The Integral Theorems: Divergence/ Gauss’ Theorem
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J]]V . F’ dV = J f* . d? e Arelation between a surface

b d integral of a vector and the
-oounaary volume integral of the

d? — AidA divergence of that vector.
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A ° ormal vector, n, always points
OUTSIDE the volume.
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Evaluate the left- and right-hand side of the
Divergence Theorem for this vector:

F = (z+ R)Z




Uniformly charged sphere

A uniformly charged completely hollow sphere of

ﬂ[v F v = ﬂ F.dS
boundary

dS = hdA

radius R has total charge Q. Use Gauss’s Law to Y T P

determine the field inside and outside the sphere.

1)
2)
3)
4)
S)
6)

V- E =—
€0

What should the direction of the field be?

On which variables should the field depend?

Which coordinate system is best to use?

What is the shape of your volume to integrate?

Evaluate the volume integral.

Evaluate the different pieces of the surface

integral.



Uniformly charged ball

A ball is uniformly charged and has total V.FdV= ﬂ F-dS§
charge Q. The outer radius of the shell is r_. boundary

—
Use Gauss’s Law to determine the field: d S I’ldA

1. Inside the shell (r<r,), and
2. Outside the shell (r>r ).




Uniformly charged ball with hollow interior

A thick spherical shell is uniformly charged JH V-FdV= ﬂ F-dS
and has total charge Q. The inner radius of boundary

the hollow region is r,, and the outer radius

_) ~
of the shell is r_. d S = I’ldA
Use Gauss’s Law to determine the field: v~ - p
1. Inside the hollow region (r<r),

2. Inside the shell (r.<r<r ), and
3. Outside the shell (r>r,).

Draw a graph of the electric field as a
function of r.




Electric field of an infinite plane of ¢

I

A plane with uniform charge density, o,
produces an electric field. Use Gauss’s law
and Gauss’s theorem to determine the field
everywhere in space.

1)
2)

3)
4)

o)
6)

What should the direction of the field be?
On which variables should the field
depend?

Which coordinate system is best to use?
What is the shape of your volume to
integrate?

Evaluate the volume integral.

Evaluate the different pieces of the
surface integral.

narge (pillbox)

”V-FdV=U F-dS

boundary
dS =ndA
v.E=L
€0



Electric field of an infinite line of charge

A line with uniform charge density, A, produces an ﬂ[ V-FdV= U F-dS
electric field. Use Gauss’s law and Gauss’s boundary
theorem to determine the field everywhere in —> N
space. d S = ndA
1)  What should the direction of the field be? V . f - ﬁ
2) On which variables should the field depend? £

)

)  Which coordinate system is best to use?

)  What is the shape of your volume to integrate?

) Evaluate the volume integral.

) Evaluate the different pieces of the surface
integral.
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The Integral Theorems: Stokes’ Theorem

ﬂ (Vx7) .d§’=ﬂﬁ V.di

S aS

e The open surface integral on the left
Is equivalent to the close line integral
on the right.

e The open surface can be ANY
surface with the boundary gS.

e The orientation of the line integral
and the normal vector will follow the
right hand rule.

o  Your thumb is the normal vector and your
fingers point in the direction of the path.



The Integral Theorems: Stokes’ Theorem

(V X T/) . d? _ ‘—/ df e Compute the left- and right-hand side
S - oS of Stokes’ Theorem when the vector
iS:

e The open surface integral on the left N
Is equivalent to the close line integral V = (2XZ e 3}’2) 5} + (4}’22) %
on the right.
e The open surface can be ANY e Over the path
surface with the boundary gS. o (0,0,0->(0,1,0)->(0,1,1)->(0,0,1)->(0,0,0)
e The orientation of the line integral
and the normal vector will follow the
right hand rule.

o  Your thumb is the normal vector and your
fingers point in the direction of the path.



Computing magnetic fields with Stokes’ theorem

In a very similar fashion to Gauss’ law with (V X V) . d? = V. di
Gauss’ theorem, we can use Ampere’s law

with Stokes’ theorem to also find magnetic
fields when you can find a surface where —

the magnetic field is constant or 0. V X b = 'uo

This is a much easier method than
integrating over all moving charges to
compute magnetic fields (Biot-Savart).

Again, one needs to be able to determine
the direction of the magnetic field before
evaluating the line integral.



Magnetic field from an infinite wire with current, /

What is the magnetic field produced by a J] (V X V) . d? — 4} V. di
Y

THIN infinite line with total current, /?

vV
0S
What should the direction of the field be? —3 g ==
On which variables should the field VXB=puyJ
depend?

Which coordinate system is best to use?

What is the shape of your volume to

integrate?

Evaluate the surface area integral.

Evaluate the different pieces of the line

integral.



Magnetic field inside a thick wire

What is. th.e .ma.gnetic.: field produced by a V X Tf ’ d? — Tf " di
THICK infinite line with total current, /, and
radius, R, INSIDE and OUTSIDE the wire? 5 o5
— — —
1) What should the direction of the field be? V X B = Ho J
2) On which variables should the field
depend?

3) Which coordinate system is best to use?

4) What is the shape of your volume to
integrate?

5) Evaluate the surface area integral.

6) Evaluate the different pieces of the line
integral.




Magnetic field inside a coaxial cable

What is the magnetic field produced in each
region of the coaxial cable shown in the
figure?

1)
2)

3)
4)

5)
6)

What should the direction of the field be?
On which variables should the field
depend?

Which coordinate system is best to use?
What is the shape of your volume to
integrate?

Evaluate the surface area integral.
Evaluate the different pieces of the line
integral.




