Vacuum currents near the horizon of
a cylindrical black hole
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Introduction

In guantum field theory the vacuum state depends on the choice of the complete set

of mode functions used for the expansion of the field operator. Among widely known examples are

Fulling-Rindler (FR) vacuum

in Minkowski spacetime

e Isrealized by the plane-wave modes e The FR vacuum corresponds to the
most frequently used in considerations qguantization of fields in the reference
of quantum field-theoretical effects on frame with the coordinate lines

background of flat spacetime. corresponding to the worldlines of

uniformly accelerated observers a.k.a.
Rindler coordinates.
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Introduction/Motivations

JOn the base of the equivalence principle, we can expect that properties of quantum fluctuations in the FR
vacuum will have common qualitative features with those for vacuum states of quantum fields in classical

gravitational backgrounds.

In particular, the Rindler metric is the leading approximation of the near-horizon geometry for most black
holes.

Better understanding of quantum vacuum effects in Rindler spacetime serves as a handle in considerations
of more complicated background geometries e.g. the Schwarzschild metric.

JThe study of the properties of the FR vacuum is also related to the conformal connection of the Rindler
metric tensor to the metric tensors of de Sitter spacetime and of the

Friedmann-Robertson-Walker spacetime with negative spatial curvature. By using these conformal
relations, the expectation values of local physical observables for conformally invariant fields in those
spacetimes are obtained from the Rindler expectation values by conformal transformations. Rindler
observers in anti-de Sitter (AdS) spacetime and the related AdS/CFT correspondence have been discussed.
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Scalar field modes in partially compact
Rindler spacetime

JThe background geometry is given by (D + 1)-dimensional locally Rindler line element.

D
S\ 2
ds® = &dr® — d&® — )  (dz’)
1=2
in terms of the Rindler coordinates:
w”:(mozT,wlzﬁ,xp,xq) ) < g < O

d The p-dimensional subspace with Cartesian coordinates has trivial topology. The g-
dimensional subspace covered by the coordinates I = p+2, .., D is compactified to a torus

(sHY, g=D-p-1.
4 In the discussion below the length of the compact dimension x! will be denoted by L.

0<z!<Lyforl=p+2,....D
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Scalar field modes in partially compact
Rindler spacetime

JThus, the subspace with the coordinates (x,, x5, . . ., Xxp) has spatial topology R” X (Sl)q.

By mtroducmg appropriate coordinate transformations in (7, 5) one can represent the line

element in it’s locally Minkowskian form.
z=0
_ ) 1 Region III &
ty = €sinhT, o = Ecosh, .
2 gV . &
dS — nuyddexM 77.“’/ = dlag(l, —1, e ooy —].) @Q n==
ditis evident [ The worldline for given t=0 (&)

2 D Left Rindler wedg Right
now, t.hat the (& x°, . . ., x")corresponds RZgionlriVer o Rindler
coordinates x* to an observer with constant proper Re‘;iig‘f
cover the so acceleration 1/&. The proper time
called right for that observer is expressed in
Rmdl_e_r wedge: terms of the dimensionless time Region 11
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Sca

ar field modes in partially compact

Rindler spacetime/Field content

JWe consider a quantum charged scalar field @(x), in the presence of an external classical gauge
field with the vector potential A ,.

(" DD, +m*) =0 D, =V, +ieA,

JThe spatial topology is nontrivial and for the theory to be defined in addition to the field
equation we need to specify the periodicity conditions on the field operator along compact
dimensions. In what follows generic quasiperiodic conditions will be imposed for

Il =p+2,...,D.

e, - the unit vector along the compact dimension x

QO(t, &.7 Xpy Xq + Llel) — eialgo(ta £7 X5 Xq)a

[

* @ - arbitrary constant phases
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Scalar field modes in partially compact
Rindler spacetime/The gauge field

JWe will consider a simple case of a gauge field, with constant components only nonzero only
along the compact dimensions.

By using an appropriate gauge transformation, one can omit the new gauge field from the
transformed field equation.

P (x) = e Xp(x), Al = A, — Dux X = Ayt
I
Al =0
J However, the gauge transformation modifies the periodicity conditions for the new field
Qpl(tvxpaxq + Llel) — €ml<p'(t,xp, Xq), O~él — —+ eAlLl.

The physical observables depend on the phases a; and on the constant components A,
through the gauge invariant combination. The effect of a constant gauge field is related to
the nontrivial spatial topology and is of the Aharonov-Bohm-type. The consideration below
will be presented in terms of the field @'(x), prime omitted.

\/
L X4
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The Mode functions

JThe properties of the vacuum state in our problem are completely determined by the two-
point functions. The evaluation of these functions can be conveniently carried on by using the
summation representation over the complete set of mode functions.

o5 (@) = Cuysee™ T K, (A), A= VE2 +m?

"o — energy "X = (X, X,)
‘k —momentum ok = k|
*(+)-positive/negative energy mode
o K x2 ia the modified Bessel function
JThe momentum can be decomposed into it’s uncomact and compact components.
k = (k,, k) kp = (k2,....kpt1) and kg = (kpio,... . kp)

IThe components along the compact dimensions are quantized by the periodicity conditions.

k; = (27Tnl + 541) /Ll, n=0,x£1.£2,....,and [ =p+2,....D
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The Mode functions

JBelow is the normalization condition for the mode functions.

/ dx / a <8Lafgp§j>k*, 1050 (w0 — ') 8 (ky — K,) Gl 1

where 5qug = 5np+2,n;+2"“6np,n’p

JOne can use the properties of second order Bessel functions to calculate the coefficient in the mode
formula.

5 oY) sinh (7w)
— Kiow() Kiw (y) = —— 2 _
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The Hadamard function

JIThe Hadamard function for a charged scalar field ¢(x) is defined as the VEV
G(z,2") = (0] p(x)¢" (') + ¢' (¢")p () |O)

. | 0)-the vacuum state, which in our case is the Fulling-Rindler vacuum.
JHaving the mode functions, the Hadamard function for the FR vacuum can be written in the

form of the mode sum (5) 40
/dk/ EOIPIEACE NP SIS
nq g= Npy2=—x np=——oo
ng = (Np42,Mp+3,---1D)
Substituting the mode function formulas
21 7P kax [
/ . .
G(x,x') = W/dkp Zez X/ dw sinh(7w) cos (WAT) Ky, (Ak€) Kiw (A&
q Ng 0 D LN\ 2
Ax=x-x,Ar=7-7 Ak:\/k%+k§+m27 kgz Z (277n2l+041)

I=p+2
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The Hadamard function

In order to compare the effects of compactification on the FR and Minkowski vacua let

us consider the Hadamard function for the Minkowski vacuum | O)M in the locally Minkowski

)
spacetime with the line element ds? = &2dt? — d&> — Z , (dx’)
=

and the spatial topology RPH (Sl)q.
It can be shown that the Minkowskian Hadamard function can be presented in the
form more convenient for comparison.

1—p ‘ o0
Gu(z,2') = 7r§+2V /dkp ZeZk'AX/O dw cosh (mw) cos (WAT) K, (Mcé) K (A&
q
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The Hadamard function/Comparison

21—p

G(:Ij,x/) - GM(wvx,) - 7rp+2V /dk Zezk Ax/ dw e ™
X COS (WAT) zw()\kg) zw(/\kg )

2
K,(X)K,(x) = —/ dT/ —cosh VT e~ @X/u)cosh T oy [— (g—l- z ;_uX )]

9—D/2

o0 1
N . p ikg (xg—x7)
G(x,x") Gu(, x) 7Tp/2+1V Zw 1"\ Xq™Xyq /0 dezi:l (T—8A7)2+7T2

X fp/2 (wnq\/|xp xp |2+ &2+ &% 268 CoshT

f(z) = K,(z)/z" \/ k2 4+ m?
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The Current density/General formula

Having the Hadamard function we can evaluate the expectation value for the current density

(14) in the FR vacuum by using the formula
. g Z . / /
O] () [0) = () = 561}{)1'1%(3# - 8M)G(x,:1: )
First we can see that the VEVs for the charge density and for the components along the

uncompact directions vanish, <]M> =0,u=20,1,. . ., p 4+ 1. Thusonlythe
o 2 p/2
N l
<] > T <j 7Tp/2+1V

Z’ﬂ“’p f i . b iigirxzc/ofhx) ki = (2mny + ay) /Ly

. deLpVit &
(1" = 2] (p+3)/2 Z ng sin(n;ay) Z wh fp+3 (niLywn,_,)

[ — 12 2 2 12 2
n, = (np-|-27"'7nl—1mnl+1 ,,,,, nD) wnq ;= k 1 tm kq_l = kq — kl
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The Current density/General formula

IThe general formula can be further simplified for a massless field, by taking into account asymptotic expressions for the second
order Bessel functions.

. . el'((D+1)/2
fu(x) R 2V_1F(V):IZ_2V, rx <1 <]l> = <JZ>M (7-(-(D—|-1)/)2/ )Llan sin (ng -

fu(z) = K,(z)/x" L[ de > o » 5 D1
/0 (45 cosh x+z Lini)~

x2 + 7T2/ i=p+2
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Numerical results/Asymptotes for the case of
a single compact dimension

JThe numerical results below will be given for the geometry with a single compact dimension

X of the length L. In this special caseonehasqg = 1, p = D — 2 and the general formulas are
simplified to
— +
0P = (P - 2 3 pu 2 / " gp Ip2-1 (2wp coshz)
mP2L e~ b ) x? + w2 /4

kp = (2mn+ap) /L wp =/ k% +m?

Here the Minkowskian part takes the form

D) 4emPHL &

— 2m) DT/ nsin(n&D)f% (nmL)

n=1
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Numerical results/Asymptotes for the case
of a single compact dimension

In figures below the graphs are plotted for the model D = 4 with a single compact dimension of the length L. Figure 1 presents the
dependence of the current density on m for different values of m L (the numbers near the curves) and for @p/27z = 0.2. In the limit
m — oo the current density tends to <jD>M. As shown by the asymptotic analysis, the current density vanishes on the Rindler horizon

é:

] ] 2.0 0.5
9\? 9\? ® 15— ]

o Q. & _
¥ 3 N 102 0.6 :
g g 'E | _
0.5} x
' 0.7 ‘
dpl2sr I ]
The difference in the current densities for the FR and Minkowski vacua (in  %°0 . . . . . . .. .. . ]
units of em?) versus the parameter @p/27 (left panel) and the length of 0.0 o1 02 ; 03 04 05

m
the compact dimension (right panel). (D = 4, single compact dimension).
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Near-horizon and large-distance vacuum
currents around cylindrical black holes

JCylindrical black holes are axially symmetric solutions of the Einstein equations with negative cosmological constant.

**They have also been studied in the context of cosmic strings, supergravity and low energy string theories.

The line element for the exterior geometry of a non-rotating and uncharged cylindrical black hole in (D + 1)
dimensional spacetime:

dr? p : 2
ds%h — f('r’)dt2 4 r? Z dyZ — 2 Z (clgbZ fr) == - Tﬁ{g

ptq+1=D,0<¢; <2m, —00 <y’ < +00

The parameters a and M are expressed in terms of negative cosmological constant A and mass
A per unit volume of the subspace (y1, ..., yp) as o \/ 1_D 167G 1

G 1-the Newton gravitational constant
in (D +1)-dimensional spacetime
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Near-horizon and large-distance vacuum
currents around cylindrical black holes

The gravitational field is characterized by two length scales: a and r; = Mﬁ.

JFor the event horizon one has 1/D 2/D

=rala/ra)
It can be shown that in the near-horizon limit the line element takes a locally Rindler form
with the lengths of the compact dimensions determined by the radius of the horizon ry:

Ly =2mrgforl=p+2,...,D

2 From here we conclude that near the horizon the current density along the direction ¢,
is expressed by the formulas obtained earlier with!/ = i+ p+ 1 and

£ = —\/T/’I’H -1

r=rg with rg = (a2M)
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Near-horizon and large-distance vacuum
currents around cylindrical black holes

JThe asymptotic geometry at large distances from the horizon, r > ry.

2
a
Expanding the metric tensor and introducing a new coordinate z = —, the line element is
. CL2 p 9 q
expressed as: ds?, ~ = [dt2 —d? —a®) (dy')" —a®) (dgy)”
1=1 =1
d With the new rescaled coordinates: _ N _
2
< The expression in the right-hand side of describes a d 2 ¢ d 2 d 2 i)?
Sph = —5 |dt” — dz" — (dz")
locally AdS spacetime with a part of the coordinates < —

compactified to a torus.
% Thevaluesz = Oand z = oo correspond
to the AdS boundary and horizon.
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Near-horizon and large-distance vacuum
currents around cylindrical black holes

[ In the special case under consideration with L; = 27ma the VEV of the current density for a
scalar field is glven by the expression

_ 2ea Y (D
() ~ (2m) (D12 ansm n, - a) ;r/12)/2(1+2 (77 /a)? Z n?
i=p+2

— /D2/4 — D(D + ¢+ m2a? galz) = (@ = 1)~ 2e ™ Qh(a)

A Here, {is the curvature coupling parameter and Qﬂ(x) is the associated Legendre function of the second
: : : : 1-2/D
kind. From r > ry we get the constraint on the ratior/a in: r/la > (rG/a) . If the length scales

rc and a are of the same order of magnitude, one has r/a > 1 and, by using the
large argument asymptotic for the function g!(x) we get

A~

4ea PT (v + D/2 +1) / ny sin (nq a)
— D
D270 (v 4 1) (27 fa) P S (2, e 4 nd) T

(') ~
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Conclusion

JWe have investigated the vacuum currents for a charged scalar field in Rindler spacetime with a toroidally
compact subspace. We assume that the field is prepared in the FR vacuum state and obeys quasi-periodicity

conditions along ] compact dimension. For an external gauge field AM a simple configuration is considered with
constant components in the compact subspace.

JThose components and the phases in the quasi-periodicity conditions appear in the expressions for the VEVs of
physical observables. The latter is interpreted in terms of the magnetic flux threading the compact dimension. The
complete set of scalar mode functions realizing the FR vacuum is given. The components of the momentum in the
compact subspace are quantized by the periodicity conditions and the corresponding eigenvalues are given.

JWe have started the investigation by evaluating the mode sum for the Hadamard function. The latter is presented
in terms of thg: corresponding function for the Minkowski vacuum in flat space-time with spatial topology
RPH (Sl) and the difference in the correlations of the vacuum fluctuations in the FR and Minkowski vacua.
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Conclusion

JThe VEV of the current density is obtained from the Hadamard function. The charge and current densities along
uncompact dimensions vanish. The current density along the ] compact dimension is presented in two equivalent
forms. In both the representations the corresponding current density in the Minkowski vacuum is explicitly
extracted.

JWe have shown that the current density vanishes on the Rindler horizon. The large values of _ correspond to small
accelerations and the difference in the current densities for the FR and Minkowski vacua is exponentially small. For
small values of the length of compact dimension the difference of the current densities between the FR and

Minkowski vacua is exponentially suppressed and the separate current densities along the ]t compact dimension
behave like l/LlD. As an application of the obtained results we have considered the near-horizon vacuum currents
around cylindrical black holes. Near the horizon the exterior geometry is approximated by a Rindler-like metric.

JAt large distances from the horizon the geometry of cylindrical black holes is approximated by a locally AdS
spacetime with a toroidally compact subspace. The lengths of the corresponding compact dimensions are expressed

in terms of the AdS curvature scale aas L, = 2ma. The vacuum currents in that geometry have been investigated.
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Thank you for your
attention.




