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data driven
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Introduction to LQCD 
How to compute HVP with 
LQCD 
Systematic errors 
Results for each contribution 
Windows in Euclidean time 
➠ detailed comparisons  
Summary and Outlook: 
a path forward
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[T. Aoyama et al, arXiv:2006.04822, 
Phys. Repts. 887 (2020) 1-166.]

https://arxiv.org/abs/2006.04822
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adjustable parameters 

lattice spacing:  

finite volume, time:    

quark masses (mf): 
tune using hadron masses  
extrapolations/interpolations

L 

a 

x 

discrete Euclidean space-time (spacing a) 
derivatives ➙ difference operators, etc… 
finite spatial volume (L) 
finite time extent (T) 

LQCD =
X

f

 ̄f (D/+mf ) f +
1

4
trFµ⌫F

µ⌫

a ➙ 0

L ➙ ∞, T > L

MH,lat = MH,exp

mf ➙ mf,phys mud ms mc mb

Integrals are evaluated 
numerically using monte 

carlo methods. 

Lattice QCD Introduction
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FIG. 6. Distribution of four-flavor QCD gauge-field ensembles used in this work. Ensembles that
are new with respect our previous analysis [23] are indicated with black outlines. Ensembles with
unphysical strange-quark masses are shown as gold disks with orange outlines. The area of each
disk is proportional to the statistical sample size Nconf ⇥ Nsrc. The physical, continuum limit is
located at (a = 0, M⇡ ⇡ 135 MeV).

charm and bottom quarks with controlled discretization errors. Figure 7 shows the range
of valence heavy-quark masses used in our analysis. On the coarsest a ⇡ 0.15 and 0.12 fm
ensembles, we have only two values mh = 0.9m0

c
and m

0
c
; on our finest a ⇡ 0.042 and 0.03 fm

ensembles, however, we have several heavy-quark masses between 0.9m0
c

 mh  5m0
c
,

reaching just above the physical b-quark mass. Second, as discussed in Sec. III, we have
large statistical sample sizes, with about 4,000 samples on most ensembles and large lattice
volumes; the resulting errors on the decay constants range from 0.04% to 1.4%.

Because of the breadth and precision of the data set, it is a challenge to find a theo-
retically well-motivated functional form that is sophisticated enough to describe the whole
data set. We therefore rely on several EFTs to parameterize the dependence of our data
on each of the independent variables just described: Symanzik e↵ective field theory for lat-
tice spacing dependence [37], chiral perturbation theory for light- and strange-quark mass
dependence, and heavy-quark e↵ective theory for the heavy-quark mass dependence. These
EFTs are linked together within heavy-meson rooted all-staggered chiral perturbation the-
ory (HMrAS�PT) [64]. Here we use the one-loop HMrAS�PT expression to describe the
nonanalytic behavior of the interaction between pion (and other pseudo-Goldstone bosons)
and the heavy-light meson, and supplement it with higher-order analytic functions in the
light- and heavy-quark masses and lattice spacing to enable a good correlated fit.

Even with these additional terms, however, the extrapolation a ! 0 and the interpolation
mh ! mb oblige us to restrict the range of amh. In practice, we are able to obtain a good
correlated fit of our data with heavy-quark masses amh  0.9. Note, however, that our final
fit function describes even the data with amh > 0.9 quite well.

20

MILC nf = 2+1+1

Lattice QCD Introduction
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The State of the Art

L 

a 

x 

Lattice QCD calculations of simple quantities (with at most one stable meson in 
initial/final state) that quantitatively account for all systematic  effects 
(discretization, finite volume, renormalization,…) in some cases with  

• sub percent precision.   
•  total errors that are commensurate (or smaller) than corresponding 

experimental uncertainties. 
Scope of LQCD calculations is increasing due to continual development of new 
methods:  

• nucleons and other baryons    
• nonleptonic decays (                , …) 
• resonances, scattering, long-distance effects, …  
• QED effects  
• radiative decay rates …

K ! ⇡⇡

Lattice QCD Introduction
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small errors due to 
✦ ensembles at physical light quark masses 
✦ improved light-quark actions 
✦ large ensemble set (range of )  
✦ NPR or no renormalization

a, L, mi, . . .

0.18%

s̄

u

W
µ+

⌫µ

K+

[S. Aoki et al, arXiv:1902.08191, EPJC 2020] 

https://doi.org/10.1140/epjc/s10052-019-7354-7
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⇧̂(q2) = ⇧(q2)�⇧(0)

Leading order HVP correction: aHVP,LO
µ =

⇣↵
⇡

⌘2
Z

dq2!(q2) ⇧̂(q2)

• Calculate   in Lattice QCD 

  Compute correlation function:  

  and  
 
Obtain  from an integral over Euclidean time:  
  

aHVP,LO
μ

aHVP,LO
μ

C(t) =
1

3

X

i,x

hji(x, t)ji(0, 0)i

aHVP,LO
µ =

⇣↵
⇡

⌘2
Z 1

0
dt w̃(t)C(t)
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[B. Lautrup, A. Peterman, E. de Rafael, Phys. Rep 1972; 
E. de Rafael, Phys. Let. B 1994; T. Blum, PRL 2002]

⇧̂(Q2) = 4⇡2

Z 1

0
dtC(t)


t2 � 4

Q2
sin2

✓
Qt

2

◆�
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[D. Bernecker and H. Meyer, arXiv:1107.4388, 
EPJA 2011] 
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Calculate  in Lattice QCD:  

  

• Separate into connected for each quark flavor + disconnected contributions 
 (gluon and sea-quark background not shown in diagrams) 
 Note: almost always     
 
 
      

• need to add QED and strong isospin breaking (  ) corrections: 
 
 
 
- either perturbatively on isospin symmetric QCD background 
- or by using QCD + QED ensembles with  

aHVP
μ

mu = md

∼ mu − md

mu ≠ md

7

+ …

X

f
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+ f f’ f= ud, s, c, b

aHLO
µ ⌘ aHVP,LO

µ =
X

f

aHVP,LO
µ,f + aHVP,LO

µ,disc

<latexit sha1_base64="QuLOsSJbj/2XJDr1dqEpUkjAtFQ="></latexit>
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light-quark connected contribution: 
 ~90% of total 

s,c,b-quark contributions  
 ~8%, 2%, 0.05% of total 

disconnected contribution:  
  ~2% of total 

Isospinbreaking (QED + mu ≠ md ) corrections:  
 ~1% of total

aHVP,LO
μ (ud)

aHVP,LO
μ (s, c, b)

aHVP,LO
μ,disc

δaHVP,LO
μ

8

X

f
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Introduction

Isospin Breaking Corrections

I lattice calculations usually done in the isospin symmetric limit

I two sources of isospin breaking e�ects

I di�erent masses for up- and down quark (of O((md ≠ mu)/�QCD))

I Quarks have electrical charge (of O(–))

I lattice calculation aiming at 1% precision requires to include isospin breaking

I separation of strong IB and QED e�ects requires renormalization scheme

I definition of “physical point” in a “QCD only world” also scheme dependent

I IB contribution included in final lattice result from the WP [arXiv:2006.04822]
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aHVP,LO
μ = aHVP,LO

μ (ud) + aHVP,LO
μ (s) + aHVP,LO

μ (c) + aHVP,LO
μ,disc + δaHVP,LO

μ
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Target: ~ 0.2% total error 

Challenges:   
✓needs ensembles with (light sea) quark masses at their physical values 
✓ finite volume corrections 
• growth of statistical errors at long-distances  
• Continuum extrapolation  
• scale setting   
• disconnected contribution 
• QED and strong isospin breaking corrections (mu ≠ md) 

Focus on windows in Euclidean times [T. Blum et al, arXiv:1801.07224, 2018 PRL] 
• disentangle systematics/statistics from long distance/FV and discretization effects  
➠ valuable cross checks 

• intermediate window easy to compute & compare with disperse methods 

Lattice HVP: Introduction
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g-2 & related talks/posters @ Lattice 2021

10

(light-quark) connected HVP, windows 
Monday, 13:00-15:00 US EDT 

Finn Stokes (BMWc) FV effects 
Kalman Szabo (BMWc) cont. limit 
Shaun Lahert (Fermilab-HPQCD-MILC)  
Chris Aubin (Aubin et al) 

Tuesday, 5:00-8:00 US EDT 
Hartmut Wittig (Mainz) 
Christoph Lehner (RBC/UKQCD) 
Davide Giusti (ETMc) 

IB corrections, disc. HVP 
Tuesday, 5:00-8:00 US EDT 

Andreas Risch (Mainz) 
Letizia Parato (BMWc)  

Poster, Wednesday, 8:00-9:00 US EDT 
C. McNeile (Fermilab-HPQCD-MILC)

HLbL contributions, PS transition form factors 
Tuesday, 5:00-8:00 US EDT 

Willem Verplanke (BMWc) 
Sebastian Burri (ETMc)  
En-Hung Chao (Mainz) complete HLbL

Variance reduction 
Tuesday, 5:00-8:00 US EDT 

Leonardo Giusti (Milan) Multi-level integration 
Tuesday, 13:00-15:00 US EDT 

Tej Kanwar (MIT) contour deformation

Scale Setting 
Monday, 13:00-15:00 US EDT 

Lukas Varnhorst (BMWc) 
 Thursday 5:00-8:00 US EDT  Friday, 5:00–8:00 US EDT  

Alexander Segner (Mainz)   Ben Strassberger (Mainz)

Cut-off effects 
Tuesday, 5:00-8:00 US EDT 

Tim Harris (NEPhEU QCD) thermal observables 
Friday, 5:00-8:00 US EDT  

Nicolai Husung (DESY) log corrections 

 and  
Tuesday, 5:00-8:00 US EDT 

Teseo San Jose (Mainz) 
Kohtaroh Miura (Mainz)

Δα Δ sin2 θW

QCD in searches for New Physics

Algorithms

Hadron 
spect.

SM params
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Ensemble parameters 

11

Simulation Details

7/26/2021 5

❖ Nf=2+1+1 HISQ ensembles with physical light-quark masses.

❖ 4 lattice spacings [0.06-0.15] fm, planning to add a 5th lattice spacing at 0.042 fm.

❖ All ensembles (except largest spacing) with mπL > 3.7.

Uncertainty on uncorrected values

Details of the lattice simulation

  We have used the gauge field configurations generated by ETMC,

  European Twisted Mass Collaboration, in the pure isosymmetric QCD

  theory with Nf=2+1+1 dynamical quarks

- Gluon action: Iwasaki

- Quark action: twisted mass at maximal twist

                       (automatically O(a) improved)

OS for s and c valence quarks

6

6

SUPPLEMENTARY MATERIAL

Details of the calculation described in this letter will
be presented in Ref. [24]. Here, in subsection A we col-
lect the main parameters of the simulations performed in
the isosymmetric QCD theory and discuss briefly their
relation with the prescription of Ref. [3], while in subsec-
tion B we sketch some of the key points and illustrate the
quality of the results by showing the time-dependence of
the most complicated diagrams, i.e. those in Fig. 4(a) and
(b) in which a photon is exchanged between the quarks
and the final-state charged lepton.

A. Simulation parameters

The main parameters of the simulations performed
within isosymmetric QCD in Ref. [15] are collected in
Table I.

ensemble � V/a4 aµud aµ� aµ� Ncf aµs M⇡ MK

(MeV) (MeV)

A40.40 1.90 403 · 80 0.0040 0.15 0.19 100 0.02363 317(12) 576(22)

A30.32 323 · 64 0.0030 150 275(10) 568(22)

A40.32 0.0040 100 316(12) 578(22)

A50.32 0.0050 150 350(13) 586(22)

A40.24 243 · 48 0.0040 150 322(13) 582(23)

A60.24 0.0060 150 386(15) 599(23)

A80.24 0.0080 150 442(17) 618(14)

A100.24 0.0100 150 495(19) 639(24)

A40.20 203 · 48 0.0040 150 330(13) 586(23)

B25.32 1.95 323 · 64 0.0025 0.135 0.170 150 0.02094 259 (9) 546(19)

B35.32 0.0035 150 302(10) 555(19)

B55.32 0.0055 150 375(13) 578(20)

B75.32 0.0075 80 436(15) 599(21)

B85.24 243 · 48 0.0085 150 468(16) 613(21)

D15.48 2.10 483 · 96 0.0015 0.1200 0.1385 100 0.01612 223 (6) 529(14)

D20.48 0.0020 100 256 (7) 535(14)

D30.48 0.0030 100 312 (8) 550(14)

TABLE I: Values of the valence and sea bare quark masses (in
lattice units), of the pion and kaon masses for the Nf = 2+ 1+ 1

ETMC gauge ensembles used in Ref. [15] and for the gauge ensem-
ble, A40.40 added to improve the investigation of FVEs. A separa-
tion of 20 trajectories between each of the Ncf analysed configura-
tions. The bare twisted masses µ� and µ� describe the strange and
charm sea doublet according to Ref. [18]. The values of the strange
quark bare mass aµs, given for each �, correspond to the physical

strange quark mass mphys
s (MS, 2GeV) = 99.6(4.3) MeV and to

the mass renormalization constants determined in Ref. [15]. The
central values and errors of pion and kaon masses are evaluated
using the bootstrap procedure of Ref. [15].

Three values of the inverse bare lattice coupling � and
several lattice volumes have been considered. For the
earlier investigation of FVEs ETMC had produced three
dedicated ensembles, A40.20, A40.24 and A40.32, which
share the same quark masses and lattice spacing and dif-
fer only in the lattice size L. To improve the present
investigation we have generated a further gauge ensem-
ble, A40.40, at a larger value of L.

At each lattice spacing di↵erent values of the light sea
quark mass have been considered. The light valence and

sea bare quark masses are always taken to be degenerate
(aµsea

ud = aµval
ud = aµud).

In Ref. [15] the values of the physical u/d and strange
quark masses, mphys

ud (MS, 2GeV) = 3.70(17) MeV and
mphys

s (MS, 2GeV) = 99.6(4.3) MeV, as well as the val-
ues of the lattice spacing, a = 0.0885(36), 0.0815(30),
0.0619(18) fm at � = 1.90, 1.95 and 2.10, have been de-
termined using the following inputs for the isosymmetric

QCD theory: M (0)
⇡ = M⇡0 = 134.98 MeV, M (0)

K = 494.2

MeV and f (0)
⇡ = 130.41 MeV. The first two inputs corre-

spond to the values suggested in the FLAG reviews [2],

while the value of f (0)
⇡ corresponds to the use of the exper-

imental rate �(⇡`2), the value of |Vud| from Ref. [29] and
the value �R⇡ = 0.0176 (21) obtained in ChPT [27, 28]
and currently adopted by the PDG [14]. We will refer to
the choice of the above three inputs as the FLAG/PDG
prescription.
In Ref. [6] we have calculated the pion and kaon masses

in the isosymmetric QCD theory according to the pre-

scription of Ref. [3], obtaining M (0)
⇡ = 134.9 (2) MeV,

M (0)
K = 494.4 (1) MeV. We anticipate that in Ref. [24]

we shall provide a slightly di↵erent value for �R⇡, which

corresponds to a change of [f (0)
⇡ ]2 less than 0.5%. Since

[M (0)
⇡ /f (0)

⇡ ]2 / mphys
ud +O([mphys

ud ]2), the change expected

in mphys
ud is less than 0.02 MeV. Analogously, the change

in mphys
s is expected to be less than 0.5 MeV. Corre-

spondingly, the variations of �R⇡ and �RK⇡ are well
within the statistical uncertainties, as it can be easily
inferred from Fig. 6 in the case of �RK⇡.
The above findings indicate that our prescription [3]

and the FLAG/PDG one di↵er only by e↵ects which are
well within the uncertainties of the input parameters of
Ref. [15]. This justifies the use of the FLAG average for

the ratio f (0)
K /f (0)

⇡ to get Eq. (15) as well as the com-
parison of our result (14) with the ChPT prediction of
Refs. [27, 28].

B. Evaluation of �Aµ
P /�A

(0)
P

The evaluation of the diagrams 4(a) and (b), corre-
sponding to the “new” term �A`

P , starts from the corre-
lator �C`

P (t) defined as

�C`(t) =
X

↵�

u⌫`↵(p⌫`)C1(t)↵�v`�(p`) , (19)

where C1(t)↵� is given by Eq. (35) of Ref. [1], while t is
the time distance between the P-meson source and the
insertion of the weak (V-A) current. At large time dis-
tances and for T ! 1 one has

�C`(t) ��!
t�a

Z(0)
P �A`

P

2M (0)
P

T `
P e

�M(0)
P t , (20)

where T `
P = Tr

⇥
�0(1� �5)``�0(1� �5)⌫`⌫`

⇤
is the tree-

level leptonic trace. Analogously, in the absence of the

Pion masses in the range 220 - 490 MeV

4 volumes @                         andMπ ! 320 MeV a ! 0.09 fm

MπL ! 3.0 ÷ 5.8
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We present results on the nucleon axial, scalar and tensor charges computed within lattice Quan-
tum Chromodynamics. We use three ensembles of gauge configurations generated with physical
values of the pion mass to compute these quantities to high accuracy avoiding the need of uncon-
trolled chiral extrapolations. We determine the values for the axial, scalar and tensor charges for
each quark flavor. We include all contributions from valence and sea quarks by using improved meth-
ods to compute the disconnected quark loops. For the nucleon axial charge we find gA = 1.286(23)
in agreement with the experimental value. In addition, we extract the nucleon �-terms and find
�⇡N = 41.6(3.8) MeV as well as the strangeness content of the nucleon obtaining for the y-parameter
y = 0.0740(59).

PACS numbers: 11.15.Ha, 12.38.Aw, 12.38.Gc, 12.38.-t, 24.85.+p

Keywords: Nucleon charges, Nucleon Structure, Lattice QCD

INTRODUCTION

The fundamental role of the nucleon axial charge in the
physics of weak interactions and in beyond the standard
model (SM) physics makes its non-perturbative determi-
nation of central importance. The nucleon axial charge
determines the rate of the weak decay of neutrons into
protons and provides a quantitative measure of spon-
taneous chiral symmetry breaking in hadronic physics.
It enters in the analysis of neutrinoless double-beta de-
cay and in the unitarity tests of the Cabibbo-Kobayashi-
Maskawa matrix. Equally important are the isovector
scalar and tensor charges of the nucleon, which provide
essential input for probing novel scalar and tensor inter-
actions at the TeV scale [1].

An ab initio calculation of the axial charge, as pre-
cisely as known experimentally from neutron beta decay
measurements using polarized ultracold neutrons [2, 3],
will provide a strong validation of Quantum Chromody-
namics (QCD). However, the non-perturbative nature of
QCD makes a theoretical calculation of the axial charge,
an isovector coupling that we will denote by gu�d

A , di�-
cult. Lattice QCD provides a rigorous, non-perturbative
formulation of QCD on a Euclidean lattice that allows for

a numerical simulation with controlled systematic uncer-
tainties. Numerous past lattice QCD studies [4]. under-
estimated gu�d

A and impeded reliable predictions of the
other nucleon charges. Only recently an accurate com-
putation of gu�d

A was presented [5] that reproduced the
experimental value. It was, however, obtained using chi-
ral extrapolations involving ensembles with heavier than
physical pions.

In this work, we evaluate gu�d
A using simulations car-

ried out directly at the physical pion mass and includ-
ing the physical strange and charm quarks in the sea.
This avoids chiral extrapolation or any modelling of the
pion mass dependence eliminating a systematic error that
has been problematic in many studies. Reproducing the
value of gu�d

A within the lattice QCD framework serves as
a most valuable benchmark computation for the predic-
tion of the isovector scalar gu�d

S and tensor gu�d
T charges,

also presented here. Another milestone of our work, is the
computation of the axial, scalar and tensor charges for
each quark flavor separately, namely gfA, g

f
S and gfT where

f denotes the up, down, strange and charm quarks. In
particular, the quark flavor axial charge gfA determines
the intrinsic spin carried by the quarks in the nucleon
and scalar and tensor charges probe novel interactions
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	flavours	of	 -improved	Wilson	fermions;	tree-level	improved	Lüscher-Weisz	ac3onNf = 2 + 1 O(a)
Six	values	of	the	laKce	spacing:		a = 0.099, 0.085, 0.077, 0.065, 0.050, 0.039 fm

	Ensembles;	 		gauge	configura3ons22 ≳ 35 000

Chiral	trajectory:			Tr Mq ≈ const
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ahvp
µ =

✓↵
⇡

◆2 Z 1

0
dt K̃(t) G(t)

Volumes:		mπ L > 4

Local	and	point-split	vector	currents
		simultaneous	con3nuum	extrapola3ons→

added	since	2019
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Figure 1: Position of the 4stout ensembles in the plane of the hadron mass combinations of Equation
(1). These correspond approximately to the light and strange quark masses. The lattice spacings are
a = 0.1315, 0.1191, 0.1116, 0.0952, 0.0787 and 0.0640 fm, respectively. The corresponding � gauge
couplings are indicated at the top of each panel.

1 The 4stout action and gauge ensembles

The main part of the simulation e↵ort was carried out using the 4stout lattice action. This discretization
is defined through the use of the tree-level Symanzik gauge action [2] and a one-link staggered fermion
action with four steps of stout smearing [3]. The smearing parameter was set to ⇢ = 0.125.

We have chosen six gauge coupling parameters, � = 6/g2, as shown in Table 1. All of these ensembles
were generated using 2+1+1 dynamical flavors with no isospin breaking. The charm mass is set by its ratio
to the strange mass, mc/ms = 11.85, which comes from the spectroscopy of the pseudoscalar charmed
mesons in the continuum limit worked out in [4]. This value is within one per-cent of the latest FLAG
average [5]. The light and strange quark masses are chosen to scatter around a “physical point” defined
by the pseudoscalar masses M⇡ and MK and the mass of the Omega baryon, M⌦, as follows:

M2
⇡

M2
⌦

=

"
M2

⇡0

M2
⌦�

#

⇤

,
M2

K
�

1
2M

2
⇡

M2
⌦

=

"
M2

K�

M2
⌦�

#

⇤

. (1)

where ⇤ denotes the experimental value and

M2
K�

⌘
1
2

�
M2

K+ +M2
K0 �M2

⇡+

�
. (2)

The latter quantity is designed to be approximately proportional to the strange quark mass with a vanishing
leading order sensitivity to strong-isospin breaking.

In Equation (1), the mass of the Omega baryon plays the role of the scale setting variable. It could,
in principle, be replaced by any other dimensionful quantity that satisfies the criteria: a) moderate quark
mass dependence, b) precisely determined in a lattice simulation, c) known experimental value to an

3

~0.13 fm ~0.12 fm ~0.11 fm

~0.10 fm ~0.08 fm

~0.06 fm

BMWc [K. Szabo, F. Stokes, L. Parato]

ETMc [D. Giusti]

Fermilab-HPQCD-MILC [Lahert, McNeile]

Mainz [Wittig, Risch, Miura, San Jose, Chao]  RBC/UKQCD [Lehner]

• Highly Improved Staggered Quarks (HISQ) 2+1+1+1 
•  
• Subset also used by Aubin et al

L ∼ 5 − 6 fm• Twisted-mass Wilson fermions, 2+1+1 
• Plan to include phys. mass ensemble in 

future

• Stout-smeared staggered fermions 2+1+1 
• L ∼ 6 − 11 fm

• Domain Wall fermions
• Wilson-clover fermions, 2+1 
• L ∼ 5 − 6 fm
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Finite volume 

Model comparison

Two more models for finite L (but not T)
Generic field-theory approach [Hansen & Patella ’19, ’20] (HP) relates
the finite-size effect to F�(k)
Rho-pion-gamma model [Chakraborty et al ’17] (RHO) incorporates
the �(770) resonance directly into a �PT-like framework

Compare finite L
corrections for reference
volume in infinite-T limit
All four models agree
within ⇠ 2.5 ⇥ 10�10

NNLO �PT 16.7 ⇥10�10

MLLGS 18.8 ⇥10�10

HP 17.7 ⇥10�10

RHO 16.2 ⇥10�10

Finn M. Stokes HVP finite size effects LATTICE 2021 9 / 12

Finn Stokes (BMWc) @ Lattice 2021

Residual correction

(6 fm)3 ⇥ (9 fm) (11 fm)4

�! �!

4HEX 18.1 ± 2.4 ⇥10�10

NNLO �PT 15.7 0.6 ± 0.3 ⇥10�10

MLLGS 17.8 ⇥10�10

Finn M. Stokes HVP finite size effects LATTICE 2021 11 / 12

• Other direct calculations by RBC/UKQCD [Lehner @ 2019 INT workshop, 
Shintani & Kuramashi, PRD 2019] are  consistent (but with larger errors). 

Hartmut	Wittig

Finite-volume	correc3ons
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Mainz	method	(aka	MLL):
<latexit sha1_base64="E5VXLm9nxFceRGPKOqIJ9vk1lRw="></latexit>

G(t, L) t!1
=
X

n

|An|2 e�!nt
<latexit sha1_base64="TBvrXStBDDRhkhyUtmKTBtYyV+s="></latexit>

G(t,1) =
Z 1

0
d!!2⇢(!2) e�!|t|

Both	 		and		 		can	be	related	to	the	pion	form	factor		 				 					|An | ρ(ω2) Fπ(ω) ⇒ G(t, ∞) − G(t, L)
[Meyer	2011,	Francis	et	al.	2013,	Della	Morte	et	al.	2017;	Lellouch	&	Lüscher	2001]

Correction for finite-size effects : check at m⇡ = 280 MeV
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I Our procedure works remarkably well at m⇡ = 280 MeV [PRD 100 (2019) 014510]

m⇡L = 4 (L = 6.2 fm) ) �aµ = 22.6⇥ 10�10 (3%)

I In agreement with other direct lattice calculations [E. Shintani, Y. Kuramashi ’19] , [BMW ’20]

Antoine Gérardin 9 HVP contribution to (g � 2)µ : status of the Mainz calculation

mπ = 280 MeV

Explicit	verifica3on	at	 :	
		 		method	works	remarkably	well

mπ = 280 MeV
→

<latexit sha1_base64="HpANX4j1vQ80pKfbi6fNXoMY8s8="></latexit>

m⇡ L = 4 (L = 6.2 fm)
<latexit sha1_base64="iIDWL/ImGTdtE59ZtdR+MZuetqI="></latexit>

) �FVahvp
µ = 22.6 · 10�10 (3%)

In	agreement	with	direct	laKce	calcula3ons:	
PACS,	BMWc

[Shintani	&	Kuramashi	2019,	BMWc	2020]

Full	HVP	contribu3on:
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• Spectral reconstruction (RBC/UKQCD, Mainz):  

✦  obtain low-lying finite-volume spectrum ( ) in dedicated study using additional 
operators that couple to two-pion states 

✦use to reconstruct  

✦ can be used to improve  
bounding method:  
  

 

En, An

G(t > tc)

G(t) → G(t) −
N

∑
n=0

A2
n e−Ent

Exclusive Channel Study of the Muon HVP Aaron S. Meyer

Figure 3: Left: Integrand of a
HV P

µ plotted as a function of t/a. The local vector current correlation
function by itself is plotted as black crosses, and the N-state reconstruction obtained from the
GEVP are shown in colors. As more states are added to the correlation function reconstruction,
the resulting curve shape matches the local vector current down to shorter distance. Right: Ratio
of the N-state reconstructions normalized by the local vector current correlation function. The
uncertainty on the local vector current correlation function is denoted by the gray band. As more
states are added, the ratio of reconstruction over local vector current approaches 1, and the 4-state
reconstruction gives a reconstruction consistent with the local vector current to within 1s after
about t/a = 10.

way to estimate the systematic effects of the reconstruction on the large-time correlation function.
The reconstruction of the low-energy spectrum and overlaps of the local vector current correla-
tion function is also used to improve the bounding method, garnering an additional factor gain in
the precision. With these techniques applied, the precision on the HVP contribution to the muon
anomalous magnetic moment is improved by about a factor of 6, from a

HV P

µ = 646(38)⇥10�10 to
a

HV P

µ = 625.0(5.4)⇥ 10�10 on one ensemble. We have also computed the contribution from the
lowest 4p states in the vector current correlator and found these contributions to be negligible.

The techniques used here were formerly applied in Ref. [6] to the HVP on two different lattice
volumes and found to be precise enough to explicitly resolve the finite volume contributions at
physical Mp . We are currently working on computing the HVP contribution on another ensemble
closer to the continuum limit. This ensemble, combined with the strategies demonstrated in these
proceedings, can be used to greatly improve the precision on the HVP contribution from 14⇥10�10

down to 5⇥ 10�10, with an additional improvement after the full set of systematic improvements
are included. With these improvements in estimates of the uncertainty, it is foreseeable that the
precision on the HVP from theory will be able to match the experiment by the time the Fermilab
g�2 experiment reaches its final precision.
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Long-distance tail 

• Use noise reduction methods (AMA, LMA,…): 
    Aubin et al, RBC/UKQCD, BMWc, Mainz, …

G(t) =
1

3

X

i,x

hji(x, t) ji(0, 0)i
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[RBC/UKQCD, 
2019]

Long distance contributions and the statistical error

5

Low Mode Average: RBC/UKQCD-18, Aubin, et al.-19, BMW-20
(C(t) averaged over all EM current source-sink pairs) 

Correlator reconstruction: Mainz, RBC/UKQCD

T. Aoyama, N. Asmussen, M. Benayoun et al. Physics Reports xxx (xxxx) xxx

Fig. 41. The integrand of Eq. (3.22) for the evaluation of the light-quark contribution to aHVP, LO
µ in the time-momentum representation on Nf = 2+1

lattice ensembles with pion masses of M⇡ = 280MeV (left panel) and M⇡ = 200MeV (right panel). Also shown are the results from reconstructing
the correlator using nmax = 1, . . . , 4 states in Eq. (3.25) and the reconstruction of the long-time tail using a single-exponential extension. Left panel
from Ref. [382], right panel adapted from Ref. [383].

The basic form of the extension of the correlator is given by the spectral representation in a finite volume,

C(x0) =

1X

n=1

Ane�Enx0 , (3.25)

where En is the energy of an energy eigenstate |ni belonging to the representation T1 of the cubic group, and An is
the associated matrix element of the electromagnetic current. Ideally, the low-lying finite-volume spectrum is known
explicitly from a dedicated spectroscopic study, permitting the use of a truncated spectral sum for C(x0) beyond xcut0 [378].
Alternatively, the large-time behavior of the correlator can be modeled in various ways. The simplest model is a single-
exponential extension, i.e., taking only one term in the series of Eq. (3.25) and fixing E1 and A1 from a fit to data at
shorter time separations (using a smeared version of the vector correlator, where available, to extract E1 with better
precision) [369,377]. This model (which is essentially vector-meson dominance) is of course overly simplistic, and while
it tends to describe the data well at heavy pion masses, it becomes a poor description of the very-long-time tail at light
pion mass, where the two-pion channel opens (cf. Fig. 41). A more sophisticated approach in the absence of detailed
spectroscopic information is to model the finite-volume spectrum via the Lüscher formalism [379,380] applied to the
Gounaris–Sakurai parameterization [189] of the timelike pion form factor with parameters �⇢ , M⇢ fixed via a fit to the
lattice data [369,377]. The latter procedure also allows for correcting the leading finite-size effects by calculating the
vector correlator in infinite volume from the timelike pion form factor and calculating aHVP, LOµ from there [377,380,381].
Future studies, however, should perform a dedicated spectroscopic companion study.

A third possibility is to implement rigorous upper and lower bounds on the correlation function [10,11]. These can then
be used to replace the correlation function, at large x0 where noise takes over, by a statistically more precise representation
in terms of these bounds (see below).

We note that the coordinate space representation described in this section is related to the method of time moments
(cf. Section 3.1.3) in that the Taylor expansion of f̃ (x0) in the integrand of Eq. (3.22) yields the sum over time moments
that gives aHVP, LOµ in that method. For a discussion of other related methods see Ref. [384].

3.1.5. Windows in euclidean time
In the aµ integral in Eq. (3.22), it is useful to consider different time regions in order to separate the short- and

long-distance systematic lattice effects (discretization, finite volume, etc.). To this end, the RBC/UKQCD collaboration has
proposed the window method [11], which breaks the time integral into three parts:

aHVP, LOµ = aSDµ + aWµ + aLDµ ,

aSDµ =

⇣ ↵

⇡

⌘2
Z

1

0
dx0 C(x0)ef (x0)[1 � ⇥(x0, t0, �)] ,

aWµ =

⇣ ↵

⇡

⌘2
Z

1

0
dx0 C(x0)ef (x0)[⇥(x0, t0, �) � ⇥(x0, t1, �)] ,

aLDµ =

⇣ ↵

⇡

⌘2
Z

1

0
dx0 C(x0)ef (x0)⇥(x0, t1, �) , (3.26)
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Aubin, et al.-19

mp =133 MeV

Mainz-19

mp =200 MeV

Shaun Lahert  
(Fermilab-HPQCD-MILC)  
@ Lattice 2021

• First calculation with staggered 
multi-pion operators 

Correlator Reconstruction

7/26/2021 10

BLINDED 
PRELIMINARY

❖ Raw:
❖ Bounding Method     tc = 2.65 fm:
❖ Reconstruction, n=6, t* = 1.82 fm, two-pion states beneath rho :
❖ Reconstruction, n=7, t* = 1.67 fm, Including the rho:

Vector current is time-
averaged to suppress 
oscillating 
contributions.

0.15 [fm]

7.8%                                     
4.9% 
1.5%               
1.4%

L 

a 

x 

https://indico.cern.ch/event/1006302/
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Continuum extrapolation 

• Large taste-breaking effects with BMW set-up 
➠ uncorrected data not easily fit to power 
series, i.e. 

Hartmut	Wittig

Scaling	test

9

Comprehensive	scaling	test	of	intermediate	window	observable	at	SU(3)-symmetric	point	
( )mπ = mK = mη ≈ 420 MeV

Simultaneous	extrapola3on	of	results	from	
local-local	and	local-conserved	
current	combina3ons
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fit 1 : χ2/dof = 1.1

fit 2 : χ2/dof = 0.9

a
2 [fm2]

Isovector , mπ ≈ 420 MeV

fit 1 : a2

fit 2 : a2 + a3

Six	laKce	spacings:		a < 0.1 fm

Hartmut Wittig (Mainz)  
@ Lattice 2021

Kalman Szabo (BMWc) @ Lattice 2021

Taste improvement II
aµ(a) ! aµ(a)� aSRHO

µ (a) + aRHO
µ

reduces lattice artefact, also makes a2 dependence linear
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SRHO improvement gives central value. Systematic errors by:

1 change starting point of improvement t = 0.4 ! 1.3 fm
2 skip coarse lattices
3 change � = 0 and � = 3
4 replace SRHO by NNLO SXPT above 1.3 fm

Previously already added a
�1 = 2.77 GeV ensemble for strange

quark:

I Third lattice spacing for strange data (a�1 = 2.77 GeV with
m⇡ = 234 MeV with sea light-quark mass corrected from global fit):
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In this figure, we have attempted a linear fit in a2. The p value of all shown
fits is good and does not resolve the a4 or a2 log(a2) coe�cients from zero. We
can, however, allow them to be included in the fit (for now just a4), which
significantly increases the uncertainty of the extrapolation
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A better way to study the quality of agreement of di�erent discretizations
is to look at correlated di�erences between the di�erent methods on the same
ensemble. In these di�erences virtually all statistical noise cancels

4

I For light quark use new 96I ensemble at physical pion mass. Data
still being generated on Summit in USA and Booster in Germany
(a�1 = 2.77 GeV with m⇡ = 139 MeV)

7 / 13

Christoph Lehner (RBC/UKQCD) 
@ Lattice 2021

Lattice spacing dependence
staggered naive scaling is a2, can be modified by logarithms
! a2/ log(a)� What is the value of �?

For O(N) model � < 0. For pure YM with Wilson action � > 0,
probably also for full QCD. [Husung et al ’19]

Major staggered artefact (taste violation) scales naively a2↵s(
1
a
),

ie. � = 1. We observe approximately a2↵3
s(

1
a
), ie. � ⇡ 3

Note, there can be � < 0 exponent in short-distance part of aµ, probably relevant only

for charm. [Ce et al ’21]

Use two types of power series:

1 A0 + A1
⇥
a2
⇤
+ A2

⇥
a2
⇤2

2 A0 + A1
⇥
a2↵3

s
(1

a
)
⇤
+ A2

⇥
a2↵3

s
(1

a
)
⇤2

Difference is (another type of) systematic error of cont. extrapolation.

• RBC: 
Currently adding add a third lattice spacing 

• Fermilab-HPQCD-MILC:  
planning to add a 5th lattice spacing (0.042 fm).   

• Mainz and ETMc perform combined 
chair and continuum extrapolaiton  

L 

a 

x 

https://indico.cern.ch/event/1006302/
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Scale Setting

15

•  is dimensionless, but depends on the lattice indirectly, through masses in lattice units in 
the Kernel. In particular, :  

• need a good physical quantity  to determine lattice spacing to high precision (< 0.2%). 
Currently in use:  
 -   — depends on  and requires radiative QED corrections 
 -  baryon mass (RBC/UKQCD, BMW)  
   also being adopted by Mainz, Fermilab-HPQCD-MILC

aμ
amμ

fπ Vud
Ω

HVP:	Results	from	Mainz/CLSHartmut	Wittig

Scale	se3ng	error

20

Evaluate �ahvp
µ =

�������
a

dahvp
µ

da

�������
�a
a

TMR:		 ahvp
µ =

✓↵
⇡

◆2 Z 1

0
dx0 f̃ (x0) G(x0) x0 f̃ 0(x0) � f̃ (x0) = J(x0)

Use	expansion	of												to	obtain	J(x0)f̃ (x0)

) a
dahvp
µ

da
= �ahvp

µ +
✓↵
⇡

◆2 Z 1

0
dx0 G(x0) J(x0)

�ahvp
µ

ahvp
µ

=
1

ahvp
µ

�������
a

dahvp
µ

da

�������
|          {z          }
⇡ 1.8

�a
a

a
dahvp
µ

da
= 1.22 · 10�7 )

Rather	precise	determina6on	of	la_ce	spacing	a	[fm]	required!

[H. Wittig @ 1st Muon g-2 Theory Initiative workshop;  
Della Morte et al, Lattice 2017]
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Connected contributions by flavor (ℓ, s, c)

16

Hartmut	Wittig

The	White	Paper	and	its	aNermath

2

-ra6o:					R ahvp, LO
μ = (693.1 ± 4.0) ⋅ 10−10

T. Aoyama, N. Asmussen, M. Benayoun et al. Physics Reports xxx (xxxx) xxx

Table 8

Summary of results for aHVP, LO
µ ; see also Fig. 44. All lattice results fully take into account the corrections and systematic errors, except for those

marked with ⇤, which are older results that did not include SIB and QED corrections in the quoted values and errors. In some cases, the lattice
results include phenomenological estimates of the SIB/QED corrections instead of direct lattice calculations. Results for which the second column
states Nf = 2 + 1 include charm contributions in the valence sector, but not in the sea. Results with Nf = 2 also omit strange sea-quark effects.
When results are displayed with two errors, the first is the statistical uncertainty and the second the systematic one. With only one quoted error,
the statistical and systematic uncertainties are combined. HISQ = highly improved staggered quarks, Stout4S = 4 steps stout-smeared staggered
quarks, tmQCD = twisted mass QCD, DWF = domain wall fermions, Clover = O(a) improved Wilson quarks, StoutW = stout-smeared O(a) improved
Wilson quarks. Simulations with staggered quarks employ ‘‘rooted’’ determinants, to remove the extra doublers from the sea. TMR = time-momentum
representation, VMD = vector-meson dominance.
Collaboration Nf aHVP, LO

µ ⇥ 1010 Fermion ⇧̂ (Q 2)

ETM-18/19 [17,377] 2+1+1 692.1 (16.3) tmQCD TMR
FHM-19 [14] 2+1+1 699 (15) HISQ Padé w. Moments/TMR
BMW-17 [10] 2+1+1 711.1 (7.5)(17.5) Stout4S TMR
HPQCD-16 [376] 2+1+1 667 (6)(12) HISQ Padé w. Moments
ETM-13 [411] 2+1+1 674 (21)(18)⇤ tmQCD VMD
Mainz/CLS-19 [15] 2+1 720.0 (12.4)(9.9) Clover TMR
PACS-19 [13] 2+1 737 (9)(+13

�18) StoutW TMR/Padé
RBC/UKQCD-18 [11] 2+1 717.4 (16.3)(9.2) DWF TMR

Mainz-17 [369] 2 654 (32)(+21
�23)

⇤ Clover TMR

KNT-19 [7] pheno. 692.8 (2.4) � dispersion
DHMZ-19 [6] pheno. 694.0 (4.0) � dispersion
BDJ-19 [238] pheno. 687.1 (3.0) � dispersion
FJ-17 [27] pheno. 688.1 (4.1) � dispersion
RBC/UKQCD-18 [11] lat.+pheno. 692.5 (1.4)(2.3) DWF TMR + disp.

Fig. 44. Compilation of recent results for aHVP, LO
µ in units of 10�10. The filled dark blue circles are lattice results that are included in the ‘‘lattice

world average’’. The average, which is obtained from a conservative averaging procedure in Section 3.5.1, is indicated by a light blue band, while the
light-green band indicates the ‘‘no new physics’’ scenario, where aHVP, LO

µ results are large enough to bring the SM prediction of aµ into agreement
with experiment. The unfilled dark blue circles are lattice results that are older or superseded by more recent calculations. The red squares indicate
results obtained from the data-driven methods reviewed in Section 2. See Table 8 for more information on the results included in the plot.
Source: Adapted from Ref. [443].

3.3.1. Total leading-order HVP contribution
In Fig. 44 and Table 8, we compare the results for aHVP, LOµ reported by the various lattice QCD groups as well as

those obtained from the data-driven methods described in Section 2. Note that lattice results based on gauge ensembles
with Nf = 2 sea quarks are not included in our averages. The results from the BMW collaboration (BMW-17 [10]), the
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H. Wittig @ Lattice HVP workshop
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f̄
<latexit sha1_base64="Rzh0BmOIgPv64GCOi39iMLuQsnI=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AInsquCHosevFYwX5Au5TZNNuGZpMlyQpl6Y/w4kERr/4eb/4b03YP2vpC4OGdGTLzRqngxvr+t7e2vrG5tV3aKe/u7R8cVo6OW0ZlmrImVULpToSGCS5Z03IrWCfVDJNIsHY0vpvV209MG67ko52kLExwKHnMKVpntXsR6jye9itVv+bPRVYhKKAKhRr9yldvoGiWMGmpQGO6gZ/aMEdtORVsWu5lhqVIxzhkXYcSE2bCfL7ulJw7Z0Bipd2Tlszd3xM5JsZMksh1JmhHZrk2M/+rdTMb34Q5l2lmmaSLj+JMEKvI7HYy4JpRKyYOkGrudiV0hBqpdQmVXQjB8smr0LqsBY4frqr12yKOEpzCGVxAANdQh3toQBMojOEZXuHNS70X7937WLSuecXMCfyR9/kDiKCPrw==</latexit><latexit sha1_base64="Rzh0BmOIgPv64GCOi39iMLuQsnI=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AInsquCHosevFYwX5Au5TZNNuGZpMlyQpl6Y/w4kERr/4eb/4b03YP2vpC4OGdGTLzRqngxvr+t7e2vrG5tV3aKe/u7R8cVo6OW0ZlmrImVULpToSGCS5Z03IrWCfVDJNIsHY0vpvV209MG67ko52kLExwKHnMKVpntXsR6jye9itVv+bPRVYhKKAKhRr9yldvoGiWMGmpQGO6gZ/aMEdtORVsWu5lhqVIxzhkXYcSE2bCfL7ulJw7Z0Bipd2Tlszd3xM5JsZMksh1JmhHZrk2M/+rdTMb34Q5l2lmmaSLj+JMEKvI7HYy4JpRKyYOkGrudiV0hBqpdQmVXQjB8smr0LqsBY4frqr12yKOEpzCGVxAANdQh3toQBMojOEZXuHNS70X7937WLSuecXMCfyR9/kDiKCPrw==</latexit><latexit sha1_base64="Rzh0BmOIgPv64GCOi39iMLuQsnI=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AInsquCHosevFYwX5Au5TZNNuGZpMlyQpl6Y/w4kERr/4eb/4b03YP2vpC4OGdGTLzRqngxvr+t7e2vrG5tV3aKe/u7R8cVo6OW0ZlmrImVULpToSGCS5Z03IrWCfVDJNIsHY0vpvV209MG67ko52kLExwKHnMKVpntXsR6jye9itVv+bPRVYhKKAKhRr9yldvoGiWMGmpQGO6gZ/aMEdtORVsWu5lhqVIxzhkXYcSE2bCfL7ulJw7Z0Bipd2Tlszd3xM5JsZMksh1JmhHZrk2M/+rdTMb34Q5l2lmmaSLj+JMEKvI7HYy4JpRKyYOkGrudiV0hBqpdQmVXQjB8smr0LqsBY4frqr12yKOEpzCGVxAANdQh3toQBMojOEZXuHNS70X7937WLSuecXMCfyR9/kDiKCPrw==</latexit><latexit sha1_base64="Rzh0BmOIgPv64GCOi39iMLuQsnI=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AInsquCHosevFYwX5Au5TZNNuGZpMlyQpl6Y/w4kERr/4eb/4b03YP2vpC4OGdGTLzRqngxvr+t7e2vrG5tV3aKe/u7R8cVo6OW0ZlmrImVULpToSGCS5Z03IrWCfVDJNIsHY0vpvV209MG67ko52kLExwKHnMKVpntXsR6jye9itVv+bPRVYhKKAKhRr9yldvoGiWMGmpQGO6gZ/aMEdtORVsWu5lhqVIxzhkXYcSE2bCfL7ulJw7Z0Bipd2Tlszd3xM5JsZMksh1JmhHZrk2M/+rdTMb34Q5l2lmmaSLj+JMEKvI7HYy4JpRKyYOkGrudiV0hBqpdQmVXQjB8smr0LqsBY4frqr12yKOEpzCGVxAANdQh3toQBMojOEZXuHNS70X7937WLSuecXMCfyR9/kDiKCPrw==</latexit>
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Disconnected contribution 

Hartmut	Wittig

Quark-disconnected	contribu6ons

6

Convergence	towards	precise	&	consistent	results

• Long-distance	regime	and	approach	to	the 
asympto6c	value

-30 -27.5 -25 -22.5 -20 -17.5 -15 -12.5 -10 -7.5 -5 -2.5 0

(ahvpµ )disc · 1010

FHM 20

Mainz/CLS 20

BMW 20

Mainz/CLS 19

RBC/UKQCD 18

BMW 17

(preliminary)

(preliminary)

Diagnostic quantity: the window [0.4, 1.0] fm

I Very good agreement between three collaborations.

Remaining	issues

Sufficiently	precise	for	the	6me	being

• Computa6onal	efficiency: 
stochas6c	techniques	vs.	eigenmodes

J
H
E
P
1
0
(
2
0
1
7
)
0
2
0

vanishes within errors for larger values of x0. At small times the disconnected contribution

is only about 0.005% of the connected one, and hence we conclude that the vector correlator

G(x0) is completely dominated by the connected part in the region x0 ! 0.5 fm.

The fact that the disconnected contribution is small where it can be resolved does

not, however, imply that it is negligible. Using our data we can derive an upper bound

on the error which arises if one were to neglect the disconnected contribution altogether.

To this end it is useful to recall the isospin decomposition of the electromagnetic current

shown in eq. (2.13), which gives rise to the iso-vector (I = 1) correlator Gρρ and its

iso-scalar counterpart GI=0 (see eq. (2.15)). The iso-vector correlator Gρρ(x0) contains

only quark-connected diagrams; it is related to the connected light quark contribution

Gud(x0) via

Gρρ(x0) =
9

10
Gud(x0). (D.7)

By contrast, the iso-scalar correlator GI=0 contains both connected and disconnected con-

tributions, i.e.

G(x0)
I=0 =

1

10
Gud(x0) +Gs(x0)−Gdisc(x0). (D.8)

With the help of eqs. (D.3) and (D.7) one derives the expression

− Gdisc(x0)

Gρρ(x0)
=

G(x0)−Gρρ(x0)

Gρρ(x0)
− 1

9

(
1 + 9

Gs(x0)

Gρρ(x0)

)
. (D.9)

It is now important to realize that the iso-scalar spectral function vanishes below the

three-pion threshold, which implies that GI=0(x0) = O(e−3mπx0) for x0 → ∞. According

to eq. (D.8) this implies

Gdisc(x0) =

(
1

10
Gud(x0) +Gs(x0)

)
· (1 + O(e−mπx0)), (D.10)

G(x0) = Gρρ(x0) · (1 + O(e−mπx0)) (D.11)

in the deep infrared. With these considerations one determines the asymptotic behaviour

of the ratio in eq. (D.9) in the long-distance regime as

− Gdisc(x0)

Gρρ(x0)
x0→∞−→ −1

9
, (D.12)

where we have also taken into account that Gs(x0) drops off faster than Gρρ(x0) due to

the heavier mass of the strange quark. We expect the asymptotic value to be approached

from above, because [G(x0)−Gρρ(x0)] ∼ 1
18e

−mωx0 is likely larger than Gs(x0) ∼ 1
9e

−mφx0

for x0 " 1 fm.

In figure 7 we plot the ratio of eq. (D.9) versus the Euclidean distance. One can see

that the ratio is practically zero up to x0/a ≈ 26 on E5 and x0/a ≈ 22 at the smaller

pion mass of ensemble F6. Thus, there is no visible trend for distances x0 ! 1.7 fm that

the ratio approaches its asymptotic value of −1/9. In order to derive a conservative upper

bound on the quark-disconnected contribution we assume that the ratio of eq. (D.9) drops

– 35 –
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Quark-disconnected	contribu6ons
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• Long-distance	regime	and	approach	to	the 
asympto6c	value
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vanishes within errors for larger values of x0. At small times the disconnected contribution

is only about 0.005% of the connected one, and hence we conclude that the vector correlator

G(x0) is completely dominated by the connected part in the region x0 ! 0.5 fm.

The fact that the disconnected contribution is small where it can be resolved does

not, however, imply that it is negligible. Using our data we can derive an upper bound

on the error which arises if one were to neglect the disconnected contribution altogether.

To this end it is useful to recall the isospin decomposition of the electromagnetic current

shown in eq. (2.13), which gives rise to the iso-vector (I = 1) correlator Gρρ and its

iso-scalar counterpart GI=0 (see eq. (2.15)). The iso-vector correlator Gρρ(x0) contains

only quark-connected diagrams; it is related to the connected light quark contribution

Gud(x0) via

Gρρ(x0) =
9

10
Gud(x0). (D.7)

By contrast, the iso-scalar correlator GI=0 contains both connected and disconnected con-

tributions, i.e.

G(x0)
I=0 =

1

10
Gud(x0) +Gs(x0)−Gdisc(x0). (D.8)

With the help of eqs. (D.3) and (D.7) one derives the expression

− Gdisc(x0)
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=

G(x0)−Gρρ(x0)
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It is now important to realize that the iso-scalar spectral function vanishes below the

three-pion threshold, which implies that GI=0(x0) = O(e−3mπx0) for x0 → ∞. According

to eq. (D.8) this implies

Gdisc(x0) =
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1

10
Gud(x0) +Gs(x0)
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· (1 + O(e−mπx0)), (D.10)

G(x0) = Gρρ(x0) · (1 + O(e−mπx0)) (D.11)

in the deep infrared. With these considerations one determines the asymptotic behaviour

of the ratio in eq. (D.9) in the long-distance regime as

− Gdisc(x0)

Gρρ(x0)
x0→∞−→ −1

9
, (D.12)

where we have also taken into account that Gs(x0) drops off faster than Gρρ(x0) due to

the heavier mass of the strange quark. We expect the asymptotic value to be approached

from above, because [G(x0)−Gρρ(x0)] ∼ 1
18e

−mωx0 is likely larger than Gs(x0) ∼ 1
9e

−mφx0

for x0 " 1 fm.

In figure 7 we plot the ratio of eq. (D.9) versus the Euclidean distance. One can see

that the ratio is practically zero up to x0/a ≈ 26 on E5 and x0/a ≈ 22 at the smaller

pion mass of ensemble F6. Thus, there is no visible trend for distances x0 ! 1.7 fm that

the ratio approaches its asymptotic value of −1/9. In order to derive a conservative upper

bound on the quark-disconnected contribution we assume that the ratio of eq. (D.9) drops
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Introduction
•The exciting recent results from the Fermilab Muon g-2 experiment for the Muon Anoma-

lous Magnetic Moment (2104.03281) motivates reducing the error on lattice calculations

of the hadronic contribution to aLO
µ .

• In 1902.04223 we presented results for the connected light quark contribution aLO
µ with

an error of 1.4%.

To reduce the error we need to explicitly calculate:

•Disconnected contributions

•QCD+QED corrections

See Shaun Lahert’s talk at this conference for a report on our work on reducing the error

on the light quark connected contribution.

Disconnected contributions a
HV P (LO)DISC
µ

The leading-order contribution to the anomalous magnetic moment from the HVP is

aHVPµ = 4↵2

Z 1

0

dq2f (q2)⇧̂(q2).

The disconnected piece requires the non-perturbative calculation of the quark-line discon-

nected correlation of vector currents

The non-perturbative calculation requires the correlation of vector currents

d(t) =
1

3V

X

j=0,1,2

X

t0

Vj(t + t0)Vj(t
0
)

where Vj(t) is vector loop with component i at time t and V is the space-time volume.

Vj =
1

3
(Vu/d

j � Vs
j )

We use stochastic random sources to compute the required loops with a variety of variance

reduction techniques. In particular, an additional trick from the European Twisted Mass

collaboration (0803.0224) is used to reduce the errors. For some ensembles we also use low

eigenmodes with a stochastic correction.

Preliminary results for a
HV P (LO),DISC
µ

We have computed aHV P (LO),DISC
µ for the light and strange quarks.

Ensemble a fm m⇡ MeV L fm Eigenmodes Nmeas

Very coarse 0.15 134.7 4.8 300 1692

Coarse 0.12 134.9 5.8 - 787

Fine 0.09 128.3 5.8 1000 271

The correlators are multiplied by a random blinding factor.
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Preliminary blinded aHV P (LO),DISC
µ

Fermilab/HPQCD/MILC

Fermilab/HPQCD/MILC corrected

The graph also shows the data corrected for finite volume and taste corrections.

The continuum and chiral extrapolation fit model is

D = a0

 
1 + a1a

2
+ a2(

m2

⇡ � m2

⇡,phys

m2

⇡,phys

)

!

where a is the lattice spacing units GeV
�1

with priors: a0 = 14(8), a1 = 0(1) and a2 =
0(3).

Preliminary window analysis of a
HV P (LO),DISC
µ

To compare di↵erent calculations a weight function is multiplied into the correlator.

⇥(t; t0,�) ⌘ 1

2
+
1

2
tanh[

t � t0

�
]

where � = 0.15 fm

W (t; t1, t2) ⌘ ⇥(t; t1,�) � ⇥(t; t2,�)

The weight function (t1 = 0.4 fm t2 = 1.0 fm) is applied to the blinded correlators.

•No taste corrections have been applied in the above graph.

•RBC and UKQCD (1801.07224), and BMWc (2002.12347) also found a large suppression

of aHV P (LO),DISC
µ for this window.

Connected quenched QED corrections

•We use the electro-quenched approximation.

•The calculation used quenched QED fields fixed to the Feynman gauge with zero modes

dealt with using the QEDL prescription.

•We use the truncated solver method with 16 sloppy inversions and 1 precise inversion.

Ensemble a fm m⇡ MeV L fm Nmeas Quark masses

Very coarse 0.15 134.7 4.8 356 ml, 3ml, 5ml, 7ml, ms,

Coarse (I) 0.12 132.7 5.8 208 3ml, 5ml, 7ml, ms

We plot the QED contribution to the strange as
µ.

�as
µ = as

µ[QCD + qQED] � as
µ[QCD]

We have not yet retuned the quark masses to include the QED contribution.

Conclusions
Future work

•We are about to start to generate correlators for the connected QCD+quenchedQED

correlators at the lattice spacing 0.09 fm.

•We are generating an ensemble of configurations with QCD + dynamical QED at the

lattice spacing of 0.15 fm.

We finally plan to compute the QED contribution in the disconnected diagrams.
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Isospin-breaking corrections 

V. Gülpers @ Lattice HVP workshop
Introduction

Overview of published results - contributions to aµ ◊ 1010

BMW ≠1.27(40)(33)
RBC/UKQCD 5.9(5.7)(1.7)
ETM 1.1(1.0)

BMW≠0.0095(86)(99) 0.42(20)(19)

BMW≠0.55(15)(11)
RBC/UKQCD≠6.9(2.1)(2.0)

BMW≠0.047(33)(23)0.011(24)(14)

BMW6.59(63)(53)
RBC/UKQCD10.6(4.3)(6.8)

ETM6.0(2.3)
FHM7.7(3.7) 9.0(2.3)

LM9.0(0.8)(1.2)

BMW≠4.63(54)(69)

BMW [arXiv:2002.12347]

RBC/UKQCD [Phys.Rev.Lett. 121 (2018) 2, 022003]

ETM [Phys. Rev. D 99, 114502 (2019)]

FHM [Phys.Rev.Lett. 120 (2018) 15, 152001]

LM [Phys.Rev.D 101 (2020) 074515]

Vera Gülpers (University of Edinburgh) HVP from LQCD - workshop 18 Nov 2020 5 / 6

• Some tensions between lattice results for 
individual contributions. 
  

• Large cancellations between individual 
contributions: 

 

• Ongoing efforts presented by Mainz and 
Fermilab-HPQCD-MILC @ Lattice 2021. 

δaIB
μ ≲ 1 %
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Windows in Euclidean time

19

• Use windows in Euclidean time to study the different time regions 
 
Short Distance (SD)       
Intermediate (W)           
Long Distance (LD)        
  
 
                            

• Compute each window separately (in continuum, infinite volume limits,…) and 
combine 

t : 0 → t0
t : t0 → t1
t : t1 → ∞

aHVP,LO
µ =

⇣↵
⇡

⌘2
Z 1

0
dt w̃(t)C(t)

<latexit sha1_base64="bwdIsym4glyVPgnTM0fRxWwPX2s="></latexit>

aµ = aSDµ + aWµ + aLDµ

<latexit sha1_base64="0A4VaTTb7VMk7HAGUT6BXMvS530=">AAACIXicbVBNS8MwGE79nPOr6tFLcAiCMFqZuIsw1IMHDxPdB6y1pFm6hSVtSVJhlP0VL/4VLx4U2U38M2ZdD3PzgZAnz/u8vHkfP2ZUKsv6NpaWV1bX1gsbxc2t7Z1dc2+/KaNEYNLAEYtE20eSMBqShqKKkXYsCOI+Iy1/cD2pt56JkDQKH9UwJi5HvZAGFCOlJc+sIs/hCbyE2f2UOoLDh5sRPJ0VWnPvO23wzJJVtjLARWLnpARy1D1z7HQjnHASKsyQlB3bipWbIqEoZmRUdBJJYoQHqEc6moaIE+mm2YYjeKyVLgwioU+oYKbOdqSISznkvnZypPpyvjYR/6t1EhVU3ZSGcaJIiKeDgoRBFcFJXLBLBcGKDTVBWFD9V4j7SCCsdKhFHYI9v/IiaZ6V7Ur5/L5Sql3lcRTAITgCJ8AGF6AGbkEdNAAGL+ANfIBP49V4N76M8dS6ZOQ9B+APjJ9ffhCh3w==</latexit>

t0 = 0.4 fm, t1 = 1.0 fm

Hartmut	Wittig

Window	observables

4

Restrict	integra3on	over	Euclidean	3me	to	sub-intervals	
		 		reduce/enhance	sensi3vity	to	systema3c	effects→

<latexit sha1_base64="RZkSrxSX7M0m0SIdaFXvIxBtAEI="></latexit>

ahvp,win
µ =

✓↵
⇡

◆2 Z 1

0
dt K̃(t) G(t) W(t; t0, t1)

Short	distance:
<latexit sha1_base64="xgdpZMpcp8rV9Ka6WJ9p5hBGgKA="></latexit>

WSD(t; t0) = 1 � ⇥(t, t0,�)

Intermediate	distance:
<latexit sha1_base64="mXPnf6Q0yTt3Zm6UpEf/wXuXM2E="></latexit>

W ID(t; t0, t1) = ⇥(t, t0,�) � ⇥(t, t1,�)
<latexit sha1_base64="NVv4bsheoXwrNXVLs/nYU1XFiPg="></latexit>

WLD(t; t1) = ⇥(t, t1,�)Long	distance:

• Precision	test	of	different	laKce	calcula3ons	

• Comparison	with	corresponding	 -ra3o	es3mateR

Intermediate	window:
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Lattice data

<latexit sha1_base64="MtZJ/lX0ry9Cg+vSBLSFwvNmMjo="></latexit>

⇥(t, t0,�) = 1
2
⇥
1 + tanh(t � t0)/�

⇤
Step	func3on:

“Standard”	window	quan33es:
<latexit sha1_base64="3/X9k7tHfEFhYfCh5/e+1KR+S3s="></latexit>

t0 = 0.4 fm, t1 = 1.0 fm, � = 0.15 fm

H. Wittig @ Lattice 2021
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[T. Blum et al, arXiv:1801.07224, 2018 PRL]

Allows separation of 
short- and long-distance 
systematic effects 
(discretization, FV, …)
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• The long-distance tail is suppressed by the intermediate window weight function:  
 
 
 
 
 
 
 
 
➠ can be computed efficiently with small statistical uncertainty 

• Expect reduced finite volume and discretization effects 
 
➠ commensurate uncertainties compared to dispersive evaluations

20

Hartmut	Wittig

Intermediate	window

5

• No	special	treatment	of	the	noisy	long-distance	contribu3on	required	

• 1–2	permille	sta3s3cal	accuracy	of	the	integrand		 		overall	error	not	dominated	by	sta3s3cs	
• Focus	on	systema3c	effects:			finite-volume	correc3ons,	con3nuum	extrapola3on

→

Long-distance	tail	of	the	integrand	is	suppressed:
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⟶

(ensemble	E250:	 )mπ = mphys
π

Hartmut Wittig (Mainz)  
@ Lattice 2021
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x Intermediate window

https://indico.cern.ch/event/1006302/
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H. Wittig @ Lattice HVP workshop aµ = aSDµ + aWµ + aLDµ

<latexit sha1_base64="0A4VaTTb7VMk7HAGUT6BXMvS530=">AAACIXicbVBNS8MwGE79nPOr6tFLcAiCMFqZuIsw1IMHDxPdB6y1pFm6hSVtSVJhlP0VL/4VLx4U2U38M2ZdD3PzgZAnz/u8vHkfP2ZUKsv6NpaWV1bX1gsbxc2t7Z1dc2+/KaNEYNLAEYtE20eSMBqShqKKkXYsCOI+Iy1/cD2pt56JkDQKH9UwJi5HvZAGFCOlJc+sIs/hCbyE2f2UOoLDh5sRPJ0VWnPvO23wzJJVtjLARWLnpARy1D1z7HQjnHASKsyQlB3bipWbIqEoZmRUdBJJYoQHqEc6moaIE+mm2YYjeKyVLgwioU+oYKbOdqSISznkvnZypPpyvjYR/6t1EhVU3ZSGcaJIiKeDgoRBFcFJXLBLBcGKDTVBWFD9V4j7SCCsdKhFHYI9v/IiaZ6V7Ur5/L5Sql3lcRTAITgCJ8AGF6AGbkEdNAAGL+ANfIBP49V4N76M8dS6ZOQ9B+APjJ9ffhCh3w==</latexit>

Hartmut	Wittig

Crosschecks

17

“Window”	quanAAes
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(Plots	from	Davide	GiusU)

• Straighporward	reference	quan66es	
• Can	be	applied	to	individual	contribu6ons	(light,	strange,	charm,	disconnected,…)	
• Comparison	with	 /	 -ra6o	may	require	tuning	of	the	windowe+e− R

PRELIMINARY PRELIMINARY

PRELIMINARY

Windows Consistency

7/26/2021 15

arXiv:1902.04223

https://indico.cern.ch/event/956699/contributions/4117838/

PRELIMINARY

❖ Self-consistency check:

Shaun Lahert  
(Fermilab-HPQCD-MILC) 
@ Lattice 2021 
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x Windows in Euclidean time
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Intermediate window (ud)

22

Window observable

restrict correlator to window
0.4 � 1.0 fm [RBC/UKQCD’18]

fewer difficulties
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Cont. extrap. systematics:

1 SRHO vs no improvement

2 � = 0 or 3

3 linear, quadratic or cubic

4 skip coarse lattices

-3.7 σ tension with data-driven evaluation  
-2.2 σ tension with RBC/UKQCD18

Kalman Szabo (BMWc) @ Lattice 2021

Window Analysis

7/26/2021 11

Restrict integral to some Euclidean time region to emphasize different physics / lattice effects.

• SD: short-distance, discretization effects prominent.
• LD: long-distance(two-pion states), finite volume effects prominent.
• W: less sensitive to these extremum effects, easier to compute with precision to compare different 

lattice calculations. Goal of lattice g-2 community: agreement on these quantities.

T. Blum et al, 
arXiv:1801.07224

❖ Corrections from 𝜌 − 𝛾 − 𝜋𝜋 model 
(leading order).

❖ Good consistency between 
extrapolations of data with(out) 
discretization effect corrections.

BLINDED 
PRELIMINARY

Intermediate window, 0.4-1 fm

Shaun Lahert (Fermilab-HPQCD-MILC) @ Lattice 2021

Ongoing work:  
• vary functional form of extrapolation, e.g.  

include  terms in continuum extrapolation 
• RBC/UKQCD adding a 3rd lattice spacing 
• Blind analyses by Fermilab-HPQCD-MILC and RBC/UKQCD

αm
s a2n
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x 

https://indico.cern.ch/event/1006302/
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Intermediate windows: other contributions

23

Intermediate window 
other contributions

14

h e h h h
µ

γ

h

a) b) c) d)

Fig. 29. Hadronic higher order VP contributions: a)-c) involving LO vacuum polarization, d) involving HO vacuum polarization
(FSR of hadrons).

perturbative QCD prediction. Less problematic is the space–like (Euclidean) region −q2 → ∞, since it is
away from thresholds and resonances.

The time–like quantity R(s) intrinsically is non-perturbative and exhibits bound states, resonances, in-
stanton effects (η′) and in particular the hadronization of the quarks. In applying pQCD to describe real
physical cross–sections of hadro–production one needs a “rule” which bridges the asymptotic freedom regime
with the confinement regime, since the hadronization of the colored partons produced in the hard kicks into
color singlet hadrons eludes a quantitative understanding. The rule is referred to as quark hadron dual-
ity 15 [231,232], which states that for large s the average non–perturbative hadron cross–section equals the
perturbative quark cross–section:

σ(e+e− → hadrons)(s) $
∑

q
σ(e+e− → qq̄, qq̄g, · · ·)(s) , (129)

where the averaging extends from the hadron production threshold up to s–values which must lie sufficiently
far above the quark–pair production threshold (global duality). Qualitatively, such a behavior is visible in
the data Fig. 22 above about 2 GeV between the different flavor thresholds sufficiently above the lower
threshold. A glance at the region from 4 to 5 GeV gives a good flavor of duality at work. Note however that
for precise reliable predictions it has not yet been possible to quantify the accuracy of the duality conjecture.
A quantitative check would require much more precise cross–section measurements than the ones available
today. Ideally, one should attempt to reach the accuracy of pQCD predictions. In addition, in dispersion
integrals the cross–sections are weighted by different s–dependent kernels, while the duality statement is
claimed to hold for weight unity. One procedure definitely is contradicting duality reasonings: to “take pQCD
plus resonances” or to “take pQCD where R(s) is smooth and data in the complementary ranges”. Also
adjusting the normalization of experimental data to conform with pQCD within energy intervals (assuming
local duality) has no solid foundation. Nevertheless, the application of pQCD in the regions advocated
in [229] seems to be on fairly solid ground on a phenomenological level. A more conservative use of pQCD
is possible by going to the Euclidean region and applying the Adler function [233] method as proposed in
Refs. [234,165,235]. As mentioned earlier, the low energy structure of QCD also exhibits non–perturbative
quark condensates. The latter also yield contributions to R(s), which for large energies are calculable by the
operator product expansion of the current correlator Eq. (64) [236]. The corresponding 〈mq q̄q〉/s2 power
corrections in fact are small at energies where pQCD applies [234,82] and hence not a problem in our context.

4.2. Higher Order Hadronic Vacuum Polarization Corrections

At order O(α3) there are several classes of hadronic VP contributions with typical diagrams shown in
Fig. 29. They have been estimated first in [187]. Classes (a) to (c) involve leading hadronic VP insertions and
may be treated using DRs together with experimental e+e−–annihilation data. Class (d) involves leading
QED corrections of the charged hadrons and correspond to the inclusion of hadronic final state radiation
(FSR).

The O(α3) hadronic contributions from classes (a), (b) and (c) may be evaluated without particular
problems as described in the following.

15Quark–hadron duality was first observed phenomenologically for the structure function in deep inelastic electron–proton
scattering [230].
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f �a
HVP
e (f) · 1014 �a

HVP
µ (f) · 1010 �a

HVP
⌧ (f) · 108

ud 1.9 (0.8) 7.1 (2.5) 3.0 (1.1)

s �0.002 (0.001) �0.0053 (0.0033) 0.001 (0.002)

c 0.004 (0.001) 0.0182 (0.0036) 0.032 (0.006)

total 1.9 (1.0) 7.1 (2.9) 3.0 (1.3)

f a
SD
µ (f) · 1010 a

W
µ (f) · 1010 a

LD
µ (f) · 1010

ud 48.2 (0.8) 202.2 (2.6) 382.5 (11.7)

f a
W
µ (f) · 1010

ud 202.2 (2.6)

s 26.9 (1.0)

c 2.81 (0.11)

IB 0.7 (0.4)

disc �0.9 (0.2)

f [aHVP,(0)
µ ]>(f) · 1010

ud 81.2 (1.7)

s 8.30 (0.38)

c 2.79 (0.10)

disc �1.6 (0.2)

f [�aHVP
µ ]>(f) · 1010

ud 0.9 (0.3)

s �0.0005 (0.0004)

c 0.0034 (0.0007)

total 0.9 (0.3)

RBC/UKQCD 18 & BMW 20

aW
μ = 231.7(2.8) ⋅ 10−10

aW
μ = 229.7(1.3) ⋅ 10−10
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Davide Giusti (ETMc)  
@ Lattice 2021

Hartmut	Wittig
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Preliminary	results	and	error	budget

12

Isovector [%] Isoscalar [%] Charm [%]
Statistics 				0.2 				0.2 			＜0.05
FV-corrections ⩽	0.2 				./. 				./.
Extrapolation 							0.61 							1.3 					1.7
Scale setting 							0.38 							0.86 					3.9
Renormalisation 			＜0.01 			＜0.01 			＜0.05
Tuning of κcharm 				./. 				./. ⩽	0.2
Total 							0.77 							1.59 							4.3
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Introduction
•The exciting recent results from the Fermilab Muon g-2 experiment for the Muon Anoma-

lous Magnetic Moment (2104.03281) motivates reducing the error on lattice calculations

of the hadronic contribution to aLO
µ .

• In 1902.04223 we presented results for the connected light quark contribution aLO
µ with

an error of 1.4%.

To reduce the error we need to explicitly calculate:

•Disconnected contributions

•QCD+QED corrections

See Shaun Lahert’s talk at this conference for a report on our work on reducing the error

on the light quark connected contribution.

Disconnected contributions a
HV P (LO)DISC
µ

The leading-order contribution to the anomalous magnetic moment from the HVP is

aHVPµ = 4↵2

Z 1

0

dq2f (q2)⇧̂(q2).

The disconnected piece requires the non-perturbative calculation of the quark-line discon-

nected correlation of vector currents

The non-perturbative calculation requires the correlation of vector currents

d(t) =
1

3V

X

j=0,1,2

X

t0

Vj(t + t0)Vj(t
0
)

where Vj(t) is vector loop with component i at time t and V is the space-time volume.

Vj =
1

3
(Vu/d

j � Vs
j )

We use stochastic random sources to compute the required loops with a variety of variance

reduction techniques. In particular, an additional trick from the European Twisted Mass

collaboration (0803.0224) is used to reduce the errors. For some ensembles we also use low

eigenmodes with a stochastic correction.

Preliminary results for a
HV P (LO),DISC
µ

We have computed aHV P (LO),DISC
µ for the light and strange quarks.

Ensemble a fm m⇡ MeV L fm Eigenmodes Nmeas

Very coarse 0.15 134.7 4.8 300 1692

Coarse 0.12 134.9 5.8 - 787

Fine 0.09 128.3 5.8 1000 271

The correlators are multiplied by a random blinding factor.

The graph also shows the data corrected for finite volume and taste corrections.

The continuum and chiral extrapolation fit model is

D = a0

 
1 + a1a

2
+ a2(

m2

⇡ � m2

⇡,phys

m2

⇡,phys

)

!

where a is the lattice spacing units GeV
�1

with priors: a0 = 14(8), a1 = 0(1) and a2 =
0(3).

Preliminary window analysis of a
HV P (LO),DISC
µ

To compare di↵erent calculations a weight function is multiplied into the correlator.

⇥(t; t0,�) ⌘ 1

2
+
1

2
tanh[

t � t0

�
]

where � = 0.15 fm

W (t; t1, t2) ⌘ ⇥(t; t1,�) � ⇥(t; t2,�)

The weight function (t1 = 0.4 fm t2 = 1.0 fm) is applied to the blinded correlators.
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Preliminary blinded aHV P (LO),DISC
µ

•No taste corrections have been applied in the above graph.

•RBC and UKQCD (1801.07224), and BMWc (2002.12347) also found a large suppression

of aHV P (LO),DISC
µ for this window.

Connected quenched QED corrections

•We use the electro-quenched approximation.

•The calculation used quenched QED fields fixed to the Feynman gauge with zero modes

dealt with using the QEDL prescription.

•We use the truncated solver method with 16 sloppy inversions and 1 precise inversion.

Ensemble a fm m⇡ MeV L fm Nmeas Quark masses

Very coarse 0.15 134.7 4.8 356 ml, 3ml, 5ml, 7ml, ms,

Coarse (I) 0.12 132.7 5.8 208 3ml, 5ml, 7ml, ms

We plot the QED contribution to the strange as
µ.

�as
µ = as

µ[QCD + qQED] � as
µ[QCD]

We have not yet retuned the quark masses to include the QED contribution.

Conclusions
Future work

•We are about to start to generate correlators for the connected QCD+quenchedQED

correlators at the lattice spacing 0.09 fm.

•We are generating an ensemble of configurations with QCD + dynamical QED at the

lattice spacing of 0.15 fm.

We finally plan to compute the QED contribution in the disconnected diagrams.

C. McNeile (Fermilab-HPQCD-MILC) 
@ Lattice 2021 Hartmut Wittig (Mainz) @ Lattice 2021 
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Short-distance corrections

• Use thermal observables and gauge ensembles at finite 
temperature and very fine lattice spacings to resolve discretization 
effects in calculations of short-distance quantities 

• Construct improved observables with smaller discretization effects  
• Can be applied to SD window and  
• New step-scaling method for  computing  at large 

Δα
Δα Q2

Tim Harris (NEPhEU QCD) @ Lattice 2021

Continuum limit in Nf = 2 QCD

Exclude Nt = 12 lattice for Ith

Also use LO result to improve thermal limit

I̊ = Ith �
h
Ith � Ith

i

LO

• thermal contribution benefits from fine lattices
• improved has flatter continuum limit than original

Final result

I(t = 0.1974 fm) = 1.035(9)stat(19)sys ⇥ 10
�3

fm
2

compared with 5-loop perturbative result

Ipert.(t = 0.1974 fm) = 1.059+1

�6
⇥ 10

�3
fm

2

(similar picture for the Adler function)
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8 / 10
Cuto↵ e↵ects at short distances

⌅

Nicolai Husung (DESY) @ Lattice 2021

• Compute anomalous dimensions of higher dimensional 
operators in Symanzik EFT 

 
 
 

 

• Use to guide continuum extrapolation 
• In most cases studied:  Γ̂ ≳ 0

L 

a 

x 

Lattice artifacts in lattice QCD.

Problem: Any quantity P obtained from lattice data depends on the cut-o↵ a, but we are
interested in the continuum value. ) “lattice artifacts” with relevant scale µ ⇠ 1/a

In an asymptotically free theory, like QCD, lattice artifacts are of the form

P(a)

P(0)
= 1 + a

nmin [↵(1/a)]�̂| {z }
=1, classically

6=1, due to quantum corrections

const. +O(anmin+1, anmin↵�̂+1(1/a), ...), ↵(1/a)
a&0
⇠ �

1

ln(a⇤)

No prior knowledge of �̂, can be negative and distinctly nonzero, impacts convergence.

�̂ is directly related to a 1-loop anomalous dimension of a higher dimensional operator.
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Summary and Outlook

first LQCD calculation with sub-percent (0.8%) uncertainty by BMWc 
but in tension with data-driven approach 
dedicated efforts by several other lattice groups  
 ➠ expect more sub-percent precision LQCD results soon. 
Theory Initiative: 

a “WP process” for Lattice HVP and HLbL results 
panel discussion at the KEK workshop 
➠ developing guidelines for assessing lattice HVP calculations 
List of quantities to compare between lattice groups 
prescription for defining isospin limit and separating QED & SIB 
contributions  

Blinding lattice calculations is good practice to avoid unintended 
bias 
 
➠Next workshop of the Muon g-2 Theory Initiative: Sep 2022 
  


