇤ t ⇤ b ⌅ll
+) ⌅ 13.2 fb (82)

mdaughter1 < 0.8 mmother (83)

S/
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B10 fb�1 ⌅ 6 (84)
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I. Find fat jets (C/A, R=1.5, pT>200 GeV) 

II. Find hard substructure using mass drop criterion

How does the HEPTopTagger work?

jet

UE/ISR
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Undo clustering,
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5

to keep both daughters

III. Apply jet grooming to get top decay


    candidates
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I. Find fat jets (C/A, R=1.5, pT>200 GeV) 

II. Find hard substructure using mass drop criterion

IV. Choose pairing based on kinematic correlation, e.g. top mass,                             


     W mass and invariant subjet masses
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III. Apply jet grooming to get top decay
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IV. check mass ratios
Cluster top candidate into 3 subjets
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Figure 3: Distribution of all events in the arctanm13/m12 vs m23/m123 plane. We show tt̄ (left). W+jets (center) and
pure QCD jets (right) samples. More densely populated regions of the phase space appear in red.

2. for each fat jet, find all hard subjets using a mass drop criterion: when undoing the last clustering of the
jet j, into two subjets j1, j2 with mj1 > mj2 , we require mj1 < 0.8 mj to keep j1 and j2. Otherwise, we
keep only j1. Each subjet ji we either further decompose (if mji > 30 GeV) or add to the list of relevant
substructures.

3. iterate through all pairings of three hard subjets: first, filter them with resolution Rfilter =
min(0.3,�Rjk/2). Next, use the five hardest filtered constituents and calculate their jet mass (for less
than five filtered constituents use all of them). Finally, select the set of three-subjet pairings with a jet
mass closest to mt.

4. construct exactly three subjets j1, j2, j3 from the five filtered constituents, ordered by pT . If the masses
(m12, m13, m23) satisfy one of the following three criteria, accept them as a top candidate:

0.2 < arctan
m13

m12
< 1.3 and Rmin <

m23

m123
< Rmax

R2
min

⇤
1 +

�
m13

m12

⇥2
⌅

< 1�
�

m23

m123

⇥2

< R2
max

⇤
1 +

�
m13

m12

⇥2
⌅

and
m23

m123
> 0.35

R2
min

⇤
1 +

�
m12

m13

⇥2
⌅

< 1�
�

m23

m123

⇥2

< R2
max

⇤
1 +

�
m12

m13

⇥2
⌅

and
m23

m123
> 0.35 (A1)

with Rmin = 85%⇥mW /mt and Rmax = 115%⇥mW /mt. The numerical soft cuto⇥ at 0.35 is independent
of the masses involved and only removes QCD events. The distributions for top and QCD events we show
in Fig. 3.

5. finally, require the combined pT of the three subjets to exceed 200 GeV.

In step 3 of the algorithm there exist many possible criteria to choose three jets from hard subjets inside a fat
jet. For example, we can include angular information (the W helicity angle) in the selection criterion and select
the smallest �mt +AW �mW +Ah� cosh. In that case, the tagging e⇤ciency increases, but simultaneously the
fake rate also increases, so to reach the best signal significance we simply select the combination with the best
mt. This allows us to apply e⇤cient orthogonal criteria based on the reconstructed mW and on the radiation
pattern later.

In step 4, the choice of mass variables shown in Figure 3 is of course not unique. In general, we know that
in addition to the two mass constraints (m123 = mrec

t as well as mjk = mrec
W for one (j, k)) we can exploit one

more mass or angular relation of the three main decay products. Our three subjets jk ignoring smearing and
assuming p2

i ⌅ 0 give

m2
t ⇤ m2

123 = (p1 + p2 + p3)2 = (p1 + p2)2 + (p1 + p3)2 + (p2 + p3)2 = m2
12 + m2

13 + m2
23 , (A2)
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All taggers are trying to access the matrix element 
as directly as possible, so why not calculate the 

matrix element weight directly for given final state?

Shower Deconstruction 


= 



Matrix Element method for (many) small objects

Idea of Shower Deconstruction:


Calculate analytically the perturbative part, 



fit to data the non-perturbative (universal) part

[Soper, MS ‘11]
[Soper, MS ‘12]
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Summary of Method:

The probability weights in the evolution from the hard interaction scale 
to the hadronization scale are given by Sudakov factors and splitting 
functions.

Figure 3: A diagram illustrating gluon radiation from an incoming quark. The resulting

cone-like structure persists through hadronisation and, hence, forms a jet. This process

develops similarly if the incoming quark is replaced by a gluon.

It is often advantageous to work in the CM frame of the collision. However, this is not

always coincident with the rest frame of the detector. In light of this, it is sensible to

measure Lorentz invariant quantities. Collisions possess cylindrical symmetry around their

beam axis and, as a consequence, when the CM frame does not coincide with the detector

frame, it will be, on average, boosted along the beam axis. As �, the azimuthal angle,

lies in a plane perpendicular to the beam axis this makes it Lorentz invariant under such

boosts; it is therefore a practical quantity. However, ✓, the angle a particle makes with the

beam axis, is an unsuitable parameter as it is not Lorentz invariant under these boosts; its

transformation, tan(✓0) = � tan(✓), causes �✓0 to be an unpleasant expression. A parameter

with more pleasing properties under these boosts is desired.

Rapidity is a velocity-like parameter that parameterises Lorentz boosts; in fact, it is an

angle of rotation in the hyperbolic plane. Rapidities along the same axis are additive; they

encode the velocity addition formula under standard addition. This additive transformation

property is much more tangible. By considering a particle moving with four-momentum

pµ = (E/c, ~p), as measured in the CM frame, its rapidity along the beam axis, y, can be

obtained. This rapidity corresponds to that of a boost that causes the momentum along the

beam-axis to vanish; the explicit result is,

y =
1

2
ln

✓
E + cpL
E � cpL

◆
=

1

2
ln

✓
1 + � cos(✓)

1� � cos(✓)

◆
,

where pL represents the longitudinal momentum, and ✓ is the angle that the particle makes

with the beam axis. Taking the ultra-relativistic limit,

⌘ ⌘ lim
�!1

y = � ln


tan

✓
✓

2

◆�
(17)

defines the pseudorapidity ⌘; a result that is trivial for massless particles. As this definition
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hard scale
hadronization



scale

propagator-lines = Sudakov factors
vertices = Splitting functions

Perform resummation calculation to discriminate between 
signal and background
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we will have the best statistical significance for a measurement if we make �C(B) as small as
possible. Thus we seek to choose the cut so as to minimize �C(B) with �C(S) held constant.
The solution to this problem is to choose C({p, t}N) such the surface C({p, t}N) = 0 is
a surface of constant ⇥MC({p, t}N). That is, we should use signal and background cross
sections in which the function that defines the cut is taken to be

C({p, t}N) = ⇥MC({p, t}N)� ⇥0 (8)

for some ⇥0. If we make any small adjustment to this by removing an infinitesimal region
with ⇥MC({p, t}N) > ⇥0 from the cut and adding a region having the same signal cross
section but with ⇥MC({p, t}N) < ⇥0, we raise the total background cross section within the
cut while keeping the signal cross section the same. Thus using contours of ⇥MC({p, t}N) to
define our cut is the best that we can do.

What value of ⇥0 should one choose? For a simple optimized cut based analysis with a
given amount of integrated luminosity, one would choose ⇥0 so as to maximize the ratio of the
expected number of signal events to the square root of the expected number of background
events. We discuss this further in Sec. XI.

Instead of using an optimized cut on ⇥MC to separate signal from background, one could
imagine using a log likelihood ratio constructed from ⇥MC. We do not discuss that method
in this paper.

Now we must face the fact that to construct ⇥MC({p, t}N), we would need two things:
the di�erential cross section to find microjets {p, t}N in background events and then the
di�erential cross section to find microjets {p, t}N in signal events. In each case, we would
consider this di�erential cross section in a parton shower approximation to the full theory.
Unfortunately for us, a parton shower produces d�MC(S)/d{p, t}N and d�MC(B)/d{p, t}N by
producing Monte Carlo events at random according to these distributions. If we have 10
microjets described by 4 momentum variables each and we divide each of these 40 variables
into 12 bins, then we have approximately 1240/10! ⇥ 1036 total bins (accounting for the
interchange symmetry among the 10 microjets). The parton shower Monte Carlo event
generator will fill these bins with events, but it will be a long time before we have of order
100 counts per bin in order to estimate d�MC(S)/d{p, t}N and d�MC(B)/d{p, t}N at each bin
center. Thus it is not practical to calculate ⇥MC({p, t}N) numerically by generating Monte
Carlo events. It is also not practical to calculate ⇥MC({p, t}N) analytically using the shower
algorithms in Pythia or Herwig. These programs are very complicated, so that we have
no hope of finding PMC({p, t}N |S) and PMC({p, t}N |B) for either of them.

D. Probabilities according to simplified shower

What we need is an observable ⇥({p, t}N) that is an approximation to ⇥MC({p, t}N) such
that we can calculate ⇥({p, t}N) analytically for any given {p, t}N . For this purpose, we
define a simple, approximate shower algorithm, which we will call the simplified shower
algorithm. We let P ({p, t}N |S) and P ({p, t}N |B) be the probabilities to produce the mi-
crojet configuration {p, t}N in, respectively, signal and background events according to the
simplified shower algorithm. Define

⇥({p, t}N) =
P ({p, t}N |S)
P ({p, t}N |B)

. (9)

6

Example: Top decay
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FIG. 6: Splitting functions for final state QCD splittings that are modeled as g ⌅ g + g

VI. FINAL STATE QCD SHOWER SPLITTINGS

In this section, we define the main part of the simplified shower, QCD shower splittings.

A. Splitting probability for g ⌅ g + g

The splitting vertex for a QCD splitting g ⌅ g + g is represented by a function Hggg as
illustrated in Fig. 6. We call these the conditional splitting probabilities. Here the condition
is that the mother parton has not split already at a higher virtuality.

Let us examine what we should choose for Hggg for a g ⌅ g + g splitting. We take the
mother parton to carry the label J and we suppose that the daughter partons are labelled
A and B, where A caries the 3̄ color of the mother and is drawn on the left, while B caries
the 3 color of the mother and is drawn on the right. The form of the splitting probability
depends on which of the two daughter partons is the softer. We let h be the label of the
harder daughter parton and s be the label of the softer daughter parton: ks < kh.

By definition, ks < kh. We first look at the splitting in the limit ks ⇤ kh. The splitting
probability is then dominated by graphs in which parton s is emitted from a dipole consisting
of parton J and some other parton, call it parton k. If s = A, then the emitting dipole is
formed from parton h = B and parton k = k(J)L, while if s = B, then the emitting dipole
is formed from parton h = A and parton k = k(J)R. The choice of k depends on which of
the two daughter partons is parton s, so where needed we will use the notation k(s) instead
of simply k.

For H, we start with the dipole approximation for the squared matrix element (with
µ2
s = µ2

h = 0),

Hdipole ⇥
CA�s

2

2 ph · pk
2 ps · ph 2 ps · pk

. (30)

We use

2 ps · ph = 2kskh[cosh(ys � yh)� cos(⇤s � ⇤h)]

⇥ kskh[(ys � yh)
2 + (⇤s � ⇤h)

2]

= kskh ⇥
2
sh ,

2 ps · pk ⇥ kskk ⇥
2
sk ,

2 ph · pk ⇥ khkk ⇥
2
hk ,

(31)
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FIG. 6: Splitting functions for final state QCD splittings that are modeled as g ⌅ g + g

VI. FINAL STATE QCD SHOWER SPLITTINGS

In this section, we define the main part of the simplified shower, QCD shower splittings.

A. Splitting probability for g ⌅ g + g

The splitting vertex for a QCD splitting g ⌅ g + g is represented by a function Hggg as
illustrated in Fig. 6. We call these the conditional splitting probabilities. Here the condition
is that the mother parton has not split already at a higher virtuality.

Let us examine what we should choose for Hggg for a g ⌅ g + g splitting. We take the
mother parton to carry the label J and we suppose that the daughter partons are labelled
A and B, where A caries the 3̄ color of the mother and is drawn on the left, while B caries
the 3 color of the mother and is drawn on the right. The form of the splitting probability
depends on which of the two daughter partons is the softer. We let h be the label of the
harder daughter parton and s be the label of the softer daughter parton: ks < kh.

By definition, ks < kh. We first look at the splitting in the limit ks ⇤ kh. The splitting
probability is then dominated by graphs in which parton s is emitted from a dipole consisting
of parton J and some other parton, call it parton k. If s = A, then the emitting dipole is
formed from parton h = B and parton k = k(J)L, while if s = B, then the emitting dipole
is formed from parton h = A and parton k = k(J)R. The choice of k depends on which of
the two daughter partons is parton s, so where needed we will use the notation k(s) instead
of simply k.

For H, we start with the dipole approximation for the squared matrix element (with
µ2
s = µ2

h = 0),

Hdipole ⇥
CA�s

2

2 ph · pk
2 ps · ph 2 ps · pk

. (30)

We use

2 ps · ph = 2kskh[cosh(ys � yh)� cos(⇤s � ⇤h)]

⇥ kskh[(ys � yh)
2 + (⇤s � ⇤h)

2]

= kskh ⇥
2
sh ,

2 ps · pk ⇥ kskk ⇥
2
sk ,

2 ph · pk ⇥ khkk ⇥
2
hk ,

(31)
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FIG. 6: Splitting functions for final state QCD splittings that are modeled as g ⌅ g + g

VI. FINAL STATE QCD SHOWER SPLITTINGS

In this section, we define the main part of the simplified shower, QCD shower splittings.

A. Splitting probability for g ⌅ g + g

The splitting vertex for a QCD splitting g ⌅ g + g is represented by a function Hggg as
illustrated in Fig. 6. We call these the conditional splitting probabilities. Here the condition
is that the mother parton has not split already at a higher virtuality.

Let us examine what we should choose for Hggg for a g ⌅ g + g splitting. We take the
mother parton to carry the label J and we suppose that the daughter partons are labelled
A and B, where A caries the 3̄ color of the mother and is drawn on the left, while B caries
the 3 color of the mother and is drawn on the right. The form of the splitting probability
depends on which of the two daughter partons is the softer. We let h be the label of the
harder daughter parton and s be the label of the softer daughter parton: ks < kh.

By definition, ks < kh. We first look at the splitting in the limit ks ⇤ kh. The splitting
probability is then dominated by graphs in which parton s is emitted from a dipole consisting
of parton J and some other parton, call it parton k. If s = A, then the emitting dipole is
formed from parton h = B and parton k = k(J)L, while if s = B, then the emitting dipole
is formed from parton h = A and parton k = k(J)R. The choice of k depends on which of
the two daughter partons is parton s, so where needed we will use the notation k(s) instead
of simply k.

For H, we start with the dipole approximation for the squared matrix element (with
µ2
s = µ2

h = 0),

Hdipole ⇥
CA�s

2

2 ph · pk
2 ps · ph 2 ps · pk

. (30)

We use

2 ps · ph = 2kskh[cosh(ys � yh)� cos(⇤s � ⇤h)]

⇥ kskh[(ys � yh)
2 + (⇤s � ⇤h)

2]

= kskh ⇥
2
sh ,

2 ps · pk ⇥ kskk ⇥
2
sk ,

2 ph · pk ⇥ khkk ⇥
2
hk ,

(31)
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VI. FINAL STATE QCD SHOWER SPLITTINGS

In this section, we define the main part of the simplified shower, QCD shower splittings.

A. Splitting probability for g ⌅ g + g

The splitting vertex for a QCD splitting g ⌅ g + g is represented by a function Hggg as

illustrated in Fig. 6. We call these the conditional splitting probabilities. Here the condition

is that the mother parton has not split already at a higher virtuality.

Let us examine what we should choose for Hggg for a g ⌅ g + g splitting. We take the

mother parton to carry the label J and we suppose that the daughter partons are labelled

A and B, where A caries the 3̄ color of the mother and is drawn on the left, while B caries

the 3 color of the mother and is drawn on the right. The form of the splitting probability

depends on which of the two daughter partons is the softer. We let h be the label of the

harder daughter parton and s be the label of the softer daughter parton: ks < kh.

By definition, ks < kh. We first look at the splitting in the limit ks ⇤ kh. The splitting

probability is then dominated by graphs in which parton s is emitted from a dipole consisting

of parton J and some other parton, call it parton k. If s = A, then the emitting dipole is

formed from parton h = B and parton k = k(J)L, while if s = B, then the emitting dipole

is formed from parton h = A and parton k = k(J)R. The choice of k depends on which of

the two daughter partons is parton s, so where needed we will use the notation k(s) instead

of simply k.For H, we start with the dipole approximation for the squared matrix element (with

µ2
s = µ2

h = 0),

Hdipole ⇥ CA�s

2
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(30)

We use
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VI. FINAL STATE QCD SHOWER SPLITTINGS

In this section, we define the main part of the simplified shower, QCD shower splittings.

A. Splitting probability for g ⌅ g + g

The splitting vertex for a QCD splitting g ⌅ g + g is represented by a function Hggg as
illustrated in Fig. 6. We call these the conditional splitting probabilities. Here the condition
is that the mother parton has not split already at a higher virtuality.

Let us examine what we should choose for Hggg for a g ⌅ g + g splitting. We take the
mother parton to carry the label J and we suppose that the daughter partons are labelled
A and B, where A caries the 3̄ color of the mother and is drawn on the left, while B caries
the 3 color of the mother and is drawn on the right. The form of the splitting probability
depends on which of the two daughter partons is the softer. We let h be the label of the
harder daughter parton and s be the label of the softer daughter parton: ks < kh.

By definition, ks < kh. We first look at the splitting in the limit ks ⇤ kh. The splitting
probability is then dominated by graphs in which parton s is emitted from a dipole consisting
of parton J and some other parton, call it parton k. If s = A, then the emitting dipole is
formed from parton h = B and parton k = k(J)L, while if s = B, then the emitting dipole
is formed from parton h = A and parton k = k(J)R. The choice of k depends on which of
the two daughter partons is parton s, so where needed we will use the notation k(s) instead
of simply k.

For H, we start with the dipole approximation for the squared matrix element (with
µ2
s = µ2

h = 0),

Hdipole ⇥
CA�s

2

2 ph · pk
2 ps · ph 2 ps · pk

. (30)

We use

2 ps · ph = 2kskh[cosh(ys � yh)� cos(⇤s � ⇤h)]

⇥ kskh[(ys � yh)
2 + (⇤s � ⇤h)

2]

= kskh ⇥
2
sh ,

2 ps · pk ⇥ kskk ⇥
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sk ,

2 ph · pk ⇥ khkk ⇥
2
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(31)
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distribution for top vs QCD
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Shower Deconstruction best single discriminative observable,  
but when different methods combined same information can be accessed
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Reconstructing highly boosted tops
- LHC and beyond -
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We want to search for very heavy resonances, 
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hfW,QCD
N i = 16, 15 (17, 15) , �fW,QCD

N = 15, 13 (15, 13) .
(5)

It implies that tracker+ECAL based jets capture roughly
85% ± 15% of the actual jet energy. For subjets, ob-
tained by reclustering the jet constituents using the anti-
kT algorithm with cone size Rsubjet = (3/4)mW /pT , the
means are similar to that of the whole jet, while the fluc-
tuations are larger — by factors of 1.3–1.4 for each of the
two leading subjets. We note in passing that the neutral
fraction depends on the flavor composition of the boosted
jet partonic origin. This can potentially be used as a dis-
criminator in certain situations. For hadronic W , t and
h ! bb̄ 10 TeV jets, we find

hfW!cs̄, W!ud̄
N i = 21, 14, �fW!cs̄, W!ud̄

N = 16, 14,

hf t!bcs̄, t!bud̄
N i = 18, 14, �f t!bcs̄, t!bud̄

N = 12, 11,

hf h!bb̄
N i = 17, �f h!bb̄

N = 13 . (6)

As is well known, one can apply a global rescaling to
correct for the missing neutral component based on the
total jet energy, EJ , measured in the HCAL. For recent
discussions in the context of boosted jets, see [14, 15].
Jet energy resolution, which for instance in CMS is given
roughly by �(EJ)/EJ ⇡ 1.0/

p
EJ/GeV � 0.05 [20], is

only a minor limitation, since already for EJ & 50 GeV
the associated fluctuations are below 15%. Now we would
like to argue that such a global correction does not com-
pensate for fluctuations in jet substructure variables.
The reason is very simple: jet substructure, by defini-
tion, characterizes some kinematic properties of the jet’s
perturbative constituents, the subjets. However, each
subjet is subject to an independent fluctuation in the
neutral fraction. A global correction cannot cancel the
fluctuations of the individual subjets, f i

N .
Let us consider, for example, the jet mass, which is

among the simplest possible jet substructure variables.
We will show that applying a global correction to the
jet does not reduce the fluctuations. The jet mass for
boosted 2-body hadronic decays of W/Z/h (signal) is
dominated by just the two-prong kinematics, making it
simple to describe. For QCD jets, the mass distribution
depends on the jet cone size. We shall consider two cases
in the context of QCD jets as background for W jets,
for a fixed jet pT : (i) the W mass falls in the tail re-
gion of the QCD jet mass distribution, away from the
Sudakov peak, such that the two-prong approximation
roughly holds (see, for instance, Refs. [21–23]) and (ii)
the W mass is near or below the Sudakov peak, where
the QCD jet mass is partially driven by resummation of
multiple emissions (see, e.g., Refs. [24, 25] and references
therein).

The two-prong kinematics of a narrow jet can be
fully described by its energy, E12 = E1 + E2, mass,
m2

12 = E1E2✓212, and the energy fraction in the softer

parton/subjet, z = E2/E12  1
2 . Without the HCAL,

one measures

m2
12,N/ = (1� f1

N )(1� f2
N )m2

12 , (7)

where the subscript N/ denotes that the neutrals are omit-
ted. We have neglected a possible shift in ✓12 since
the angular resolution of the tracker is very good and
the subjets are very collimated. The global jet correc-
tion accounts for the average fraction of missing neutrals
by rescaling the mass according to m12,corr = m12,N/ ⇥
EJ/EJ,N/ , where EJ,N/ is the energy of all the particles
in the jet that can be measured using the tracker and
ECAL, namely

m12,corr =

P
i EiP

i

�
1� f i

N

�
Ei

m12,N/ , (8)

where the sums are over all the subjets. At linear order in
f1
N , f2

N , and y ⌘ (
P

i Ei � E1 � E2) /
P

i Ei, we obtain

m12,corr �m12

m12
'

✓
1

2
� z

◆
(f1

N � f2
N ) + y f3+

N , (9)

where f3+
N ⌘

P
f i
NEi/

P
Ei, with the sums in f3+

N start-
ing from i = 3. For the mean values of f1,2

N , the correc-
tion is perfect if we neglect the last term and the weak
dependence of f i

N on Ei. Statistical fluctuations lead to
fluctuations in m12,corr �m12 ,

✓
�

✓
m12,corr �m12

m12

◆◆2

' 2

✓
1

2
� z

◆2

(�f1,2
N )2

+ hyi2 (�f3+
N )2 + hf3+

N i2 (�y)2.
(10)

Note that the size of the fluctuations is z dependent. It is
interesting to see that both signal and background events
might benefit from cutting away the low z events as this
would reduce the average fluctuation in the mass.
Let us first consider the case that the QCD jets are

far from the Sudakov peak. Such QCD jets, as well as
boosted W jets, are dominated by the two-prong approx-
imation. In Fig. 2 (top row) we show the distributions of
the truth jet mass, m12, the mass without the neutrals,
m12,N/, as well as the globally corrected one, m12,corr, for
W and QCD jets with pT = 10 TeV. We focus on events
where the mass of the boosted W jets is indeed captured
by the two leading subjets at the truth level by requiring
m12 = 75 ± 5 GeV. For the QCD jets, the two leading
subjets carry more than 75% of the jet energy in about
95% of the cases. The fluctuations of m12,corr relative to
m12 are most significant for low z, as shown in Fig. 3
(left), consistent with the expectation from Eq. (10).
We now turn to examine the case where the jet mass is

in the Sudakov-peak region. For this purpose we use large
jet radii, R = 9mW /pT = 0.24 for 3 TeV jets and R =
15mW /pT = 0.12 for 10 TeV jets. For the W jets, which

energy in Tracker and Ecal
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FIG. 2: E�ciencies for tagging a) top quarks and b) C/A R = 0.8 calorimeter fat jets.
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FIG. 3: Top quark mass reconstructed with the HPTTopTagger in two bins of the calorimeter fat

jet pT .

The HPTTopTagger is not sensitive to the imperfect knowledge of charged particle pro-

duction. Measurements of the jet fragmentation function and comparisons with di↵erent

generators have been reported in [48]. The di↵erence between PYTHIA 8 and HERWIG++

2.5 gives a conservative estimate of the di↵erence in charged particle production. The ef-

9

When the calorimeter is just not enough:  
Tracks-only HPTTopTagger

• Perform top tagging based on tracks only
Idea:

• Do local recalibration -> stretch track. mom by

which is based exclusively on tracks. Fortunately, while no calibrations exist for subjets

with R < 0.2, the energy of the fat jet can be calibrated to good precision [37] and the

inverse of the energy fraction carried by charged tracks

↵j =
E

jet

E

tracks

(1)

can be measured for each jet individually, thereby eliminating the sensitivity to fluctuations.

Our tagger for highly boosted top quarks uses elements of the HEPTopTagger which do

not introduce artificial mass scales in background events, i.e., we do not consider all possible

three subjet combinations until we find a top-like structure. Such drastic measures might be

necessary when the small boost of the top requires to use a very large jet cone to capture all

decay products. In case of a highly boosted top quark the decay products are confined in a

small area of the detector and the amount of additional radiation inside a Cambridge-Aachen

(C/A) jet [28] with R = 0.8 is usually not excessive2.

To reconstruct highly boosted top quarks we propose the following procedure, labelled

for later reference as HPTTopTagger algorithm:

1. define a jet j using the C/A algorithm with R = 0.8 from calorimeter clusters.

2. take the tracks with pT > 500 MeV that are associated with j and recombine them to

a track-based jet jc.

3. calculate ↵j of Eq.(1) using j and jc.

4. apply the mass drop procedure introduced in []: undo the last clustering of the track-

based jet jc into two subjets jc1, jc2 with mjc1 > mjc2 . We require mjc1 < 0.8 mjc to

keep jc1 and jc2. If this condition does not hold we keep only jc1. Each subjet jci we

further decompose unless mjci < 20 GeV. The remaining subjets we add to the list of

relevant substructures.

5. if we find fewer than two remaining subjets we consider the tag to have failed. Else,

we take the constituents of all subjets surviving the mass drop procedure and multiply

their momenta by ↵j each.

2 The amount of additional radiation strongly depends on the cone size [] but also the overall hadronic

activity of the event and the color flow of the underlying hard interaction [? ]

5

• Run High-pT TopTagger

[Schaetzel, MS PRD 89 (2014)]
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[MS, Stoll ’15]

• W/Z/top tagger available at
https://www.ippp.dur.ac.uk/~mspannow/webippp/HPTTaggers.html

Problem: [Bressler, Flacke, Kats, Lee, Perez ’15] 

• jet-energy rescaling does not protect from subjet fluctuations

• jet (not subjet) correction applied using 

F = V = cos�

�1

�2

tan�  4

G/H = SU(3)L/SU(2)L

(2, 2)⌦ (2, 2) ' 3� 3� 1� 1

(3, 3)⌦ (2, 2) ' 5� 3� 3� 1� 187

V � ⌘�|�s|2|�h|2

0.73 . �h . 1.87

�H  4.2 �H,SM

T ' 4⇡ CWB v2/⇤2

�Rqq̄ ' 2mW

pT
' 0.12 · · · 0.4

mlb ⇠ 140 GeV

pZ,⌫

�

⇡0

pT,t � 2 TeV

↵j

37

leaves reconstructed 
MW to fluctuate by O(25)%

• Mass not so different from y-cut in BDRS reconstruction  
used in current ATLAS excess:

[Goncalvez, Krauss, MS ’15]⇡0

pT,t � 2 TeV

↵j

y = min(pT,j1 , pT,j2)
�R(j1,j2)

mj1+j2

� yf

38

⇡0

pT,t � 2 TeV

↵j

y = min(pT,j1 , pT,j2)
�R(j1,j2)

mj1+j2

� yf

�R

38

-dependent

increases tail at ~ 2 TeV
ycut uncertainty
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Summary

Top physics at core of upcoming LHC program

Many reconstruction approaches of top

The boosted regime is of particular importance


jet substructure not optional 

ongoing research for several years now

Highly-boosted regime requires still more work


Better understanding of input objects (topo-cluster) necessary
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Anomalous top gluon couplings

[Englert, Freytas, Spira, Zerwas]

2

where |ρ| is an O(1) number. The quadratic Λ∗ dependence of κt is effectively equivalent to the scaling of the form

factor. The quadratic dependence in the heavy quark mass singles out the top-quark as unique particle for which κt

may be accessible experimentally, in contrast to much less sensitive light quarks or leptons. Assuming Λ∗ to be of

order 1 TeV and beyond, compatible with bounds on contact interactions from Tevatron and LHC [11], κt could be

expected at the level of several per-cent.

Both the anomalous parameters, color radius and color magnetic dipole moment, can be introduced through effective

Lagrangians [12] in an SU(3)c gauge-invariant and parity-even form2:

LR = −gs
R2

t

6
t̄γµ Gµν D

ν t+ h.c., (1.5)

Lκ = gs
κt

4mt
t̄σµν Gµν t , (1.6)

with the gluon field Gµ, in octet matrix notation, and the gluon field strength Gµν = DνGµ − DµGν , while

Dν = ∂ν + igs Gν denotes the covariant derivative of QCD. Besides the components generating the anomalous

top color current, the Lagrangians are complemented by additional two-gluon and three-gluon top interactions, as

demanded by gauge invariance. The effective Lagrangians unambiguously translate the anomalous parameters from

scattering to annihilation processes.

The classical method for studying radius and anomalous magnetic dipole moment of the top quark is given

by the elastic Rutherford-type scattering of a top quark t with a light quark q [taken pointlike in the present

scenario], which is mediated by the exchange of a gluon in qt → qt. Rutherford-type scattering is also embedded

in the process gq → tt̄q. At very high energies, gluon partons in the protons split into beams of long-lived

top-quark pairs traveling parallel to the gluon momentum. Thus, the events of the tt̄q process, characterized

by a forward moving t-quark plus a t̄q-pair, with the two partons in the pair balanced in transverse momentum,

signal Rutherford qt scattering. [Elastic gluon-top scattering is independent of the radius Rt and cannot be exploited.]

2. We will analyze the total cross sections for the production of top-quark pairs

pp̄/pp → qq̄, gg → tt̄ (2.1)

at Tevatron and LHC for deriving limits on the color radius Rt, the anomalous chromo-magnetic dipole moment κt and

the Λ∗ parameter in practice. Additional constraints can be derived from the angular dependence of the top-quarks,

and the correlations between longitudinal spin components of t and t̄ [13], which can be measured unperturbed by

fragmentation due to the short top lifetime [14]. Related analyses have been discussed in Refs. [15, 16]. We will

assume that the non-pointlike contributions to the observables are small and, correspondingly, we will expand the

observables linearly in the analytic formulae. The hadron cross sections are built up by the incoherent superposition

of quark-antiquark annihilation and gluon fusion to top-antitop pairs. Quark-antiquark annihilation is mediated only

by s-channel gluon exchange3, gluon fusion by s-channel gluon and t, u-channel top exchanges.

The anomalous terms of the independent cross sections at the parton level can be summarized as follows [see also

references quoted above], using β =
√

1− 4m2
t/s, where s is the partonic center-of-mass energy:

quark-antiquark annihilation:

∆σ

σB
=

s

3
R2

t +
6κt

3− β2
(2.2)

2 Electroweak gauge invariance can be ensured by expanding the Lagrangians to the complete third generation and incorporating the
Higgs field [12].

3 We neglect electroweak interactions in the following.
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FIG. 1: (a) Bands allowed in Rt,κt space by tt̄ production at Tevatron and LHC for 7 TeV, available data; (b) The same

for LHC at 14 TeV, theoretical expectation of inclusive cross sections and boosted top events. We use µR = µF = mt and

µF = µR = mT for the boosted search, where mT denotes the average transverse mass of the top quarks.

Rt |κt|

Tevatron ⊕ LHC[7 TeV] 2.9 TeV−1 ∼ 0.57 × 10−16 cm 0.17

Tevatron ⊕ LHC[14 TeV] 2.1 TeV−1 ∼ 0.41 × 10−16 cm 0.07

LHC[14 TeV]: inclusive ⊕ boosted top 0.7 TeV−1 ∼ 0.14 × 10−16 cm 0.05

TABLE I: Upper bounds on t radius and magnetic moment after combining Tevatron and LHC data / future expectations for

tt̄ production – inclusive and boosted top measurements at LHC.

resulting in the conservative upper bounds collected in Tab. I. At the LHC, the inclusive tt̄ cross section is

driven by the gluon fusion channel, which has no dependence on Rt, see Eq. (2.5). This makes it difficult to ob-

tain stringent bounds on Rt, in contrast to the Tevatron where the quark-antiquark channel is dominant, see Eq. (2.2).

For the tt̄ cross section at the Tevatron we may expect statistical improvements upon combining the data sets of

DØ and CDF. Similar improvements can be expected at the LHC for the 14 TeV run, when more data will become

available. We show a projection of this situation in Fig. 1 (b), where we scale the CDF error of Eq. (3.2) by a

factor 1/
√
2, and the LHC systematic uncertainty is saturated at 5% [29]. This shows that we can indeed expect a

significant improvement on the limits of {Rt,κt} at the level of inclusive searches.

However, despite its much larger collision energy, the sensitivity of LHC to the anomalous top couplings is

improved only moderately compared to the Tevatron, as a result of the prevalence of the Rt-insensitive gluon-fusion

component in the total hadronic cross section. A way to eliminate this obstacle is to consider boosted top final

states [30]. By restricting ourselves to large momentum transfers we probe the incoming protons at large momentum

fractions, thus naturally shifting towards the qq̄ contribution, which is more sensitive to Rt. This improvement

more than compensates for the significant reduction of the hadronic tt̄ production from imposing this cut. We

include this search channel in Fig. 1(b), where we choose pT,t ≥ 1 TeV, for which we expect σSM ≃ 50 fb and a 30%

measurement uncertainty. A combination of either inclusive LHC cross sections together with finalized Tevatron

results, or inclusive cross sections and boosted searches solely at the LHC provide good prospects to sharpen the

bounds on anomalous top interactions.

The anomalous parameters Rt,κt can be translated to the scale parameters Λ∗ and Λ∗/
√

|ρ| [as denoted in Eqs. (1.3)

and (1.4)]. Using the estimated bounds on the radius Rt from the Tevatron and the LHC experiments, one obtains

Tevatron ⊕ LHC[7 TeV] : Λ∗ ! 0.84 TeV , (3.7)

t

t
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Effect of non-pointlike top structure via

gluon-fusion induced top production does 
not depend on    at leading order
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Top-compositeness can induce 
magnetic moment and radius
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for LHC at 14 TeV, theoretical expectation of inclusive cross sections and boosted top events. We use µR = µF = mt and

µF = µR = mT for the boosted search, where mT denotes the average transverse mass of the top quarks.
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TABLE I: Upper bounds on t radius and magnetic moment after combining Tevatron and LHC data / future expectations for

tt̄ production – inclusive and boosted top measurements at LHC.

resulting in the conservative upper bounds collected in Tab. I. At the LHC, the inclusive tt̄ cross section is

driven by the gluon fusion channel, which has no dependence on Rt, see Eq. (2.5). This makes it difficult to ob-

tain stringent bounds on Rt, in contrast to the Tevatron where the quark-antiquark channel is dominant, see Eq. (2.2).

For the tt̄ cross section at the Tevatron we may expect statistical improvements upon combining the data sets of

DØ and CDF. Similar improvements can be expected at the LHC for the 14 TeV run, when more data will become

available. We show a projection of this situation in Fig. 1 (b), where we scale the CDF error of Eq. (3.2) by a

factor 1/
√
2, and the LHC systematic uncertainty is saturated at 5% [29]. This shows that we can indeed expect a

significant improvement on the limits of {Rt,κt} at the level of inclusive searches.

However, despite its much larger collision energy, the sensitivity of LHC to the anomalous top couplings is

improved only moderately compared to the Tevatron, as a result of the prevalence of the Rt-insensitive gluon-fusion

component in the total hadronic cross section. A way to eliminate this obstacle is to consider boosted top final

states [30]. By restricting ourselves to large momentum transfers we probe the incoming protons at large momentum

fractions, thus naturally shifting towards the qq̄ contribution, which is more sensitive to Rt. This improvement

more than compensates for the significant reduction of the hadronic tt̄ production from imposing this cut. We

include this search channel in Fig. 1(b), where we choose pT,t ≥ 1 TeV, for which we expect σSM ≃ 50 fb and a 30%

measurement uncertainty. A combination of either inclusive LHC cross sections together with finalized Tevatron

results, or inclusive cross sections and boosted searches solely at the LHC provide good prospects to sharpen the

bounds on anomalous top interactions.

The anomalous parameters Rt,κt can be translated to the scale parameters Λ∗ and Λ∗/
√

|ρ| [as denoted in Eqs. (1.3)

and (1.4)]. Using the estimated bounds on the radius Rt from the Tevatron and the LHC experiments, one obtains

Tevatron ⊕ LHC[7 TeV] : Λ∗ ! 0.84 TeV , (3.7)

31Top 2015               Ischia      Michael Spannowsky                14.09.2015              



F
IG

.
6:

Splitting
functions

for
final

state
Q
C
D

splittings
that

are
m
odeled

as
g
⌅

g
+
g

V
I.

F
IN

A
L

S
T
A
T
E

Q
C
D

S
H
O
W

E
R

S
P
L
IT

T
IN

G
S

In
this

section,
w
e
define

the
m
ain

part
of

the
sim

plified
show

er,
Q
C
D
show

er
splittings.

A
.

S
p
littin

g
p
ro
b
ab

ility
fo
r
g
⌅

g
+
g

T
he

splitting
vertex

for
a
Q
C
D

splitting
g
⌅

g
+
g
is
represented

by
a
function

H
ggg

as

illustrated
in

F
ig.6.

W
e
callthese

the
conditionalsplitting

probabilities.
H
ere

the
condition

is
that

the
m
other

parton
has

not
split

already
at

a
higher

virtuality.

L
et

us
exam

ine
w
hat

w
e
should

choose
for

H
ggg

for
a
g
⌅

g
+
g
splitting.

W
e
take

the

m
other

parton
to

carry
the

lab
el
J
and

w
e
supp

ose
that

the
daughter

partons
are

lab
elled

A
and

B
,
w
here

A
caries

the
3̄
color

of
the

m
other

and
is
draw

n
on

the
left,

w
hile

B
caries

the
3
color

of
the

m
other

and
is
draw

n
on

the
right.

T
he

form
of

the
splitting

probability

dep
ends

on
w
hich

of
the

tw
o
daughter

partons
is
the

softer.
W
e
let

h
b
e
the

lab
el

of
the

harder
daughter

parton
and

s
b
e
the

lab
el
of

the
softer

daughter
parton:

k
s
<
k
h.

B
y
definition,

k
s
<
k
h.

W
e
first

look
at

the
splitting

in
the

lim
it
k
s⇤

k
h.

T
he

splitting

probability
is
then

dom
inated

by
graphs

in
w
hich

parton
s
is
em

itted
from

a
dip

ole
consisting

of
parton

J
and

som
e
other

parton,
call

it
parton

k.
If
s
=

A
,
then

the
em

itting
dip

ole
is

form
ed

from
parton

h
=
B

and
parton

k
=
k(J

)L,
w
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if
s
=
B
,
then

the
em

itting
dip

ole

is
form

ed
from

parton
h
=

A
and

parton
k
=

k(J
)R
.
T
he

choice
of

k
dep

ends
on

w
hich

of

the
tw
o
daughter

partons
is
parton

s,
so

w
here

needed
w
e
w
ill

use
the

notation
k(s)

instead

of
sim

ply
k.

For
H
,
w
e
start

w
ith

the
dip

ole
approxim

ation
for

the
squared

m
atrix

elem
ent

(w
ith

µ
2s
=
µ

2h
=
0),

H
d
ip
ole⇥

C
A
�
s

2
2
p
h·p

k
2
p
s·p

h
2
p
s·p

k
.

(30)

W
e
use

2
p
s·p

h
=
2k

sk
h[cosh(y

s�
y
h)�

cos(⇤
s�

⇤
h)]

⇥
k
sk

h[(y
s�

y
h)

2+
(⇤

s�
⇤
h)

2]

=
k
sk

h
⇥
2sh

,

2
p
s·p

k
⇥
k
sk

k
⇥
2sk

,

2
p
h·p

k
⇥
k
hk

k
⇥
2h
k

,
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the
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the
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=
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if
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then
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=
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and
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=
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k
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parton
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w
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notation
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⇤
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⇤
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g
+
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for
a
Q
C
D
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+
g
is
represented

by
a
function

H
ggg

as

illustrated
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F
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W
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call these

the
conditional splitting
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H
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condition

is
that

the
m
other

parton
has

not
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already
at

a
higher

virtuality.

Let
us
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ine

w
hat

w
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should

choose
for

H
ggg

for
a
g
⌅

g
+
g
splitting.

W
e
take

the
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other

parton
to

carry
the

label
J
and

w
e
suppose

that
the

daughter
partons

are
labelled

A
and

B
, w

here
A
caries

the
3̄
color

of
the

m
other

and
is
draw

n
on

the
left, w

hile
B
caries

the
3
color

of
the

m
other

and
is
draw

n
on

the
right.

T
he

form
of
the

splitting
probability

depends
on

w
hich

of
the

tw
o
daughter

partons
is
the

softer.
W
e
let

h
be

the
label

of
the

harder
daughter

parton
and

s
be

the
label of

the
softer

daughter
parton:

k
s <

k
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B
y
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k
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W
e
first

look
at

the
splitting

in
the

lim
it
k
s ⇤

k
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he

splitting

probability
is
then

dom
inated

by
graphs

in
w
hich

parton
s
is
em

itted
from

a
dipole

consisting

of
parton

J
and

som
e
other

parton,
call

it
parton

k.
If
s
=
A
,
then

the
em

itting
dipole

is

form
ed

from
parton
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=
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and

parton
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=
k(J
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L , w
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if
s
=
B
, then

the
em

itting
dipole

is
form

ed
from

parton
h
=
A
and

parton
k
=
k(J
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choice
of
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depends

on
w
hich

of

the
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daughter
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is
parton

s, so
w
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needed
w
e
w
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notation
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instead
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sim

ply
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For
H
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w
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start

w
ith

the
dipole

approxim
ation

for
the

squared
m
atrix

elem
ent
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ith

µ 2s =
µ 2h =

0),

H
dip

ole ⇥
C

A �
s2

2
p
h · p

k

2
p
s · p

h
2
p
s · p

k .

(30)

W
e
use

2
p
s · p

h
=
2k

s k
h [cosh(y

s �
y
h )�

cos(⇤
s �

⇤
h )]

⇥
k
s k

h [(y
s �

y
h ) 2

+
(⇤

s �
⇤
h ) 2
]

=
k
s k

h ⇥ 2sh
,

2
p
s · p

k ⇥
k
s k

k ⇥ 2sk
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2
p
h · p

k ⇥
k
h k

k ⇥ 2hk
,
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H
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is
that

the
m
other

parton
has

not
split

already
at
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higher
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Let
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hat
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should
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for
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for
a
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+
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take
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to

carry
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J
and

w
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suppose

that
the

daughter
partons

are
labelled
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and

B
, w

here
A
caries

the
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color

of
the

m
other

and
is
draw

n
on

the
left, w

hile
B
caries

the
3
color

of
the

m
other

and
is
draw
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on
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right.
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he

form
of
the

splitting
probability

depends
on

w
hich

of
the

tw
o
daughter

partons
is
the

softer.
W
e
let

h
be

the
label

of
the

harder
daughter

parton
and

s
be
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label of

the
softer

daughter
parton:

k
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B
y
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k
h .
W
e
first

look
at

the
splitting

in
the

lim
it
k
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k
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he

splitting

probability
is
then

dom
inated

by
graphs

in
w
hich

parton
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em

itted
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a
dipole
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of
parton

J
and

som
e
other

parton,
call

it
parton

k.
If
s
=
A
,
then

the
em

itting
dipole

is

form
ed

from
parton
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=
B
and

parton
k
=
k(J
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L , w

hile
if
s
=
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, then

the
em

itting
dipole

is
form

ed
from
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=
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and
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=
k(J
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depends

on
w
hich

of
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daughter
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parton

s, so
w
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needed
w
e
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notation
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of
sim

ply
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For
H
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w
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ith

the
dipole

approxim
ation

for
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squared
m
atrix

elem
ent
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µ 2s =
µ 2h =
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H
dip

ole ⇥
C

A �
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k

2
p
s · p

h
2
p
s · p

k .

(30)

W
e
use

2
p
s · p

h
=
2k

s k
h [cosh(y

s �
y
h )�

cos(⇤
s �

⇤
h )]

⇥
k
s k

h [(y
s �

y
h ) 2

+
(⇤

s �
⇤
h ) 2
]

=
k
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h ⇥ 2sh
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p
s · p

k ⇥
k
s k

k ⇥ 2sk
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k
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is
that

the
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other

parton
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not
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for
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that
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A
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the
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of
the
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other

and
is
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on
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left, w
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the
3
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of
the

m
other

and
is
draw
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on
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right.
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form
of
the

splitting
probability
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on

w
hich

of
the

tw
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daughter

partons
is
the

softer.
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e
let

h
be

the
label

of
the

harder
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and

s
be
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label of

the
softer
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k
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k
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B
y
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k
h .
W
e
first

look
at

the
splitting

in
the

lim
it
k
s ⇤

k
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he

splitting

probability
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then

dom
inated

by
graphs

in
w
hich
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s
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em

itted
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a
dipole
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of
parton

J
and

som
e
other
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call

it
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k.
If
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=
A
,
then

the
em

itting
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is

form
ed

from
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=
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=
k(J
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L , w

hile
if
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=
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the
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itting
dipole
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=
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and
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=
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on
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of
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daughter
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is
parton
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w
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needed
w
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the
notation
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of
sim

ply
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For
H
,
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ith

the
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approxim
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for
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atrix
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µ 2s =
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dip

ole ⇥
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2
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W
e
use

2
p
s · p

h
=
2k

s k
h [cosh(y

s �
y
h )�

cos(⇤
s �

⇤
h )]

⇥
k
s k

h [(y
s �

y
h ) 2
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s �
⇤
h ) 2
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k
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k
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on
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squared
m
atrix

elem
ent

(w
ith

µ 2s =
µ 2h =

0),

H
dip

ole ⇥
C

A �
s2

2
p
h · p

k

2
p
s · p

h
2
p
s · p

k .

(30)

W
e
use

2
p
s · p

h
=
2k

s k
h [cosh(y

s �
y
h )�

cos(⇤
s �

⇤
h )]

⇥
k
s k

h [(y
s �

y
h ) 2

+
(⇤

s �
⇤
h ) 2
]

=
k
s k

h ⇥ 2sh
,

2
p
s · p

k ⇥
k
s k

k ⇥ 2sk
,

2
p
h · p

k ⇥
k
h k

k ⇥ 2hk
,

(31)
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In
this

section,
w
e
define

the
m
ain

part
of

the
sim

plified
show

er,
Q
C
D

show
er

splittings.

A
.

S
p
littin

g
p
ro

b
a
b
ility

fo
r
g
⌅

g
+
g

T
he

splitting
vertex

for
a
Q
C
D

splitting
g
⌅

g
+
g
is
represented

by
a
function

H
ggg

as

illustrated
in

F
ig. 6.

W
e
call these

the
conditional splitting

probabilities.
H
ere

the
condition

is
that

the
m
other

parton
has

not
split

already
at

a
higher

virtuality.

L
et

us
exam

ine
w
hat

w
e
should

choose
for

H
ggg

for
a
g
⌅

g
+
g
splitting.

W
e
take

the

m
other

parton
to

carry
the

lab
el

J
and

w
e
supp

ose
that

the
daughter

partons
are

lab
elled

A
and

B
,
w
here

A
caries

the
3̄
color

of
the

m
other

and
is
draw

n
on

the
left,

w
hile

B
caries

the
3
color

of
the

m
other

and
is
draw

n
on

the
right.

T
he

form
of

the
splitting

probability

dep
ends

on
w
hich

of
the

tw
o
daughter

partons
is

the
softer.

W
e
let

h
b
e
the

lab
el

of
the

harder
daughter

parton
and

s
b
e
the

lab
el
of

the
softer

daughter
parton:

k
s
<

k
h .

B
y
definition,

k
s
<

k
h .

W
e
first

look
at

the
splitting

in
the

lim
it
k
s ⇤

k
h .

T
he

splitting

probability
is
then

dom
inated

by
graphs

in
w
hich

parton
s
is
em

itted
from

a
dip

ole
consisting

of
parton

J
and

som
e
other

parton,
call

it
parton

k.
If
s
=

A
,
then

the
em

itting
dip

ole
is

form
ed

from
parton

h
=

B
and

parton
k
=

k(J
)
L ,

w
hile

if
s
=

B
,
then

the
em

itting
dip

ole

is
form

ed
from

parton
h
=

A
and

parton
k
=

k(J
)
R .

T
he

choice
of

k
dep

ends
on

w
hich

of

the
tw
o
daughter

partons
is
parton

s,
so

w
here

needed
w
e
w
ill

use
the

notation
k(s)

instead

of
sim

ply
k.

F
or

H
,
w
e
start

w
ith

the
dip

ole
approxim

ation
for

the
squared

m
atrix

elem
ent

(w
ith

µ
2s
=

µ
2h
=

0),
H

d
ip
ole ⇥

C
A �

s

2

2
p
h · p

k

2
p
s · p

h
2
p
s · p

k

.

(30)

W
e
use

2
p
s · p

h
=

2k
s k

h [cosh(y
s �

y
h )�

cos(⇤
s �

⇤
h )]

⇥
k
s k

h [(y
s �

y
h ) 2

+
(⇤

s �
⇤
h ) 2]

=
k
s k

h
⇥
2sh

,

2
p
s · p

k ⇥
k
s k

k
⇥
2sk

,

2
p
h · p

k ⇥
k
h k

k
⇥
2h
k
,

(31)
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define

the
m
ain

part
of

the
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show
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A
.

S
p
littin

g
p
ro

b
a
b
ility

fo
r
g
⌅

g
+
g

T
he

splitting
vertex

for
a
Q
C
D

splitting
g
⌅

g
+
g
is
represented

by
a
function

H
ggg

as

illustrated
in

F
ig. 6.

W
e
call these

the
conditional splitting

probabilities.
H
ere

the
condition

is
that

the
m
other

parton
has

not
split

already
at

a
higher

virtuality.

L
et

us
exam

ine
w
hat

w
e
should

choose
for

H
ggg

for
a
g
⌅

g
+
g
splitting.

W
e
take

the

m
other

parton
to

carry
the

lab
el

J
and

w
e
supp

ose
that

the
daughter

partons
are

lab
elled

A
and

B
,
w
here

A
caries

the
3̄
color

of
the

m
other

and
is
draw

n
on

the
left,

w
hile

B
caries

the
3
color

of
the

m
other

and
is
draw

n
on

the
right.

T
he

form
of

the
splitting

probability

dep
ends

on
w
hich

of
the

tw
o
daughter

partons
is

the
softer.

W
e
let

h
b
e
the

lab
el

of
the

harder
daughter

parton
and

s
b
e
the

lab
el
of

the
softer

daughter
parton:

k
s
<

k
h .

B
y
definition,

k
s
<

k
h .

W
e
first

look
at

the
splitting

in
the

lim
it
k
s ⇤

k
h .

T
he

splitting

probability
is
then

dom
inated

by
graphs

in
w
hich

parton
s
is
em

itted
from

a
dip

ole
consisting

of
parton

J
and

som
e
other

parton,
call

it
parton

k.
If
s
=

A
,
then

the
em

itting
dip

ole
is

form
ed

from
parton

h
=

B
and

parton
k
=

k(J
)
L ,

w
hile

if
s
=

B
,
then

the
em

itting
dip

ole

is
form

ed
from

parton
h
=

A
and

parton
k
=

k(J
)
R .

T
he

choice
of

k
dep

ends
on

w
hich

of

the
tw
o
daughter

partons
is
parton

s,
so

w
here

needed
w
e
w
ill

use
the

notation
k(s)

instead

of
sim

ply
k.

F
or

H
,
w
e
start

w
ith

the
dip

ole
approxim

ation
for

the
squared

m
atrix

elem
ent

(w
ith

µ
2s
=

µ
2h
=

0),
H

d
ip
ole ⇥

C
A �

s

2

2
p
h · p

k

2
p
s · p

h
2
p
s · p

k

.

(30)

W
e
use

2
p
s · p

h
=

2k
s k

h [cosh(y
s �

y
h )�

cos(⇤
s �

⇤
h )]

⇥
k
s k

h [(y
s �

y
h ) 2

+
(⇤

s �
⇤
h ) 2]

=
k
s k

h
⇥
2sh

,

2
p
s · p

k ⇥
k
s k

k
⇥
2sk

,

2
p
h · p

k ⇥
k
h k

k
⇥
2h
k
,

(31)
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In
this

section,
w
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define

the
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ain

part
of

the
sim

plified
show

er,
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D

show
er

splittings.

A
.

S
p
littin

g
p
ro

b
a
b
ility

fo
r
g
⌅

g
+
g

T
he

splitting
vertex

for
a
Q
C
D

splitting
g
⌅

g
+
g
is
represented

by
a
function

H
ggg

as

illustrated
in

F
ig. 6.

W
e
call these

the
conditional splitting

probabilities.
H
ere

the
condition

is
that

the
m
other

parton
has

not
split

already
at

a
higher

virtuality.

L
et

us
exam

ine
w
hat

w
e
should

choose
for

H
ggg

for
a
g
⌅

g
+
g
splitting.

W
e
take

the

m
other

parton
to

carry
the

lab
el

J
and

w
e
supp

ose
that

the
daughter

partons
are

lab
elled

A
and

B
,
w
here

A
caries

the
3̄
color

of
the

m
other

and
is
draw

n
on

the
left,

w
hile

B
caries

the
3
color

of
the

m
other

and
is
draw

n
on

the
right.

T
he

form
of

the
splitting

probability

dep
ends

on
w
hich

of
the

tw
o
daughter

partons
is

the
softer.

W
e
let

h
b
e
the

lab
el

of
the

harder
daughter

parton
and

s
b
e
the

lab
el
of

the
softer

daughter
parton:

k
s
<

k
h .

B
y
definition,

k
s
<

k
h .

W
e
first

look
at

the
splitting

in
the

lim
it
k
s ⇤

k
h .

T
he

splitting

probability
is
then

dom
inated

by
graphs

in
w
hich

parton
s
is
em

itted
from

a
dip

ole
consisting

of
parton

J
and

som
e
other

parton,
call

it
parton

k.
If
s
=

A
,
then

the
em

itting
dip

ole
is

form
ed

from
parton

h
=

B
and

parton
k
=

k(J
)
L ,

w
hile

if
s
=

B
,
then

the
em

itting
dip

ole

is
form

ed
from

parton
h
=

A
and

parton
k
=

k(J
)
R .

T
he

choice
of

k
dep

ends
on

w
hich

of

the
tw
o
daughter

partons
is
parton

s,
so

w
here

needed
w
e
w
ill

use
the

notation
k(s)

instead

of
sim

ply
k.

F
or

H
,
w
e
start

w
ith

the
dip

ole
approxim

ation
for

the
squared

m
atrix

elem
ent

(w
ith

µ
2s
=

µ
2h
=

0),
H

d
ip
ole ⇥

C
A �

s

2

2
p
h · p

k

2
p
s · p

h
2
p
s · p

k

.

(30)

W
e
use

2
p
s · p

h
=

2k
s k

h [cosh(y
s �

y
h )�

cos(⇤
s �

⇤
h )]

⇥
k
s k

h [(y
s �

y
h ) 2

+
(⇤

s �
⇤
h ) 2]

=
k
s k

h
⇥
2sh

,

2
p
s · p

k ⇥
k
s k

k
⇥
2sk

,

2
p
h · p

k ⇥
k
h k

k
⇥
2h
k
,

(31)
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+
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T
he

splitting
vertex

for
a
Q
C
D

splitting
g
⌅

g
+
g
is
represented

by
a
function

H
ggg

as

illustrated
in

F
ig. 6.

W
e
call these

the
conditional splitting

probabilities.
H
ere

the
condition

is
that

the
m
other

parton
has

not
split

already
at

a
higher

virtuality.

L
et

us
exam

ine
w
hat

w
e
should

choose
for

H
ggg

for
a
g
⌅

g
+
g
splitting.

W
e
take

the

m
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to

carry
the
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el

J
and

w
e
supp

ose
that

the
daughter

partons
are

lab
elled

A
and

B
,
w
here

A
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the
3̄
color

of
the

m
other

and
is
draw

n
on
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w
hile

B
caries

the
3
color

of
the

m
other

and
is
draw

n
on
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right.

T
he

form
of

the
splitting

probability

dep
ends

on
w
hich

of
the

tw
o
daughter

partons
is

the
softer.

W
e
let

h
b
e
the

lab
el

of
the

harder
daughter

parton
and

s
b
e
the

lab
el
of

the
softer

daughter
parton:

k
s
<

k
h .

B
y
definition,

k
s
<

k
h .

W
e
first

look
at

the
splitting

in
the

lim
it
k
s ⇤

k
h .

T
he

splitting

probability
is
then

dom
inated

by
graphs

in
w
hich

parton
s
is
em

itted
from

a
dip

ole
consisting

of
parton

J
and

som
e
other

parton,
call

it
parton

k.
If
s
=

A
,
then

the
em

itting
dip

ole
is

form
ed

from
parton

h
=

B
and

parton
k
=

k(J
)
L ,

w
hile

if
s
=

B
,
then

the
em

itting
dip

ole

is
form

ed
from

parton
h
=

A
and

parton
k
=

k(J
)
R .

T
he

choice
of

k
dep

ends
on

w
hich

of

the
tw
o
daughter

partons
is
parton

s,
so

w
here

needed
w
e
w
ill

use
the

notation
k(s)

instead

of
sim

ply
k.

F
or

H
,
w
e
start

w
ith

the
dip

ole
approxim

ation
for

the
squared

m
atrix

elem
ent

(w
ith

µ
2s
=

µ
2h
=

0),
H

d
ip
ole ⇥

C
A �

s

2

2
p
h · p

k

2
p
s · p

h
2
p
s · p

k

.

(30)

W
e
use

2
p
s · p

h
=

2k
s k

h [cosh(y
s �

y
h )�

cos(⇤
s �

⇤
h )]

⇥
k
s k

h [(y
s �

y
h ) 2

+
(⇤

s �
⇤
h ) 2]

=
k
s k

h
⇥
2sh

,

2
p
s · p

k ⇥
k
s k

k
⇥
2sk

,

2
p
h · p

k ⇥
k
h k

k
⇥
2h
k
,

(31)
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In
th
is
section

,
w
e
d
efi
n
e
th
e
m
ain

p
art

of
th
e
sim

p
lifi

ed
sh
ow

er,
Q
C
D

sh
ow

er
sp
littin

gs.

A
.

S
p
littin

g
p
ro

b
a
b
ility

fo
r
g
⌅

g
+
g

T
h
e
sp
littin

g
vertex

for
a
Q
C
D

sp
littin

g
g
⌅

g
+
g
is
rep

resented
by

a
fu
n
ction

H
g
g
g
as

illu
strated

in
F
ig.

6.
W
e
call

th
ese

th
e
con

d
ition

al
sp
littin

g
p
rob

ab
ilities.

H
ere

th
e
con

d
ition

is
th
at

th
e
m
oth

er
p
arton

h
as

n
ot

sp
lit

alread
y
at

a
h
igh

er
virtu

ality.

L
et

u
s
exam

in
e
w
h
at

w
e
sh
ou

ld
ch
oose

for
H

g
g
g
for

a
g
⌅

g
+
g
sp
littin

g.
W
e
take

th
e

m
oth

er
p
arton

to
carry

th
e
lab

el
J
an

d
w
e
su
p
p
ose

th
at

th
e
d
au

ghter
p
arton

s
are

lab
elled

A
an

d
B
,
w
h
ere

A
caries

th
e
3̄
color

of
th
e
m
oth

er
an

d
is
d
raw

n
on

th
e
left,

w
h
ile

B
caries

th
e
3
color

of
th
e
m
oth

er
an

d
is
d
raw

n
on

th
e
right.

T
h
e
form

of
th
e
sp
littin

g
p
rob

ab
ility

d
ep
en
d
s
on

w
h
ich

of
th
e
tw

o
d
au

ghter
p
arton

s
is

th
e
softer.

W
e
let

h
b
e
th
e
lab

el
of

th
e

h
ard

er
d
au

ghter
p
arton

an
d
s
b
e
th
e
lab

el
of

th
e
softer

d
au

ghter
p
arton

:
k
s
<

k
h.

B
y
d
efi
n
ition

,
k
s
<

k
h.

W
e
fi
rst

look
at

th
e
sp
littin

g
in

th
e
lim

it
k
s⇤

k
h.

T
h
e
sp
littin

g

p
rob

ab
ility

is
th
en

d
om

in
ated

by
grap

h
s
in

w
h
ich

p
arton

s
is
em

itted
from

a
d
ip
ole

con
sistin

g

of
p
arton

J
an

d
som

e
oth

er
p
arton

,
call

it
p
arton

k
.
If
s
=

A
,
th
en

th
e
em

ittin
g
d
ip
ole

is

form
ed

from
p
arton

h
=

B
an

d
p
arton

k
=

k
(J
)L,

w
h
ile

if
s
=

B
,
th
en

th
e
em

ittin
g
d
ip
ole

is
form

ed
from

p
arton

h
=

A
an

d
p
arton

k
=

k
(J
)R
.
T
h
e
ch
oice

of
k
d
ep
en
d
s
on

w
h
ich

of

th
e
tw

o
d
au

ghter
p
arton

s
is
p
arton

s,
so

w
h
ere

n
eed

ed
w
e
w
ill

u
se

th
e
n
otation

k
(s)

in
stead

of
sim

p
ly

k
.

F
or

H
,
w
e
start

w
ith
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h
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th
e
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of
th
e
m
oth

er
an

d
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d
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n
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e
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w
h
ile

B
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th
e
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of
th
e
m
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er
an

d
is
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n
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th
e
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T
h
e
form
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e
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littin

g
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ab
ility
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en
d
s
on

w
h
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e
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o
d
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ghter
p
arton

s
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th
e
softer.

W
e
let

h
b
e
th
e
lab

el
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th
e

h
ard

er
d
au

ghter
p
arton

an
d
s
b
e
th
e
lab

el
of

th
e
softer

d
au

ghter
p
arton

:
k
s
<

k
h.

B
y
d
efi
n
ition

,
k
s
<

k
h.

W
e
fi
rst

look
at

th
e
sp
littin

g
in

th
e
lim

it
k
s⇤

k
h.

T
h
e
sp
littin

g

p
rob

ab
ility

is
th
en

d
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in
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by
grap

h
s
in

w
h
ich

p
arton
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arton
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er
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,
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k
.
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=

A
,
th
en

th
e
em

ittin
g
d
ip
ole

is
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p
arton

h
=

B
an

d
p
arton

k
=

k
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)L,

w
h
ile

if
s
=

B
,
th
en

th
e
em

ittin
g
d
ip
ole

is
form

ed
from

p
arton

h
=

A
an

d
p
arton

k
=

k
(J
)R
.
T
h
e
ch
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of
k
d
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en
d
s
on

w
h
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th
e
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o
d
au

ghter
p
arton

s
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p
arton
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n
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e
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th
e
n
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p
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.

F
or

H
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w
e
start

w
ith

th
e
d
ip
ole

ap
p
roxim

ation
for

th
e
squ

ared
m
atrix

elem
ent

(w
ith

µ
2s
=

µ
2h
=

0),

H
d
ip
ole⇥

C
A
�
s

2
2
p
h
·p

k
2
p
s·p

h
2
p
s·p

k
.

(30)

W
e
u
se

2
p
s·p

h
=

2k
sk

h[cosh
(y

s�
y
h)�

cos(⇤
s�

⇤
h)]

⇥
k
sk

h[(y
s�

y
h)

2+
(⇤

s�
⇤
h)

2]
=

k
sk

h
⇥
2sh

,
2
p
s·p

k
⇥

k
sk

k
⇥
2sk

,
2
p
h
·p

k
⇥

k
hk

k
⇥
2h
k

,
(31)
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