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Motivation
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New physics beyond Standard Model 

Ø Direct search: LHC, SPPC…

Ø Indirect test: 

• B factories (Rare decay) 
• Precision calculation 

Beyond SM: Three Frontiers 
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Forward-backward Asymmetry

Lepton Flavor Universality 

Angular Analysis and 𝑃!"

Motivation



Motivation
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Non-perturbativeQCD factorization: 
Separating the processes with  
different energy scales

𝐾∗

Amplitudes = LCDAs ⨂ Hard kernel 



LCDA in Lattice QCD
Target Vector Meson LCDA — defined via a 
meson-to-vacuum matrix element
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LCDA in Lattice QCD
Method Work Meson Mass Lattice Spacing

OPE

V.M. Braun et 
al. (2015) 𝜋 physical (0.06,0.08)fm

V.M. Braun et 
al. (2017) 𝜌 physical (0.06,0.08)fm

G.S. Bali et al. 
(2019)_RQCD 𝜋, 𝐾 combinations 5 (from 0.08 to 

0.04)fm

Method Work Meson Mass Lattice Spacing

LaMET

J.H.Zhang et 
al. (2017) 𝜋 310MeV-Pion 0.12fm

R.Zhang et 
al.(2020) 𝜋, 𝐾 310MeV-Pion (0.06,0.09,0.12)fm

LPC (2021)
this work 𝐾∗, 𝜙 physical (0.06,0.09,0.12)fm



Define a new matrix element with an equal-time 

correlator, named quasi-PDF/DA:

𝑞
~
(𝑥, 𝑃", 𝜇) = ∫

𝑑𝑧
4𝜋

𝑒#$%""⟨0|𝜓 𝑧 𝛾& exp −𝑖𝑔∫'
"𝑑𝑧(𝐴"(𝑧() 𝜓(0)|𝑉⟩

Can be calculated on lattice directly!
X. Ji. Parton Physics on a Euclidean Lattice, Phys.Rev.Lett. 110, 262002 (2013).

For large 𝑷𝒛, the leading power of quasi-PDF/DA under the expansion 

of 𝜦𝟐, 𝑴𝟐/(𝑷𝒛)𝟐 can be factorized into PDF/DA:

𝑞
~
(𝑥, 𝑃$, 𝜇) = ∫

𝑑𝑦
|𝑦| 𝐶 𝑥, 𝑦, 𝑃$, 𝜇 𝑞(𝑦, 𝜇) + 𝒪

Λ%,𝑀%

(𝑃$)%

Large-Momentum effective theory
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LCDA in LaMET

Renormalized matrix element: hybrid 
scheme based on RI/MOM

Quasi-DA in Momentum space

𝑴𝑺 LCDA

Bare DA matrix element with

Fourier Transformation 
with Extrapolation

Inverse matching procedures:
𝝓𝑳𝑪 𝒚 = ∫ 𝒅𝒙 𝑪#𝟏 𝒙, 𝒚, 𝑷𝒛, 𝝁, 𝝁𝑹 3𝝓𝑸 𝒙

ü MILC, clover

ü 0.06, 0.09, 0.12fm

ü 1.29, 1.72, 2.15GeV
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•The bare equal-time correlations on the lattice:

•The two-point correlation function defined on the lattice:

0 =𝜓4 0 𝛾& 𝑈 0, 𝑧 𝜓5(𝑧) |𝑉⟩ = 𝐻 𝑧 𝜖& 𝑓6

Quasi DA

Bare matrix element

𝐶57 𝑧, 𝑃⃗, 𝑡 = E𝑑8𝑤 𝑒9#%⋅;⟨0| =𝜓4 𝑤, 𝑡 Γ4 𝑈 𝑤,𝑤 + 𝑧 𝜓5 𝑤 + 𝑧, 𝑡 =𝜓5 0,0 Γ5 𝜓4(0,0)|0⟩

𝑲∗ 𝒓𝒆𝒍𝒂𝒕𝒆𝒅 𝒕𝒐 𝑻𝒘𝒊𝒔𝒕𝟐: 𝑳𝒐𝒏𝒈𝒊𝒕𝒖𝒅𝒊𝒏𝒂𝒍: 𝛾& 𝑻𝒓𝒂𝒏𝒔𝒗𝒆𝒓𝒔𝒆: 𝝈(𝒛,𝒙)

time

𝑆(")

𝑆($)

𝐾∗(𝑡 = 0)

𝐾∗(𝑡)

𝑡

⟨ ⟩
𝑧
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Gauge link



Hybrid renormalization on RI/MOM

DA bare matrix elements: 𝑒
%&'&
( 𝐻-(𝑧)

⟨𝑃| -𝜓 0 𝑈 0, 𝑧 𝜓 𝑧 |𝑃⟩

Matrix element 

𝑀 𝑧 ∼ exp −
𝐶 𝛼 𝑧
𝑎 𝑓(𝑧)

Linear divergence from self-energy 
of gauge link
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Y.K.Huo, Y.Su et al. NPB.969.115443(2020)

Ø (0 ≤ |z| ≤ Z_s ), RI/MOM renormalization
Ø (Z_s ≤ |z| ≤ Z_l ), modified mass renormalization

Effective range for RI/MOM

𝐶5 = 𝐶'𝑒
9(4AB.CD

"
"/
){ 701

F A72 ∗"AB1HI(")}

𝛿𝑚

Hybrid renormalization on RI/MOM

12

X.~Ji, et al. NPB.964.115311(2021)



𝜓(𝑥) ∼ 𝑥#(1 − 𝑥)$

ℎ 𝜆 = E
'

4
𝑑𝑥𝑒#$K𝑥F 1 − 𝑥 L

L𝐻 𝑧, 𝑃" =
𝑐4
−𝑖𝜆 F + 𝑒

#K 𝑐5
𝑖𝜆 L 𝑒9

K
K2

Extrapolation

• Asymptotic behavior at x~0,1:

• Coordinate space:

• At large 𝜆
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Ø (|z|≥ Z_l ), physics-based extrapolation



• 2+1+1 flavors of highly improved staggered quarks (HISQ) action
gen-erated by MILC collaboration.

• 3 lattice spacings(0.06, 0.09, 0.12)fm on physical mass(𝑲∗: 𝟎. 𝟖𝟗𝐆𝐞𝐕,
𝝓: 𝟏. 𝟎𝟐𝐆𝐞𝐕) with 𝑷𝒛 = 𝟏. 𝟐𝟗, 𝟏. 𝟕𝟐, 𝟐. 𝟏𝟓 GeV.

Numerical results
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Ensemble a(fm) 𝐿3×𝑇 Clover 𝒎𝝅(𝑴𝒆𝑽) 𝒎𝜼𝒔(𝑴𝒆𝑽) Measuremen
ts

a12m130 0.1213 483×64 1.05088 140 670 970(cfg)×64

a09m130 0.0882 643×96 1.04239 140 670 730×96

a06m130 0.0574 963×192 1.03493 140 670 570×128



𝑞 𝑦, 𝑃", 𝜇 = ∫ 𝑑𝑥𝐶94 𝑥, 𝑦, 𝑃", 𝜇 U𝑞 𝑥, 𝜇 + 𝒪
ΛOPQ5

(𝑦𝑃")5
,

ΛOPQ5

((1 − 𝑦)𝑃")5

Large momentum expansion breaks done in end point region:
𝑥𝑃"~ΛOPQ; 1 − 𝑥 𝑃"~ΛOPQ; For 𝑃7F$" = 2.15𝐺𝑒𝑉, reliable region: (0.1, 0.9)
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Numerical results

𝐾∗ LCDA
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Numerical results

Gegenbauer moments: 

𝜙 LCDA



Summary and Outlook
Ø We calculate the 𝑲∗/𝝓 LCDAs on lattice using LaMET:

• First lattice calculation of LCDAs of vector mesons 𝑲∗/𝝓
• Firstly adopt the hybrid renormalization scheme to avoid 

extra nonperturbative effects. 

Ø More reliable prediction:
• Hybrid scheme on self renormalization
• Matching in coordinate space
• Lattice calculation on larger 𝑷𝒛, smaller a
• Other methods …
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Back up
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!𝑞𝑞 𝐶94
𝑥
𝑦 , 𝑦𝑃

", 𝜇

500*500

𝑞
~
𝑥, 𝑃", 𝜇 = ∫

𝑑𝑦
𝑦 𝐶

𝑥
𝑦 , 𝑦𝑃

", 𝜇 𝑞 𝑦, 𝜇 + 𝒪
ΛOPQ5

(𝑦𝑃")5 ,
ΛOPQ5

((1 − 𝑦)𝑃")5

Matching kernel 
—Y.S.Liu, Q.A.Zhang et.al PRD99(2019).094034

Delta function 
Plus function Discretization

Matching form Quasi to LCDA
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Quasi

Light cone
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