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Functional renormalization group (FRG)

FRG flow equation for the scale-dependent effective average action Γk [ϕ]:

Wetterich equation

∂kΓk [ϕ] =
1

2
Tr

{
∂kRk

[
Γ

(2)
k [ϕ] + Rk

]−1
}

C. Wetterich, PLB 301 (1993) 90

RG momentum scale k

regulator function Rk , chosen such that
limk→∞ Γk [ϕ] ≡ S[ϕ] classical action

(in practice, ΓΛ[ϕ] ≡ S[ϕ], Λ sufficiently large UV cut-off)

limk→0 Γk [ϕ] ≡ Γ[ϕ] full quantum 1PI effective action

2-point vertex function Γ
(2)
k [ϕ]ij ≡

δ2Γk [ϕ]

δϕiδϕj

Wetterich equation is in principle exact, but cannot be solved without approximations

Reason: flow equation for Γ
(2)
k [ϕ] depends on Γ

(2+n)
k [ϕ] , n ≥ 1

=⇒ infinite tower of flow equations for the vertex functions Γ
(2+n)
k [ϕ] , n ≥ 0

=⇒ need to truncate at some n ≥ 0 by suitably approximating Γ
(2+n)
k [ϕ]
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JPB’s interest in FRG
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LDM and RG
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Gradient expansion

consider ϕ ≡ (ϕ1, . . . , ϕN) and O(N) symmetry

expand Γk [ϕ] in gradients of the fields ϕa , a = 1, . . .N

Γk [ϕ] =

∫
X

[
Vk(ρ) +

Zk(ρ)

2
(∂µϕa)2 +

Yk(ρ)

4
(∂µρ)2 + . . .

]
J. Berges, N. Tetradis, C. Wetterich, Phys. Rept. 363 (2002) 223

ρ ≡ 1
2
ϕ2
a

Vk (ρ) effective average potential

Zk (ρ) , Yk (ρ) effective average (field-dependent) wave-function renormalization

functions

In the following:

local-potential approximation (LPA): Zk(ρ) ≡ 1 , Yk(ρ) = 0

=⇒ FRG flow equation for Γk [ϕ] becomes partial differential equation for Vk(ρ)!

O(N) model: VΛ(ρ) = λ2 ρ+
λ4

2
ρ2 +

λ6

3
ρ3
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Flow equation for effective average potential I

define “time” variable t ≡ − ln
k

Λ
=⇒ “RG time” flows from t = 0 (UV) to t →∞ (IR)

promote t to second independent variable besides ρ

=⇒ Vk(ρ) ≡ V (t, ρ)

define V ′(t, ρ) ≡ ∂ρV (t, ρ) , V ′′(t, ρ) ≡ ∂2
ρV (t, ρ)[

Γ
(2)
t (q)

]
ab

= [q2 + V ′(t, ρ)]δab + 2ρV ′′(t, ρ) δaNδbN

=⇒ ϕa , a = 1, . . . ,N − 1 are “pion” modes, ϕN is “sigma” mode

=⇒ ∂tV (t, ρ) =
1

2

∫
q

[(
N − 1

q2 + V ′(t, ρ) + Rk(q)

+
1

q2 + V ′(t, ρ) + 2ρV ′′(t, ρ) + Rk(q)

)
∂tRk(q)

]
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Flow equation for effective average potential II

use Litim regulator Rk(q) = (k2 − q2)Θ(k2 − q2) =⇒ integral over q collapses!

rescale r ≡
ρ

(N − 1)Λd−2
, v(t, r) ≡

V (t, ρ)

(N − 1)Λd

=⇒ v ′ ≡
∂v

∂r
=

V ′

Λ2
, r v ′′ = r

∂2v

∂r2
=
ρV ′′

Λ2

define Ad ≡
Ωd

d(2π)d
, Ωd volume of d − 1–dimensional sphere

=⇒
∂tv(t, r) = −Ade

−(d+2)t

[
1

e−2t + v ′(t, r)

+
1

N − 1

1

e−2t + v ′(t, r) + 2r v ′′(t, r)

]

=⇒ standard method: solve this equation with finite-difference methods
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Flow equation for derivative of effective average potential

New approach: take derivative with respect to r , define u ≡ v ′

=⇒ ∂tu(t, r) + ∂rF (t, u) + ∂rG(t, r , u, u′) = 0

where F (t, u) ≡ Ade
−(d+2)t

e−2t + u(t, r)
, G(t, r , u, u′) ≡ 1

N − 1

Ade
−(d+2)t

e−2t + u(t, r) + 2r u′(t, r)

For now, take large–N approximation, G(t, r , u, u′)→ 0,

=⇒ ∂tu(t, r) + ∂rF (t, u) = 0

=⇒ advection equation known from hydrodynamics!

=⇒ solvable with algorithms used in hydrodynamics!

=⇒ E. Grossi, N. Wink, arXiv:1903.09503 [hep-th]

(talk presented at EMMI workshop “Functional Methods in Strongly Correlated Systems”,

Hirschegg, March 31 – April 7, 2019)
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Digression I: method of characteristics

Idea:

solve partial differential eqs. by converting them into system of ordinary differential eqs.

=⇒ in our case: find characteristic curves s(t, r) where u(s) = const., i.e.,
du(s)

ds
= 0

Obviously, 0 =
du(s)

ds
=

dt(s)

ds
∂tu(t, r) +

dr(s)

ds
∂ru(t, r)

=⇒ comparison with advection equation

0 = ∂tu(t, r) + ∂rF (t, u) = ∂tu(t, r) +
∂F (t, u)

∂u
∂ru(t, r)

yields

characteristic equations

dt(s)

ds
= 1 ,

dr(s)

ds
=
∂F (t, u)

∂u
= − Ade

−(d+2)t

[e−2t + u(t, r)]2
,

du(s)

ds
= 0 .

Interpretation: 1st two eqs. determine characteristic curves s(t, r) in (t, r)–plane,

where u(s) = const., i.e., where it keeps its initial value u(0, r) ≡ u0(r)

=⇒ since
dr(s)

ds
< 0, with increasing s (or t) characteristic curves bend left

(towards smaller values of r)
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Digression II: characteristic curves in ideal hydrodynamics I

Energy-momentum tensor

Tµν = [ε+ p(ε)]uµuν − p(ε)gµν

ε energy density

p(ε) pressure

uµ = γ(1, v)T fluid 4-velocity,
γ = (1− v2)−1/2 Lorentz-gamma factor

Equations of motion: energy-momentum conservation

∂µT
µν = 0

In 1+1 dimensions, combine the two equations for ν = t, x to obtain

[
∂t +

v ± cs(ε)

1± v cs(ε)
∂x

]
R±(ε, v) = 0

R±(ε, v) ≡ y − y0 ±
∫ ε

ε0

dε′
cs(ε

′)

ε′ + p(ε′)
Riemann invariants

cs(ε) ≡
dp(ε)

dε
velocity of sound

y ≡ Artanhv

=⇒ characteristic curves s±(t, x) defined by
dt(s±)

ds±
= 1 ,

dx(s±)

ds±
=

v ± cs(ε)

1± v cs(ε)

=⇒ sound waves travelling forward/backward in matter relative to v

=⇒ dR±
ds±

= 0, i.e., R± = const. on s±(t, x)
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Digression II: characteristic curves in ideal hydrodynamics II

x

t

expansion: characteristics fan out

x

t

compression: characteristics cross

=⇒ formation of shock wave

=⇒ (analytical) method of characteristics not applicable when shock waves occur

[(numerical) finite-difference methods do not converge to the correct solution]

But: shock waves can be treated using energy-momentum conservation across shock

(Rankine–Hugoniot–Taub equations)
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The Riemann problem

http://cococubed.asu.edu/images/flash/f16.pdf

t = 0: step in initial density distribution

t > 0:

expansion wave travels with sound velocity into
region of higher density

plateau region between foot of expansion wave
and

contact discontinuity

plateau region between contact discontinuity and

shock wave, which travels into region of smaller
density

Riemann problem completely analytically solvable!

method of characteristics for expansion wave
Rankine–Hugoniot–Taub equations for shock wave
matching different regions

[ =⇒ numerical: finite-volume methods converge to the correct solution]
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Godunov and Godunov-type methods

Numerical solution of hydrodynamics
on a grid:

quantities are constant within a cell

ρ

i−2 i−1 i i+1 i+2 i+3

ρ
i

ρ

ρ

ρ

ρ
i−2

i−1
i+1

i+2

i+3

Godunov methods:

solve Riemann problem
exactly between grid cells

i+3i−2 i−1 i i+1 i+2

Godunov-type methods:

solve Riemann problem
approximately between grid cells

i+3i−2 i−1 i i+1 i+2
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The Harten–Lax–van Leer–Einfeldt (HLLE) algorithm I

HLLE solves advection equations of type ∂tu + ∂xF (u) = 0

consider cell boundary at x = 0

initial distribution of u at time t = 0: u(0, x) =

{
ul , x < 0
ur , x ≥ 0

for t > 0 discontinuity will decay and produce a distribution

u(t, x) =


ul , x < bl t
ulr (x) , bl t ≤ x < br t
ur , x ≥ br t

where bl < 0 and br > 0 are signal velocities with which the decay proceeds to the
left and right of the cell boundary at x = 0

In the exact solution of the Riemann problem, ulr (x) is a complicated function of x .
In Godunov-type algorithms, approximate ulr = const.

ulr is determined by integrating advection equation over finite volume [xmin, xmax]

with xmin < bl t , xmax > br t:
ulr =

br ur − bl ul − F (ur ) + F (ul)

br − bl
F (ulr ) is determined by integrating advection equation over finite volume [0, xmax]:

F (ulr ) =
brbl(ur − ul) + brF (ul)− blF (ur )

br − bl
(1)
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The Harten–Lax–van Leer–Einfeldt (HLLE) algorithm II

advection equation in finite-difference form after time t = (n + 1)∆t:

un+1
j = un

j − λ(Gj+1/2 − Gj−1/2) (2) where λ ≡ ∆t

∆x

taking Gj±1/2 ≡ F (un
j±1/2), with F (un

j±1/2) given by Eq. (1), yields scheme which has
first-order accuracy in time

for second-order accuracy in time, compute half-step updated fluxes Gj±1/2

need to specify signal velocities br
j+1/2 , b

l
j+1/2

=⇒ in relativistic hydrodynamics, use characteristics:

br
j+1/2 ≡ max

(
0,

vn
j+1 + cns,j+1

1 + vn
j+1c

n
s,j+1

)

bl
j+1/2 ≡ min

(
0,

vn
j − cns,j

1− vn
j c

n
s,j

)
=⇒ causal signal propagation!

=⇒ if λ < 1, no quantity is
propagated over distance
larger than one cell size ∆x
in one timestep ∆t!
In practice, λ = 0.99 works
very well

V. Schneider, U. Katscher, DHR, B. Waldhauser, J.A. Maruhn, C.D. Munz,

J. Comput. Phys. 105 (1992) 93

DHR, S. Bernard, J.A. Maruhn, NPA 595 (1995) 346
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MG and hydrodynamics
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The Harten–Lax–van Leer–Einfeldt (HLLE) algorithm III

for FRG flow equation:

br
j+1/2 ≡ 0

bl
j+1/2 ≡ min

[
0, vf

(
un
j

)] vf (u) ≡
∂F (u)

∂u

FRG flow equation has only one set of characteristic curves

u(t, r) itself is associated Riemann invariant

signals are always transported to the left only, towards smaller r

Note: characteristic velocity vf (u(t, r)) ≡ vf (t, r) can become much smaller than -1!

=⇒ stiff differential equation!

=⇒ in principle, implicit method for time step required

workaround: reduce λ, prevent transport over more than one cell in one timestep

=⇒ in practice, successive reduction of λ by constant factor < 1 works quite well
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Results: second-order phase transition

d = 3 , λ2 = −0.1 , λ4 = 1 , λ6 = 0
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Results: second-order phase transition

d = 3 , λ2 = −0.1 , λ4 = 1 , λ6 = 0
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Results: second-order phase transition

d = 3 , λ2 = −0.1 , λ4 = 1 , λ6 = 0
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Results: second-order phase transition

d = 3 , λ2 = −0.1 , λ4 = 1 , λ6 = 0
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Results: second-order phase transition

d = 3 , λ2 = −0.1 , λ4 = 1 , λ6 = 0

0 0.05 0.1

r
-0.1

-0.05

0

u
(t

,r
)

t=4.3753

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

φ

-6e-03

-4e-03

-2e-03

0e+00

2e-03

4e-03

6e-03

8e-03

V
(t

,φ
)

0 0.05 0.1
r

1e-08

1e-07

1e-06

1e-05

1e-04

1e-03

1e-02

1e-01

1e+00

1e+01

1e+02

|v
f(t

,r
)|

Remarks:

locally concave potential

signal velocity |vf (t, r)| can
become � 1!
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Results: first-order phase transition – symmetric phase

d = 3 , λ2 = 0.0024 , λ4 = −0.103 , λ6 = 1
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Results: first-order phase transition – symmetric phase

d = 3 , λ2 = 0.0024 , λ4 = −0.103 , λ6 = 1
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Results: first-order phase transition – symmetric phase

d = 3 , λ2 = 0.0024 , λ4 = −0.103 , λ6 = 1
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Shock discontinuity develops!

=⇒ cannot be resolved by
finite-difference method!

=⇒ requires finite-volume
method or other
shock-capturing scheme!
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Results: first-order phase transition – symmetric phase

d = 3 , λ2 = 0.0024 , λ4 = −0.103 , λ6 = 1
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Results: first-order phase transition – symmetric phase

d = 3 , λ2 = 0.0024 , λ4 = −0.103 , λ6 = 1
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Results: first-order phase transition – symmetric phase

d = 3 , λ2 = 0.0024 , λ4 = −0.103 , λ6 = 1
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Remarks:

signal velocity |vf (t, r)| � 1
at shock discontinuity!

shock discontinuity stalls!

locally concave potential

minimum at φ = 0

=⇒ symmetric phase!
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Results: first-order phase transition – broken phase

d = 3 , λ2 = 0.0024 , λ4 = −0.106 , λ6 = 1

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

r
-0.0005

-0.0004

-0.0003

-0.0002

-0.0001

0

0.0001

0.0002

0.0003

0.0004

0.0005

0.0006

0.0007

0.0008

0.0009

0.001

u
(t

,r
)

t=0

0.0 0.1 0.2 0.3 0.4 0.5

φ

0e+00

1e-05

V
(t

,φ
)

0 0.05 0.1
r

1e-08

1e-07

1e-06

1e-05

1e-04

1e-03

1e-02

1e-01

1e+00

1e+01

1e+02

|v
f(t

,r
)|

Dirk H. Rischke Why FRG flow is hydrodynamic flow 29 / 37



Results: first-order phase transition – broken phase

d = 3 , λ2 = 0.0024 , λ4 = −0.106 , λ6 = 1
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Results: first-order phase transition – broken phase

d = 3 , λ2 = 0.0024 , λ4 = −0.106 , λ6 = 1
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Results: first-order phase transition – broken phase

d = 3 , λ2 = 0.0024 , λ4 = −0.106 , λ6 = 1
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Results: first-order phase transition – broken phase

d = 3 , λ2 = 0.0024 , λ4 = −0.106 , λ6 = 1
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Results: first-order phase transition – broken phase

d = 3 , λ2 = 0.0024 , λ4 = −0.106 , λ6 = 1
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Remarks:

signal velocity |vf (t, r)| � 1 at
shock discontinuity!

shock discontinuity moves out
of grid!

locally concave potential

minimum at φ 6= 0

=⇒ broken phase!
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Recent developments

Problem of |vf | � 1: use implicit method for time step

Beyond large–N approximation:

=⇒ ∂tu(t, r)+∂rF (t, u)+∂rG(t, r , u, u′) = 0

where G(t, r , u, u′) ≡
1

N − 1

Ade
−(d+2)t

e−2t + u(t, r) + 2 r u′(t, r)

=⇒ diffusion term!

=⇒ HLLE algorithm in principle able to handle this, but more robust and flexible:

Kurganov–Tadmor (KT) algorithm
A. Kurganov, E. Tadmor, J. Comput. Phys. 160 (2000) 241

also used in 3+1-d heavy-ion collision modelling! (MUSIC, BESHYDRO, . . . )

Include fermions:

=⇒ ∂tu(t, r)+∂rF (t, u)+∂rG(t, r , u, u′) = H(r)

where H(r) is simple r–dependent source term

=⇒ treat with standard Sod’s operator-splitting method

=⇒ Do results previously obtained with finite-difference methods change?
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Phase diagram of quark-meson model

R.-A. Tripolt, N. Strodthoff, L. v. Smekal, J. Wambach, Phys. Rev. D89 (2014) no.3, 034010

P. Lakaschus, DHR, in preparation
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Conclusions and Outlook

FRG flow equation is equivalent to hydrodynamic flow equation

standard finite-difference methods fail to produce correct solution in case of shock
discontinuities

standard finite-volume methods (HLLE, KT, . . . ) used in hydrodynamics are able to
obtain correct solution of FRG flow equation (i.e., resolving shock discontinuities)

previous results on phase diagram and masses of quark-meson model seem
unchanged (minimum of potential not affected by shock discontinuity in solution?)

extend beyond LPA

compute phase boundary to inhomogeneous phase by finding

Γ(2)(k) = 0 in T − µ–plane (A. Koenigstein)

chiral density wave ansatz to study inhomogeneous phase (M.J. Steil)

extend to more than one order parameter, e.g. chiral plus color-superconducting

(P. Lakaschus)
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