Reconciling the FOPT and CIPT Predictions
for the Hadronic Tau Decay Rate

André H. Hoang

University of Vienna

Based on arXiv:2008.00578 and arXiv:2105.11222 (with Christoph Regner)
and work with Miguel Benitez-Rathgeb, Diogo Boito and Matthias Jamin

j ‘d k gzm:::;s::cll'?r?teractions 3 E Ln ive rS i tét LLI F

Der Wissenschaftsfonds.

16th Internat. Workshop on Tau Lepton Physics, Sept 27 - Oct 1, 2021



Hadronic Tt Spectral Function Moments
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Strong coupling from t decays
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Co,1 = C1,1 = 1, C21 = 1.640
C3.1 — 6.371

ca1 = 49.076 5-loop: Baikov etal. 2008

4-loop: Gorishni etal., Surguladze etal. 1991

Contour-improved perturbation theory (CIPT): e CIPT leads to smaller moments than FOPT

® OPE and DV corrections assumed to be

oo
S (s0) = 5 Yoens T Wie) (2G)" universal
o— ¢ Strong coupling from CIPT larger than from
[1=1 FOPT

Fixed-order perturbation theory (FOPT):
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Outline

Starting point of the work: We consider the possibility that the discrepancy is related to
the asymptotic character of the perturbative CIPT and FOPT
spectral function moment series.

A lot of previous work:  Beneke, Jamin 0806.3156 Jamin hep-ph/0509001 Beneke, Jamin, Boito 1210.8038
Caprini, Fischer 0906.5211 Descotes-Genon, Malaescu 1002.2968

® Asymptotic series and renormalons & previous studies

® FOPT and CIPT Borel representation: Asymptotic Separation

® Properties and computation of the asymptotic separation

® Reconciling CIPT and FOPT as(my;) = 0.34
¢ Conclusions a(z) = Po Z‘S(S) _ Bo Oéi(xso)
m T
— BO as(SO)
0= 4
so = |s|
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Renormalon Calculus: Euclidean Adler Function

Perturbative series in QCD are not convergent, but asymptotic. P o (SO)
— D(—sp) Z n! (=
(consequence of using dim. reg. and MSbair)
Reminder of renormalon calculus for the Euclidean Adler Function: 't Hooft; David; Mdiller; ... Beneke; ...
¢ 5 1 1
DOPT(_ o1 as(SO) — B[D loyrl —  BID u) ~ + = -
Z . 0~ 2 T I~ o —up * Grup
- J
Original series (asymptotic) Borel function series (convergenmt) Borel function
Borel transform Sumation +Analytic continuation

Borel representation and Borel sum:

Instanton-anti-instanton
singularities at { = 4m,8m,...

e
A 4ty \

lA)BOI"el(_SO) :PV / du B[D] (U,) 6_ Boes(so) — e o 9o ¢ o ¢ o o o |
0

(inverse Borel transform)

UV renormalons .. IR renormalons
Some regularization needed: PV prescription

(IR cutoff)

w=—1,-2,-3,... uw=23,4,...

Beneke ,Renormalons”
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Renormalon Calculus: Euclidean Adler Function
o

What do the renormalon poles mean? singularities at ¢ = 47,81,

N

"t Hooft; David; Muller 1980°s UV renormalons .. IR renormalons
u=-1,-2,-3,... u=223,4,...

Correspondence: IR renormalon poles < (standard) OPE Corrections

osz2

DOPE(_g0) = Zig[co 04(50){O2p,0) + Ca(aa(50)(Onp1) + .. |

Large-B, approximation: 1

(cut in full QCD) @ o @ B(u) = o) = (0GP G )

® Exact form of B(u) unknown in full QCD — models

® Connection to the asymptotic character relevant in practice only if the the gluon
condensate renormalon dominates the series already at low orders (true for large-B,)
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FOPT vs. CIPT Borel Representation

Contour-improved perturbation theory (CIPT):

5{(}[(2,CIPT _ ch . W (ZU) (as( :z:so))

|z|=1

Fixed-order perturbation theory (FOPT):

00 n+1
6‘(}‘(2,FOPT(SO) _ i as(so) Z kan W (LU) Inf— 1( x)

271
n=1
|z|=

® Itis impossible to switch between the CIPT and FOPT moment series through
a change of scheme of the strong coupling and a reexpansion of the series
due to the contour integration !!

® The CIPT and FOPT series are intrinsically different and their Borel
representations have to be considered to be different to start with.

(Equivalence cannot be assumed from the start!)

André H. Hoang -7 16th Internat. Workshop on Tau Lepton Physics, Sept 27 - Oct 1, 2021



FOPT vs. CIPT Borel Representation

Renormalon calculus: (Euclidean Adler function)
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FOPT approach (large-By): (more complicated in full QCD, outcome the same)
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== FOPT Borel representation = previously known Borel representation
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FOPT vs. CIPT Borel Representation

Renormalon calculus: (Euclidean Adler function)

DEIPT(_ :Z as(SO) — B[D Z En —> B[D|(u) ~ + = -
n=1 n=1

= bBorel(—SO) :Reg / du B[b] (u) G_m
0

CIPT approach: Complex-valued coupling is not
the expansion parameter

l
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== CIPT Borel representation: NEW !
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(1) Character of the Asymptotic Separation

FOPT Borel representation

Related through complex-valued
change of variables

< dz . L4 _ os(=ms0) 7
5w, et (50) = PV / du 5 f — Wi(x) BID)(w) e~ om0 w e
o 0 T T
|lz|=1 ® Equivalent in perturbation theory
_ (u-Taylor series)
CIPT Borel representation ° Agree at Euclidean point x = -1
¢ Difference in presence of IR
o0 v renormalon cuts
(0),CIPT . 1 dz . as(—zso) A1 as(—zso) —\ — 22“5
5Wi,Borel (s0) = /0 du 2 P Wi(x) ( as(so) ) B[D] as(s0) )€ Poss(zo)
\ ) <«—— u-path for CIPT
A & IE
(path 2)
B g (25) ¢ a2 in 1 (
ﬁ,—ﬁ,’y(u) (P BD,pﬁ(u) - (p—u)7
(path 1b)
vvvvvvvvvvvvv 4 > — u-paths for FOPT
P (path 1) P (path 1a)
UV renormalon cut IR renormalon cut

IR renormalons: finite difference !
FOPT and CIPT Borel representations inequivalent

UV renormalons:

FOPT and CIPT Borel representations
equivalent because closing up paths 1 and 2 « FOPT: PV prescription needs to be imposed
does not contain cuts « CIPT: automatically well-defined by complex-valued a,

 Difference because closing paths 1a/1b and 2 always contains cuts
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(2) CIPT Borel Sum Contour Integration

The contour integration for the CIPT Borel representation must be deformed away from |x| = 1

(Leaves FOPT Borel sum unchanged!)

Do the contour-integral first:

o 1 dx e a0
5(0).CIPT o) — / di dz _ _ym (a(=a)
{(—=z) ,p,’Y},Borel( 0) 0 2711 c. T ( ) ( ao ) (p_ a(a—ox)ﬂ)7
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0 (arge-By)
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axis for = < z(u) (@) = _p(@=p)/pac _ _ QCD)
S0
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/X+ SO
T(u — 00) = —o0
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(2) CIPT Borel Sum Contour Integration

The contour integration for the CIPT Borel representation must be deformed away from [x| = 1.

(Leaves FOPT Borel sum unchanged!)

Do the Borel-u-integral first:

— §(0),CIPT _ 5(0),FOPT

— A(m,p, s 30) = {(_m)m’p,,y}’Borel(SO) {(—:L')m,p,'y},Borel(sO)

»ZAsymptotic Separation®
1 dz

o) Pz (—z)™ sig[Im[a(—z)]] (a(—z)) ™7 e a2 .

- T T QCD

2 r
Cut along the negative real s-axis! Power-suppressed ~ <8>

Remaining contour integration must be deformed (to negative real infinity in the x-plane)
X

\/ Contour along the unit circle
X_
JXJ{

Deformed contour for the

asymptotic separation
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(3) Computation of the CIPT Borel Sum

An analytic continuation is mandatory to compute the CIPT Borel sum for m>p

~ _ ,CIPT JFOPT
W(x) X A(mapa’)/a 30) = 5%?)—:B)m,p,'y},Borel(so) — 5?())—53)"",1),'7},B0re1(80)
1
B u) r~ 1 dzx m . . __r>
W mwy - 507 P (- siglimfa(-o)] (a(—2))' e }>
~Y x_p

Properties of the asymptotic separation:

® Renormalization scheme invariant

® Much larger than canonical FOPT Borel sum ambiguity estimate if
the Borel function has a sizeable gluon condensate cut

® Fully analytic results

® Existence of the asymptotic separation implies that OPE
corrections differ between CIPT and FOPT
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Numerical Analysis
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(d) Simple pole, p=2, W(zx) = (—z)*, large-3

— (asGM" G )

Excellent description of the
asymptotic behavior of the
CIPT series using the CIPT

Borel representation.

Convergence behavior
strongly depending on the
power of the weight function.

Intriguing observation:
For moments with W (z) = 272
FOPT convergent series!

Standard Gluon cond. OPE
correction vanishes!

CIPT series divergent!

(Apparently unnoticed in the
literature)

== CIPT expansion not compatible

with standard OPE
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Numerical Analysis

Wr(z) = (1-2)°(1+x)

(Beneke/Jamin Borel Model, with gluon cond. cut)
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Asymptotic separation
provides quantitative
description of CIPT-FOPT
discrepancy for any given
model !
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Moments w. suppressed Asymptotic Separation

Spectral function moments with small asymptotic separation

(Beneke/Jamin Borel Model "08) vanishing asymptotic separation from gluon

condensate renormalon in large-f3,

W(z) = (1 —2)%(1 + cx + 2?)
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Reconciling CIPT and FOPT

Predictions of the asymptotic separation: Benitez-Rathgeb, Boito, Jamin, AHH: w.i.p

® Asymptotic separation vanishes if IR renormalons are absent
® CIPT and FOPT consistent for IR-subtracted perturbation theory

Borel function of Euclidean Adler function(large-3, ):

A u — dao dq — da dy
BID)(u) = 428 73] o8 Y e, - 4] - ¥ e, ]l

p? =¢&m?2 for € €[0.5,2]
Total hadronic T decay rate ). 122,06
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Reconciling CIPT and FOPT

Predictions of the asymptotic separation Benitez-Rathgeb, Boito, Jamin, AHH: w.i.p

® Asymptotic separation vanishes if IR renormalons are absent
® CIPT and FOPT consistent for IR-subtracted perturbation theory

Borel function of Euclidean Adler function(large-3, ):
Ny 128 5u 3 o [ @) d®] N [de® |, dip)
BIDIw) = e i + X [52% - 54 - T [ + 28]

!

Subtract from perturbative expansion & Add back FOPT Borel sum to each coefficient

p? =¢&m?2 for € €[0.5,2]

Total hadronic T decay rate vy 1-2 x+2 x0-x W(K) = 1-3 x+3 2=
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Summary and Conclusions

® The spectral function moment series in CIPT and FOPT are two different
expansions that cannot be converted into each other by a change of scheme of
the strong coupling!

®* FOPT and CIPT Borel representations and their Borel sums differ
— Asymptotic Separation

® Discrepancy between FOPT and CIPT described well by asymptotic separation
(if 5-loop series correction is dominated by the gluon condensate renormalon).

® Asymptotic separation implies that the OPE correction for CIPT and FOPT
spectral function moments differ

® CIPT expansion not compatible with the standard OPE corrections.

® Discrepancy between CIPT and FOPT can be reconciled within IR subtracted
perturbation theory.

— Prospects for more precise determinations of (/g [w.i.p.]
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