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a1(1260) state – ground axial vector

Clean a1:
JPC = 1++

τ−

W−

ν

π−
π+

π−

V-A V-A: Vector (1−−) or Axial (1++)

Isospin 1 due to the charge

Negative G -parity ⇒ positive C -parity
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Three-body decay channels

The channels that a1 can decay to

π−π−π+

π−π0π0

π−K−K+

π−K 0K
0

K−π0K 0

Subchannel resonances:

[ππ]S : f0(500), f0(980)

[ππ]P : ρ(770)

[ππ]D : f2(1260)

[Kπ]S : K ∗0 (700)

[ππ]D : K ∗(892)
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a1 studies

There is a list of
measurements of
1++ sector:

diffractive
production
suffers from
coherent physics
background
(Deck process)

τ -decay: limited
statistics in old
analysis

[Aster et al., Phys.Rev. D, 60, 0120002 (1999)]
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[Berdnikov et al., Nuovo Cim. 107, 1941 (1994)]

Mikhail Mikhasenko (ORIGINS) Resonances in three-body decays of τ September 29th, 2021 4 / 21



Physics of the Dalitz plot

isobar model, rescattering, ladder of exchanges
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Three-body decay
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l z1 ≡ cos θ1

↔ z3 ≡ cos θ3

Decay amplitude – 〈p1p2p3| T̂ |p0〉

= DJ∗
Mλ(α, β, γ)Fλ(s, σ1, σ2)

−−−−→
scalars

F (σ1, σ2)

Dalitz plot variables

Subchannel resonances are bands.

Angular distribution along the bands determined by angular momenta.
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Partial-waves vs Isobar representation

Isobar representation

=
1
2
3

+
2
3
1

+
1
2
3

F (σ1, σ2) = F (1)(σ1, σ2) + F (2)(σ1, σ2) + F (3)(σ1, σ2)

=
few∑
l

√
2l + 1Pl (z1)a

(1)
l (σ1) +

few∑
l

√
2l + 1Pl (z2)a

(2)
l (σ2) +

few∑
l

√
2l + 1Pl (z3)a

(3)
l (σ3).

Simple model: = a
(i)
l (σ1)→ c(i)BW(σ1) = .

Partial-wave representation

= F (σ1, σ2) =
∞∑
l

√
2l + 1Pl (z1)f

(1)
l (σ1)

Why would someone do this? – theoretical constant to f (1)(σ1) is straightforward.

Mikhail Mikhasenko (ORIGINS) Resonances in three-body decays of τ September 29th, 2021 6 / 21



Partial-waves vs Isobar representation

Isobar representation

=
1
2
3

+
2
3
1

+
1
2
3

F (σ1, σ2) = F (1)(σ1, σ2) + F (2)(σ1, σ2) + F (3)(σ1, σ2)

=
few∑
l

√
2l + 1Pl (z1)a

(1)
l (σ1) +

few∑
l

√
2l + 1Pl (z2)a

(2)
l (σ2) +

few∑
l

√
2l + 1Pl (z3)a

(3)
l (σ3).

Simple model: = a
(i)
l (σ1)→ c(i)BW(σ1) = .

Partial-wave representation

= F (σ1, σ2) =
∞∑
l

√
2l + 1Pl (z1)f

(1)
l (σ1)

Why would someone do this? – theoretical constant to f (1)(σ1) is straightforward.

Mikhail Mikhasenko (ORIGINS) Resonances in three-body decays of τ September 29th, 2021 6 / 21



Two-body unitarity and Khuri-Trieman model

Example of f
(1)

0 (σ1) constraints:

f
(1)

0 (σ1) = a
(1)
0 (σ1)︸ ︷︷ ︸

same channel

+

∫ 1

−1

dz1

2

(∑
l

√
2l + 1Pl (z2)a

(2)
l (σ2) +

∑
l

√
2l + 1Pl (z3)a

(3)
l (σ3)

)
︸ ︷︷ ︸

cross-channel(c.-c.) projections

Unitarity of f
(1)

0 (σ1) – same RHC as 2→ 2 scattering amplitude, BW
(1)
0 (σ1)

⇒ consistency relation the direct term and the cross-channel projections

⇒ a
(1)
l (σ1) obtains corrections from one seen in 2→ 2.

KT model: analytic continuation of two-body unitarity

= ︸ ︷︷ ︸
source

+ +︸ ︷︷ ︸
unitarization of c.-c. projections

(the loop is a

dispersive integral)
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Diagramatic representation
Isobar representation with a

(i)
l (σi ) = â

(i)
l (σi ) BW

(i)
l (σi )

= + + .

The amplitude prefactor is not constant: a
(i)
l (σi ) = c il BW

(i)
l (σi ) + . . .

= +

+ + +

+ + + + +

+ + + + . . .

=
[
1 + L

]
, the ladder – a sum of all possible exchanges

= + + + · · · =
[
1 + L

]
= + + + · · · =

[
1 + L

]
Effect of the rescattering – modification of the resonance lineshape
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Observation of the a1(1420) [COMPASS, PRL 115 (2015) 082001]
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Not something ordinary

Too close to the ground state a1(1260)

Its width is narrower than the ground state

Close to threshold K ∗K̄ , i.e. (ds̄) + (ūs), Eth = 1.39 GeV.
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a1(1420) interpretations

Possible scenaria

Pole in the amplitude – Genuine resonance

I Tetraquark state [Z.-G. Wang (2014)], [H.-X.Chen et al. (2015)], [T. Gutsche et al. (2017)]

I K∗K̄ molecule [T. Gutsche et al. (2017)]

Singularity of the non-pole type

I Interference with background — interplay between distant cuts
I Rescattering from K∗K̄ — Triangle singularity
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p pr

π−
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P

[J.-L. Basdevant, Ed. Berger, PRL114 (2015) no.19, 192001]
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%

[MM, A. Sarantsev, B. Ketzer, PRD 91, 094015 (2015)],
confirmed by [Aceti et al, PRD 94, 096015 (2016)]

Mikhail Mikhasenko (ORIGINS) Resonances in three-body decays of τ September 29th, 2021 10 / 21



The key effect - the triangle rescattering graph

a1(1260)
K∗

K̄

K

π

π

π
f0

f0 is a resonance in (KK̄ )
and also in (ππ) system.

Ordinary a1 decays to KK̄π via K ∗K̄

KK̄ form f0 that decays to ππ

1.3 1.4 1.5 1.6√
s2 ≡ mf0π (GeV)

0.0

0.1

0.2

0.3

M
a

1
→
f
0
π zero K∗ width

Im Ma1→f0π
Re Ma1→f0π

has a logarithmic singularity
(divergence at a single point)

A ∼ log(s0 −m2
3π)

with s0 determined by masses of
involved particles.
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New calculation method: first iteration of the KT equations
Dispersion approach based on unitarity

Main idea — relation between cross–channel projection and rescattering
based on unitarity of t(σ): ππ ↔ KK̄ .

res
on
an
ce

s1︸ ︷︷ ︸
PWA basis functions

⇒ res
on
an
ce

t s1︸ ︷︷ ︸
is inferred using DR

Calculation of angular projections (the resonance is K ∗)

Unitarized using dispersion relations

Attach KK̄ → ππ interaction
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Fit with the rescattering model [COMPASS, PRL(2021)]

Fit perfectly describes the intensity and the phase motion
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No shape parameters for the signal component (TS)

Background with constant phase is needed to shift the amplitude

TS model shows a comparable quality to the resonance model (BW-model)
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Comment of the analytic structure [COMPASS, PRL 127, 082501 (2021) (2021)]

cut

TS Pole

a1(1420) signal can be described with a1(1260) as source for the rescattering via the
triangle diagram ⇒ the first clear observation of the TS

An additional pole is not needed, although, not excluded
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Many more cuts in the complex plane
But no TS next to the physics region
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Three-particle scattering:
parameters of a1(1260)

Three-body unitarity, Ladders and Resonances, short-range factorization
[JHEP 08 (2019) 080]
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Three-body-unitarity constraint [MM (JPAC), JHEP 08 (2019) 080]

Three-body scattering amplitude must satisfy the integral equation

T (σ′, s, σ)− T †(σ′, s, σ) = − † =

2i
1

λ
1/2
s (σ′)

1

8π

∫ σ+(σ′,s)

σ−(σ′,s)
dσ′3 t(σ′3)T (σ′3, s, σ)

+
i

3

∫ (
√
s−mπ)2

4m2
π

dσ′′

2π
T †(σ′, s, σ′′) t(σ′′)t†(σ′′) ρ(σ′′)ρs(σ′′) T (σ′′, s, σ)

+
2i

3

1

(8π)2

∫∫
φ(σ′′2 ,s,σ

′′
3 )>0

dσ′′2 dσ
′′
3

2πs
T † (σ′, s, σ′′2 )t† (σ′′2 )t(σ′′3 )T (σ′′3 , s, σ)

+ 2i
1

λ
1/2
s (σ)

1

8π

∫ σ+(σ,s)

σ−(σ,s)
dσ2 T †(σ′, s, σ2)t†(σ2)

+ 6i
2πs

λ
1/2
s (σ′)λ1/2

s (σ)
θ+(φ(σ′, s, σ)).

In a short form: [G.Fleming(1964), Aaron-Amada(1977), Mai et al. EPJ A53 (2017), Jackura et al. EPJ C79

(2019)]:
T − T † = DτT + T †(τ − τ †)T + T †τ †DτT + T †τ †D +D,
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Factorization of the resonance kernel
Strictly, one more (weak) assumption – Factorization

R̂(σ′, s, σ) = kf (σ′)R̂(s) ki (σ) OR

= R̂00(s) + σ′R̂10(s) + R̂01(s)σ + σ′R̂11(s)σ + . . . ,

⇒ Unitarity requirement is algebraic!

R̂(s)− R̂†(s) = i R̂†(s)Σ(s) R̂(s),

with Σ ≡ K†(τ − τ†)K+K†τ†DτK, K K + K K

K is the modification of the isobar lineshape due to the rescattering

An approximate-three-body unitarity

R̂(s) =
g2

m2 − s − ig2/2
[

+

]
contains effect of the subchannel-resonances interference

The quasi-two-body approximation

R̂(s) =
g2

m2 − s − ig2/2
[ ]

naively accounts for the subchannel-resonance decay
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Analysis of data (ALEPH measurements) [data from Phys.Rept.421 (2005)]
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Two models of ρπ scattering:

SYMM-DISP: Approximate three-body
unitarity (includes interference)

Σ(s) =
[

+

]
QTB-DISP: Quasi-two-body unitarity

Σ(s) =
[ ]

both neglect rescattering, K → 1.

Fit to the public data

Stat. cov. matrix is used in the fit

Syst. cov. matrix – in the bootstrap
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unitarity (includes interference)

Σ(s) =
[

+

]
QTB-DISP: Quasi-two-body unitarity

Σ(s) =
[ ]

both neglect rescattering, K → 1.

Fit to the public data

Stat. cov. matrix is used in the fit

Syst. cov. matrix – in the bootstrap
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Determination of the a1(1260) parameters
Non-trivial analytic continuation [MM et al. (JPAC), PRD98 (2018), 096021]
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m(a1) = (1209± 4+12
−9 )) MeV

Γ(a1) = (576± 11+80
−20) MeV

Large systematic uncertainties due to disregard of rescattering effects

Effect of the subchannel-resonances interference is very important
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Summary of the talk

unitarity constraints to two-body resonances

unitarity constraints to three-body resonances

a1 → f0(980)π is consistent with TS

a1(1260) parameters are extracted

τ decay is the cleanest environment to study hadron dynamics in JPC = 1++ sector

Dalitz-plot distribution in τ → hhh ν:
I Triangle Singularity in τ → f0π ν is strongly anticipated (Belle II !!)
I Changes of the lineshape of ρ, K∗ in τ → 3π, τ → KKπ

will validate our understanding of the three-hadron dynamics.

a1(1260) parameters need to be extracted using unitary model
I First analysis shows promising results
I Finer data are needed
I Model requires extension with more subchannel resonances
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Thank you for attention

Thanks to my collaborators:

JPAC group: Yannick Wundelich, Andrew Jakura, Alessandro Pilloni, Vincent Mathieu,
Miguel Albaladejo, Cesar Fernandez, Adam Szczepaniak, Sergi Gonzales, Daniel Winney,
Lukasz Bibrzycki

COMPASS collaborators: Mathias Wagner, Bernhard Ketzer, many others.
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Systematic studies
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Tour to the complex plane [MM, JPAC, PRD98 (2018), 096021]

Analytical continuation
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