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Motivation and Conclusions

@ Relativistic second order dissipative fluid dynamics is a very important
scientific achievement of the last two decades, and has inspired many
authors to apply its methodology to the study of heavy ion collisions and
astrophysics. In short it furnishes equations which are closed by
imposing the entropy principle up to second order, with respect to
equilibrium.
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(i) the higher order terms depends also on the lower order terms; so it
might happen that the existing condition of the solution imposes further
conditions on the lower order terms and it may also happen that the
further conditions affect the equilibrium expressions which, however, are
already known.
(iii) the couplings between the three primary processes in dissipative
fluids are only realized by going up to third order
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Basics & Formalism

The objective of relativistic dissipative fluid dynamics for one component fluid
is the determination of the 14 fields of

N“(XB) net charge density — net charge flux vector
T (x”) stress — energy — momentum tensor

TH" is assumed symmetric so that it has 10 independent components.

The 14 fields are determined from the field equations (fluid dynamical
equations)

AuN" =0 net charge (e.g., baryon, strangeness, etc ) conservation
8, T =0 energy — momentum conservation
OF"** = P*¥ balance law of fluxes

Fr> is completely symmetric tensor of fluxes and P*” is its production
density such that

F'/ =m’N*  and P/ =0 ]
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Basics & Formulation

We then have a set of 14 independent equations ( net charge conservation
(1); energy-momentum conservation (4); balance of fluxes (9))

However, the dynamic equations cannot serve as the field equations for the
thermodynamic fields N* and T#*. Because the additional fields F*** and
P"¥ have appeared.

Restriction on the general form of the constitutive functions F***(N*, T*#)
and P**(N®, T*?) is imposed by

@ entropy principle —the entropy density—entropy flux vector S*(N<, T*#)
is a constitutive quantity which obeys the inequality

9,8" >0 for all thermodynamic process
i.e., instead of g use W

@ requirement of hyperbolicity — ensures that Cauchy problems of our
field equations are well-posed and all wave speeds are finite —- our set
of field equations should be symmetric hyperbolic
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The 14 Fields and Tensor decomposition

Net charge 4-current N¥ = nu" J

n=+/NtN, = u,N*  net charge density in fluid rest frame,
N#
VNN,

u’u, =1 = u* has 3 independent components

the fluid 4-velocity,
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14 Fields and Tensor decomposition

Stress—energy—momentum tensor T#” = eu“u”—(p+|‘I)A“"+2q(“u”)+7r<"">J

e = u,u, T*”  energy density in fluid rest frame,
p=p(e,n) pressure in fluid rest frame,

M bulk viscous pressure, (p+M) = —%AW T

A projection tensor onto 3-space, A*“u, = A" u, =0
g"” =diag(+1,—1,—1,—1) metric tensor

g" = AkusT*?  heat flux 4-current,

g"u, =0 = qg" has 3 independent components

v

=g" —u'u

7l = T ghear stress tensor
7y, =74y, =0, 7y =0 = 7" has 5 independent components
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14 Fields and Tensor decomposition

Production densities tensor P* = Pn (A“”—Su“u”)+2qu(“u”)+P,,7r<“”>J

The functions Pn, Py, P~ are related to the bulk viscosity, heat conductivity
and shear viscosity and thus may be determined from measurements of
these coefficients
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14 Fields and Tensor decomposition

Tensor of fluxes (up to 2nd order)

Frx o = %J-'?g(“”uk) 4 %]’3 (g(‘“’u*) — 2u”u”uA)
+FIn (Awu” . u“u”u*) o (A(“”q” - 5u(“u”q”)
F ) )
+F2n? (A(Wu*) - u“u”u*) + 72 (—q"ql,A(’“’u*) - 3u(“q”q*)>
—F20°Qa (A(‘“’u” - u’*u"uA) + FZ <3u“772<”> — gl gy g
4 FRplew (A(;wu/\) _ uuuvu/\> 4+ 72 (q(uﬂwm _ oyt g >
72 (A(*"”w“)””qa - 5u“u"7rm”)qa> + PRy )

+F2n <A(*“’q*) = Sq(“u”u”)

Zeroth order (Equilibrium) + First order + Second order
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14 Fields and Tensor decomposition

Entropy 4-current (up to 3rd order)
s* = Syt
+8iMu* + S3g*
+(s$r|2 — S2G°Qa + 8327r2<°‘0‘>) u"
+82Ng" + S2xtr) g,
+ (s?rl3 — S3MGag® + SN 4 83gaqem @ + s§w3<("’>> u

+(S° = S2qag” + S3n2 ) @ + SIN 4 gu + Shyr* g

y

Zeroth order (Equilibrium) + First order + Second order +Third order
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Equilibrium

Equilibrium is defined as a process in which production densities vanish
and/or the entropy production vanishes

P = 0 v

v 1 0 _(uv, A) 1 0 (pv, A) v, A
F&g~ = 5]—'1g“ u +§]-'2 (g“ u™y —2u*u’u )
Sg,. = s(e,nmu”

The energy-momentum tensor reduces to

TE = eu'u” — pA*” ]

In the ideal “perfect” fluid limit one has 5 independent fields
(p(n, €)(2), u*(3)) and 5 field equations
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14-Fields Theory of Relativistic Dissipative Fluid Dynamics :

In dissipative(non-ideal) fluid dynamics one needs 9 additional equations for
the dissipative fluxes. The 14 fields p(n, ¢), N, u®, g%, ={“? are governed by
the following fields equations

ouN* = 0

AL, 0, T = 0

u, 0, T* = 0
Uuuya)\F”VA = —Pnll
AR U, O F™ = Pygt
(AS#A;L%AWAW)@AFW = P

For all thermodynamic processes the entropy principle holds
9,S"* >0

V,
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Dissipative fluxes: Zeroth order: Equilibrium

Azwinndini

e

I-IEq. =0
ng. =0
1 =0
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Dissipative fluxes: First order

no = M= —cVau®
ol .
M = o= HTAQ#(VT ~ i)
pled M = 2B _ o A APYY g,

Relativistic versions of the laws of Navier-Stokes and Fourier

first derived by Eckart, Landau-Lifshitz.

¢ is the bulk viscosity, « is the thermal conductivity, n is the shear viscosity
@ simple algebraic expressions of dissipative fluxes
@ may lead to acausal and unstable equations of motion
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Dissipative fluxes: Second order

Miiller-Israel-Stewart (MIS) equations: F*** linear (first-order) in dissipative
fluxes and S* quadratic (second-order) in dissipative fluxes
Resulting equations causal and hyperbolic

N® = Nus=—¢[2571 + SiVaq°]
¢ [H(SE + 82V U) + Y (VaSE — sfua)}
@ = gbg=rTA™ [2322% + 82V, N + sév%am]
+RTA™ [qa (82 + SEV, ") + N(VaSE — S2i)
+7(ap) (V7S5 — S5iF°)]
A @ o e o e pBY [233%@ + 82V (005 ]

+20A A [0 (S5 + SEVALY)

+0(a(V5) S5 — SEipy)|
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Dissipative fluxes

@ The terms in red are neglected in the original MIS formulation. Terms of
the general form M9, u*, NMoxn, NOxe, a0y U*, GuOAN, Qu.OAE, T(apyOu U,
T(a8)yOAN, T(ap)Oxe have been considered non-linear and thus ignored.
These terms have been shown to be important in heavy ion collisions.
They will be even more important at low energies and high densities.

@ Derivations of the equations from kinetic theory reveals terms that are
not explicit from phenomenological considerations (e.g., vorticity terms)
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Dissipative fluxes: Third order: Bulk equation

n®

¢ [ssf'h +285300q + 283 05y P

+83(NMV4q® + q° Vo) + Se (7 V 0 qs + Q'Bvaﬂ'(am)]
~¢[M(88 + 83Vt — 4 Qa3 + 53V at)
+m2 (@B (83 4 83V ,u*)

+NG*(VaSE — S3aa) + 7% q3(VaS3 - S3aa)]

Azwinndini
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Dissipative fluxes: Third order: Heat equation

g“® = kTA" [—S§(2ﬂc'1a + al) + 83(29° T (ap) + @77 (ap))
+283NVall — 257¢°Vags + SS(MV 1 (ap) + T(ap V1)
+28$07r<@1,>va7r<5u>]
ap 53 3 v B 53 3 v
+xTA [I‘Iqa(Sg + S3VLUY) + @ (s (S5 + SIV.LUY)
+HMPVLSE — P VaSE + 2NV Y,88)

N7 (ap) (VOS5 — 85@°) + mhasy (VP STo — Sha’)

+839.9" ax]
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Dissipative fluxes: Third order: Shear equation

71'<MV> ® = 2nAa“AﬁV [Sg(2l'l7'r(a5> + T (aB) |_|) S 2Sfi]<aq5>

+3837t(an) Ty + Sam(ap) VG + S3(MV (aGs) + Gta V)

+830(q(s V T (@yn) + W<A(a>v/\Qﬁ)}

+27 A AP (M7 0) (83 + S3VaUY)

+(as)(S3 + SEVALY) + 7T<M>7ré§($‘§’ + 8Evaut)
+Tapy @ (VASE — Ssan) + Nqs(VaySs — Ssaq))

+T(aA G (V) Sio — 313035>)]

Higher order relativistic fluid dynamics
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Entropy from Kinetic Theory

We derive the third order entropy 4-current as well the non-classical
coefficients by going beyond Israel-Stewart entropy 4-current expression in
kinetic theory. The kinetic expression for entropy, can be written as

s = [ dwp lfix.p)]
where
IO, P = £(x, p) {InfAg ' f(x.p)] = 1}

and f(x, p) is the out of the equilibrium distribution function. Expanding (f)
around (%) up to third order we get,

W) = BT TN — 1) 2 ()~ 1)

+%¢m(feq)(f_ feq)S 4 o s
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Entropy from kinetic theory

SH@) —

S+

u() _ 9"
S =7

1 (e rvo «
58U [SIN? — 34" u + S3n"*mua | + B [Shq N + SEqur] |

%BU” {313”3 + 83NQ°Ga + SiNT My + SaQuGa”® + Sg’ﬂmﬂgﬂo‘ﬁ}
1 (e ro (e}
—580" { S8 + 5797 g — S8y | — BSINIGar™

1 va
+§BS$Oth7T 71'5 )

Azwinndini
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Up to third order in dissipative fluxes the the entropy 4-current can be written
as,

s = S+ Sinut + Sigt

(SPn® - $39°qa — S57*°) pu* + 5 (SN
S§7r<““>qa) L (Sfl‘l3 — 8Ngag™ + SSnr?tee
S39aqsm ) — S3r%*)) pu + (SIM? - S3quq”

Sin**)) Bg" + 6 (S3N 4 o + Sion**) g )

+ o+ o+ o+
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Third order coefficients

As function of m/ T in the large temperature limit

812 = ™
S = 3
Sz = 4—{; — Second order coefficients known
82 =
S5 = s

Third order coefficients

S = o0, =00, SE=w

2
3 _ 6 3 _ 3 _ Sz 3 _
Sy = P2’ 35;@-77 Sg = 00
3 _ 2 _ S5 3 _ 27 3 _
& = ?—277 Sg 32027 Sg =00
83 _ 9
10 - 32p2
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From the second law of thermodynamics the third order shear viscous
equation can be written as,

poran = _ T ot T g (S
T T Tr 2T
37785

_ Us (aA (M))ﬂ_v)

Tr 2T

where 7, = 2nS§ is relaxation time for the shear pressure.

The term 37S;5 .7 can be referred as a relaxation time that comes from third
order equation. This term also provides a correction factor to second order
relaxation time 7 as follows

7'7(3) Uy ko)

3
_ Eﬂ'“”&ﬂ'(yga)\ <iu/\) 3

2
= —x") 4 2poru” — 2nTrH) o (%UA)

(o)) o (S8
—2nTn 7r<58 (ﬁUA)

37783 v)

Where ¥ = 7, (1 <5> can be termed as the modified relaxation
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After simplification and keeping all the terms, the final equations for shear
pressure for 3" order viscous and massless fluids is found to be

. _ 7 _1m 8¢ 57, 878 277, 12m
T T 277107 "8:° 27 '8 2° B

Also in (1+1)D Bjorken flow, the energy and number density equations
calculated from energy-momentum conservation to yield

_€+P+7r

T T
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M. Younus & A. Muronga 2019...energy density evolution order by order

3

Energy Density, € (GeV fm

= Mo, =04
IL— ords=0a
= o, =007
— ord, =07

— ldalegn.
0 ol

Proper time, 7 (fm/c)

parameters are tuned so as to compare with similar studies
M. Younus & A. Muronga 2019
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A. Younus & A. Muronga 2019 ...shear pressure term by term or order by order

3

T T T
Ws=04,7,=00 Gc\'ll'mj, 1,= 04 /e, T, =500 MeV

ey
- MC
— MIS
- AM2ord.
— AM3ord.

Shear Pressure, T (GeV/fm”)

10
Proper time, T (fm/c)

Strong dependence on which terms you include
M. Younus &A. Muronga 2019.
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M. Younus & A. Muronga 2019 ...Pressure isotropy

Pressure Isotropy, l’L/PT

AE
o — AM -
A,
F 1, = 0.0 GeV/fm’, 7, = 0.4 fm/c, T, = 500 MeV ]
p h . . . Ll . . . . . .
0'20 1 2 3 4 5 9 10 11 12

6 7 8
Proper time, T (fm/c)

M. Younus & A.Muronga, 2019
The models are very much close, they differ by EoS-calculated coefficients.
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Relaxation time beyond second order

—
— 3" ord. corrected t.” (fm/c)

-~ 2" ord. T (fm/c)

‘Shear Relaxat

7,=00 GeV/fm®, 7, = 0.4 fm/e, T, = 500 MeV a
! I 10
Proper time, T (fm/c)

Relaxation Time Correction Fa
T
!
1
1

Strong dependence on the order. Still needs proper interpretation
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M. Younus & A. Muronga 2019 ...Entropy generation

[~ — 7T s = 04,7, = 0.4 fm/c, T, = 500 MeV | |
= 1"ord.
. 2“‘: ord., = 2P, 1
[ — 3%ord,x,=2p,

- 2ord, 7, =0 -
— 3ord,m,=0 -

10’ = - Ideal eqn. =

P

10° n P | s s s s

Proper time, T (fm/c)

M. Younus & A.Muronga, 2019
This is important since it is linked to final multiplicity - refer to Jean-Yves Ollitrault talk
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Conclusions

@ For a one component fluid there are three main mechanisms for entropy
production. One is related to the dynamic preassure, one due to heat
flux and one due to shear stress.

@ For the entropy production to be non-negative the coefficients related to
bulk viscosity, shear viscosity and heat flux must satisfy some inequality
relations.

@ Third order relativistic fluid dynamics reveals the couplings and
relaxation times that are not present up to second order

@ The many identities one encounter in deriving the equations implies that
perhaps it is possible to constrain the lower order known functions such
as the equation of state and the transport, relaxation and coupling
coefficients

@ The equations presented here are the same whether derived via
divergence theory or kinetic theory

@ The relaxation and coupling coefficients are not new parameters - but
may be determined from the equation of state
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A celebration of life and science: Jean-Paul, Miklos, and Larry

To Jean-Paul, Miklos, and Larry Larry McLerran

”| have walked that long road to
freedom. | have tried not to falter; |
have made missteps along the way.
But | have discovered the secret that
after climbing a great hill, one only
finds that there are many more hills to
climb. | have taken a moment here to
rest, to steal a view of the glorious
vista that surrounds me, to look back
on the distance | have come. But | can
only rest for a moment, for with
freedom come responsibilities, and |
dare not linger, for my long walk is not
ended”

Long Walk to Freedom

—Nelson Mandela
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