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Data-driven HLbL: a multiscale problem
Πq ∼ 〈0|T (∏4

j
∫

dxje−iqj xj Jq(xj))e iSint|0〉
Jµq = Qq q̄γµq

aHLbL
µ ∼

∫∞
0 dQ1,2,3

∑
i T ′i Πi

Πq? Weights T ′i enhance low-energy contributions
A nonperturbative problem

From leading contributions using dispersion relations to
subleading (but not negligible) ones using resonance models and
SD constraints Melnikov-Vainshtein, Brodsky-Lepage

Many interesting talks: Colangelo, Danilkin, Denig, Moricciani, Sanchez-Puertas

Q1 ∼ Q2 ∼ Q3 � ΛQCD
Asymptotic expansion of (g − 2)µ HLbL?
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Operator Product Expansion (OPE)

Asymptotic behaviour of two-point correlation functions
Π(q) =

∫
dx e−iqx〈0|T (J1(x)J2(0)|0〉; Ji ∼ q̄Γiq

+ +... = c(pert)

+ +... = cqq〈mqq̄q〉

Π(Q) = ∑
i ,D

ci,D(Q2,µ)〈Oi,D(µ)〉
QD Nucl.Phys.B 147 385-447

Antonio Rodŕıguez Sánchez HLbL in g − 2 at large loop momenta 3 / 13



HLbL for g − 2. Same procedure?

Πµ1µ2µ3µ4 = −i
∫ d4q3

(2π)4

(∏4
i
∫

d4xi e−iqi xi
)
〈0|T

(∏4
j Jµj (xj)

)
|0〉

+ +... = c(pert)

+ +... = cqq〈mqq̄q〉

Π ∼ ∑i ,D
ci,D(Q2

i ,µ)〈Oi,D(µ)〉
Qd1

1 ...Qd4
4

∑
i di = D
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HLbL for g-2
Π ∼ ∑i ,D

ci,D(Q2
i ,µ)〈Oi,D(µ)〉

Qd1
1 ...Qd4

4

∑
i di = D

External photon: static limit → limq4→0
∂Πµ1µ2µ3ν4
∂q4, µ4

limq4→0 ΠOPE?

1/q24

Phys.Lett.B 798 134994

OPE only supposed to work at large Euclidean Momenta
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Rethinking the problem: soft static photon

〈0|e iS |γ1γ2γ3γ4〉 → Πµ1µ2µ3µ4

One step backwards
Πµ1µ2µ3 ∼

∫ d4q3
(2π)4

(∏3
i
∫

d4xi e−iqi xi
)
〈0|T

(∏3
j Jµj (xj)

)
e iSint|γE (q4)〉

Q1,2,3 � ΛQCD → OPE valid for the tensor

We are looking for a static (soft) photon contribution: F µν

From the OPE keep those operator contributions with the same
quantum numbers as the static photon, F µν

Nucl.Phys.B 232 109-142, Phys.Lett.B 129 328-334, Phys.Rev.D 67 073006
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OPE with background photon
S1, µν ≡ e eqFµν
S2, µν ≡ q̄σµνq
S3, µν ≡ i q̄Gµνq
S4, µν ≡ i q̄Ḡµνγ5q
S5, µν ≡ q̄q e eqFµν
S6, µν ≡

αs
π

Gαβ
a Ga

αβ e eqFµν

S7, µν ≡ q̄(GµλDν + DνGµλ)γλq − (µ↔ ν)
S{8}, µν ≡ αs (q̄ Γ q q̄Γq)µν

Πµ1µ2µ3(q1, q2) = 1
e
~CT ,µ1µ2µ3µ4ν4(q1, q2)〈~Sµ4ν4〉; 〈Si ,µν〉 = eeqX i

S〈Fµν〉

Details in JHEP 10 (2020) 203
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Contributions from different operators

Leading order: massless quark loop
Magnetic susceptibility ∼ mqX

Q2

I Only suppressed by two powers of the energy (compared to
leading four powers in vacuum OPE)

I Key role in regularizing m2
q log mq contributions, not

well-described by perturbative QCD series. Analogous interplay
as usual vacuum OPE D = 4 operators regularizing m4

q ln mq

First massless power corrections ∼ Λ4
QCD
Q4
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g − 2 integral

Πµ1µ2µ3(q1, q2) = ~CT ,µ1µ2µ3µ4ν4(q1, q2) ~X 〈eqFµ4ν4〉
aHLbL
µ ∼

∫∞
0 dQ1,2

∫ 1
−1 dτ ∑i T ′i Πi JHEP 09 (2015) 074, JHEP 04 (2017) 161

1 Build general projectors P: Pµ1µ2µ3µ4ν4Cµ1µ2µ3µ4ν4X ∼ Π
2 Reduce scalar integrals KIRA, REDUZE

3 Perform the subleading (but significant) piece of the g − 2
integral from some Qmin where the expansion is valid
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Numerical results: quark loop vs power corrections
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Power corrections numerically
very small above 1 GeV
Gluonic corrections?...
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The two loops: a symmetric sum of hexagons

∼ ∫ dq5
q25

∂
∂q4

∑

1

2
3

4

56

q4 = 0, q6 = −q5

1 Build general projectors P: Pµ1µ2µ3µ4ν4Cµ1µ2µ3µ4ν4 = Π
2 Reduce ∼ O(103,4) scalar integrals (d dimensions) KIRA

Bq:

q → → q

C123:

q1 → ← q3

↓ q2

Sq:

q → → q

V312:

q1 → ← q2

↓ q3

V̇312:

q1 → ← q2

↓ q3

W312:

q1 → ← q2

↓ q3

Antonio Rodŕıguez Sánchez HLbL in g − 2 at large loop momenta 11 / 13



Two loop: results
3 Master integrals known in terms of classical polylogs: analytic

result for the HLbL tensor. Typically ∼ −αs
π

4 Integrate from Qmin. Analytic expansions help in improving
precision. The corresponding (M-V) Π̂1 limit including gluonic corrections
(from the high-scale) is reproduced (more work in progress)
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Above ∼ 1− 2 GeV, gluonic corrections small and negative
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Conclusions

A systematic OPE with a background photon field can give a
description of HLbL g − 2 for large loop momenta

The massless quark loop is the leading term

Power corrections have been computed and found to be small

Perturbative corrections are found small and negative

Precise systematic expansion valid above 1− 2 GeV

Thank you
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