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DS SPACETIME

3

Scalar fields in dS spacetime – QFT in curved spacetime,
inflationary cosmology
Described by various coordinate systems
In open inflation two periods of inflation are separated by

nucleation of a bubble
Interior region of bubble includes an open universe,

described by curved space and hyperbolic coordinates
Any two separated regions eventually become causally

disconnected
Two open charts in dS space are described by open

coordinates



THE CASIMIR EFFECT
 In a number of cosmological problems, additional

boundary conditions are imposed on the operators of
quantum fields
 Boundary conditions modify the spectrum of

quantum fluctuations of fields
 Expectation values of physical observables are

changed

 Shift depends on the bulk and boundary geometries
and on the boundary conditions

Casimir effect
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AIM OF THE WORK
We consider the influence of the cosmological 

expansion on the local characteristics of the scalar 
vacuum
 Background geometry is the de Sitter spacetime 

with negative curvature spatial foliation
 Boundary geometry consists of a spherical shell
 Scalar field operator obeys the Robin boundary 

condition on the spherical shell
 The two-point Hadamard function and the vacuum 

expectation values (VEVs) of the field squared and 
the energy-momentum tensor are evaluated
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BACKGROUND SPACETIME
Background is the -dimensional 

de Sitter spacetime, which is described
by open coordinates and foliated with 
time slices having constant negative 
curvature

The line element is conformally related 
to the line element of static spacetime 
with negative constant curvature space

Spacetime curvature𝑅𝑅 =
𝐷𝐷(𝐷𝐷 + 1)

𝛼𝛼2

6

Curvature radius𝛼𝛼

𝜂𝜂𝑀𝑀𝑀𝑀𝑍𝑍𝑀𝑀𝑍𝑍𝑁𝑁 = −𝛼𝛼2 𝑀𝑀,𝑁𝑁 = 0,1, … ,𝐷𝐷 + 1

𝑑𝑑𝑑𝑑𝐷𝐷+22 = 𝜂𝜂𝑀𝑀𝑀𝑀𝑑𝑑𝑑𝑑𝑀𝑀𝑑𝑑𝑑𝑑𝑁𝑁

 -dimensional dS spacetime as a hyperboloid

in -dimensional Minkowski spacetime with the line element

(𝐷𝐷 + 1)

(𝐷𝐷 + 1)

(𝐷𝐷 + 2)



BACKGROUND SPACETIME
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𝑍𝑍0 = 𝛼𝛼 sinh ⁄𝑡𝑡 𝛼𝛼 cosh 𝑟𝑟
𝑍𝑍1 = 𝛼𝛼 cosh ⁄𝑡𝑡 𝛼𝛼
𝑍𝑍𝑖𝑖 = 𝛼𝛼𝑤𝑤𝑖𝑖−1 sinh ⁄𝑡𝑡 𝛼𝛼 sinh 𝑟𝑟 , 𝑖𝑖 = 2,3, … ,𝐷𝐷 + 1

cosh ⁄𝑡𝑡 𝛼𝛼 =
cos𝜒𝜒

sin ⁄𝜂𝜂𝑔𝑔 𝛼𝛼
,

 Coordinates with negative curvature spatial 
foliation  (LI and LII regions)

 Relations with conformal global coordinates

tanh 𝑟𝑟 = −
sin𝜒𝜒

cos ⁄𝜂𝜂𝑔𝑔 𝛼𝛼

𝑑𝑑𝑠𝑠2 = 𝑑𝑑𝑡𝑡2 − 𝛼𝛼2 sinh2(𝑡𝑡/𝛼𝛼) (𝑑𝑑𝑟𝑟2 + sinh2 𝑟𝑟 𝑑𝑑Ω𝐷𝐷−12 )

𝑑𝑑𝑠𝑠2 =
1

sinh2(𝜂𝜂/𝛼𝛼)
𝑑𝑑𝜂𝜂2 − 𝛼𝛼2 𝑑𝑑𝑟𝑟2 + sinh2 𝑟𝑟 𝑑𝑑Ω𝐷𝐷−12Conformal relation

The line element

Static spacetime with negative 
constant curvature space

𝑒𝑒𝜂𝜂/𝛼𝛼 = tanh(𝑡𝑡/2𝛼𝛼) , −∞ < 𝜂𝜂 ≤ 0,
where



BACKGROUND SPACETIME
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𝑑𝑑𝑠𝑠2 = −𝑑𝑑𝑡𝑡𝐶𝐶2 + 𝛼𝛼2 cos2 ⁄𝑡𝑡𝐶𝐶 𝛼𝛼 (𝑑𝑑𝑟𝑟𝐶𝐶2 − cosh2 𝑟𝑟𝐶𝐶 𝑑𝑑Ω𝐷𝐷−12 )

 The line element in C-region is

𝑡𝑡I
𝛼𝛼

= ln cosh ⁄𝑡𝑡 𝛼𝛼 + sinh ⁄𝑡𝑡 𝛼𝛼 cosh 𝑟𝑟
𝑟𝑟I
𝛼𝛼

= 𝑒𝑒− ⁄𝑡𝑡I 𝛼𝛼 sinh ⁄𝑡𝑡 𝛼𝛼 sinh 𝑟𝑟

𝑑𝑑𝑠𝑠2 = 𝑑𝑑𝑡𝑡I2 − 𝑒𝑒 ⁄2𝑡𝑡I 𝛼𝛼 (𝑑𝑑𝑟𝑟I2 + 𝑟𝑟I2𝑑𝑑Ω𝐷𝐷−12 )

 Inflationary coordinates cover 
only the half of dS spacetime

 The line element is



PROBLEM FORMULATION

Boundary geometry consists of a sphere of radius 𝑟𝑟0
with Robin boundary condition (BC)

�(𝐴𝐴 − 𝛿𝛿(𝑗𝑗)𝐵𝐵𝜕𝜕𝑟𝑟)𝜑𝜑(𝑥𝑥)
𝑟𝑟=𝑟𝑟0

= 0,

𝑗𝑗 = 𝑖𝑖, 𝑒𝑒, 𝛿𝛿(𝑖𝑖) = 1, 𝛿𝛿(𝑒𝑒) = −1

Field equation
(∇𝜇𝜇∇𝜇𝜇 + 𝑚𝑚2 + 𝜉𝜉𝜉𝜉)𝜑𝜑(𝑥𝑥) = 0

Special case - Dirichlet BC

𝐴𝐴 = 1,𝐵𝐵 = 0

2𝑟𝑟0

Minimal coupling 𝜉𝜉 = 0

𝜉𝜉 =
𝐷𝐷 − 1
4𝐷𝐷 9Conformal coupling

Scalar field 𝜑𝜑
mass - 𝑚𝑚
curvature coupling parameter - 𝜉𝜉
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MODE FUNCTIONS

where

𝜑𝜑𝜎𝜎(𝑡𝑡, 𝑟𝑟,𝜗𝜗,𝜙𝜙) =
𝑋𝑋𝜈𝜈𝑖𝑖𝑖𝑖(cosh( ⁄𝑡𝑡 𝛼𝛼))

sinh ⁄𝐷𝐷−1 2( ⁄𝑡𝑡 𝛼𝛼)
𝑍𝑍𝑖𝑖𝑖𝑖− ⁄1 2
−𝜇𝜇 (cosh 𝑟𝑟)
sinh ⁄𝐷𝐷 2−1 𝑟𝑟

𝑌𝑌(𝑚𝑚𝑝𝑝;𝜗𝜗,𝜙𝜙)

𝑋𝑋𝜈𝜈𝑖𝑖𝑖𝑖 𝑦𝑦 = 𝑑𝑑1𝑃𝑃𝜈𝜈− ⁄1 2
𝑖𝑖𝑖𝑖 𝑦𝑦 + 𝑑𝑑2𝑄𝑄𝜈𝜈− ⁄1 2

𝑖𝑖𝑖𝑖 𝑦𝑦 = 𝑏𝑏1𝑃𝑃𝜈𝜈− ⁄1 2
𝑖𝑖𝑖𝑖 𝑦𝑦 + 𝑏𝑏2𝑃𝑃𝜈𝜈− ⁄1 2

−𝑖𝑖𝑖𝑖 𝑦𝑦

- the set of quantum numbers specifying the modes

are expressed in terms of associated Legendre 
functions of the first and second kinds

𝑍𝑍𝑖𝑖𝑖𝑖− ⁄1 2
−𝜇𝜇 (𝑢𝑢) = 𝑐𝑐1𝑃𝑃𝑖𝑖𝑖𝑖− ⁄1 2

−𝜇𝜇 (𝑢𝑢) + 𝑐𝑐2𝑄𝑄𝑖𝑖𝑖𝑖− ⁄1 2
−𝜇𝜇 (𝑢𝑢)

𝑍𝑍𝑖𝑖𝑖𝑖− ⁄1 2
−𝜇𝜇 (cosh 𝑟𝑟)

𝑌𝑌(𝑚𝑚𝑝𝑝;𝜗𝜗,𝜙𝜙) - hyperspherical harmonics of degree

𝜎𝜎

𝑋𝑋𝜈𝜈𝑖𝑖𝑖𝑖(cosh( ⁄𝑡𝑡 𝛼𝛼))

𝜈𝜈 = ⁄𝐷𝐷2 4− 𝜉𝜉𝜉𝜉 𝐷𝐷 + 1 −𝑚𝑚2𝛼𝛼2, 𝜇𝜇 = 𝑙𝑙 + ⁄𝐷𝐷 2 − 1

11

𝑦𝑦 = cosh(𝑡𝑡/𝛼𝛼),where 𝑢𝑢 = cosh 𝑟𝑟

𝑙𝑙



MODE FUNCTIONS

𝑓𝑓∗(𝑥𝑥)𝑓𝑓𝑓(𝑥𝑥) − 𝑓𝑓(𝑥𝑥)𝑓𝑓∗′(𝑥𝑥) = −
𝑖𝑖

sinh𝐷𝐷 𝑥𝑥

𝑏𝑏1 2 − 𝑏𝑏2 2 =
𝜋𝜋

2 sinh(𝜋𝜋𝜋𝜋)
2
𝜋𝜋
𝑑𝑑1 2 sinh 𝜋𝜋𝜋𝜋 + 𝑖𝑖 (𝑑𝑑1𝑑𝑑2∗ − 𝑑𝑑2𝑑𝑑1∗)𝑒𝑒−𝜋𝜋𝑧𝑧 = 1

−𝑖𝑖�𝑑𝑑𝐷𝐷𝑥𝑥 𝑔𝑔 𝜑𝜑𝜎𝜎(𝑥𝑥)𝜕𝜕𝑡𝑡𝜑𝜑𝜎𝜎𝜎∗ (𝑥𝑥) = 𝛿𝛿𝜎𝜎𝜎𝜎𝜎

�(𝐴𝐴 − 𝛿𝛿(𝑗𝑗)𝐵𝐵𝜕𝜕𝑟𝑟)𝜑𝜑(𝑥𝑥)
𝑟𝑟=𝑟𝑟0

= 0
𝑐𝑐2
𝑐𝑐1

𝑐𝑐1

The relations between coefficients are found from 
normalization conditions and BC

12𝑓𝑓 𝑥𝑥 ≡ 𝑓𝑓 ⁄𝑡𝑡 𝛼𝛼 - temporal part of 𝜑𝜑𝜎𝜎(𝑥𝑥)



VACUUM STATE – CONFORMAL VACUUM

𝑋𝑋𝑖𝑖𝑖𝑖 𝑚𝑚𝑚𝑚 = 𝑏𝑏1𝑃𝑃𝜈𝜈−1/2
𝑖𝑖𝑖𝑖 𝑦𝑦

𝜑𝜑𝜎𝜎
𝑠𝑠 𝑥𝑥 =

𝑒𝑒 ⁄−𝑖𝑖𝑖𝑖𝜂𝜂 𝛼𝛼𝑍𝑍𝑖𝑖𝑖𝑖− ⁄1 2
−𝜇𝜇 cosh 𝑟𝑟

sinh ⁄𝐷𝐷 2−1 𝑟𝑟
𝑌𝑌 𝑚𝑚𝑘𝑘;𝜗𝜗,𝜙𝜙

𝜑𝜑𝜎𝜎 𝑥𝑥 = sinh
𝐷𝐷−1
2 ⁄𝜂𝜂 𝛼𝛼 𝑒𝑒 ⁄−𝑖𝑖𝑖𝑖𝜂𝜂 𝛼𝛼

𝑍𝑍𝑖𝑖𝑖𝑖− ⁄1 2
−𝜇𝜇 cosh 𝑟𝑟
sinh ⁄𝐷𝐷 2−1 𝑟𝑟

𝑌𝑌 𝑚𝑚𝑘𝑘;𝜗𝜗,𝜙𝜙

 Massless conformally coupled field

Mode functions in static spacetime

𝑋𝑋 ⁄1 2
𝑖𝑖𝑖𝑖 𝑦𝑦 =

𝑏𝑏1𝑒𝑒 ⁄−𝑖𝑖𝑖𝑖𝜂𝜂 𝛼𝛼

Γ 1 − 𝑖𝑖𝑖𝑖
+
𝑏𝑏2𝑒𝑒 ⁄𝑖𝑖𝑖𝑖𝜂𝜂 𝛼𝛼

Γ 1 + 𝑖𝑖𝑖𝑖

Temporal part of mode functions
in dS spacetime

 Massive field with general curvature coupling

𝑏𝑏2 = 0, 𝑏𝑏1 2 =
𝜋𝜋

2 sinh(𝜋𝜋𝜋𝜋)

13

 Mode functions in dS spacetime for the conformal vacuum

𝜑𝜑𝜎𝜎 𝑥𝑥 = Ω ⁄1−𝐷𝐷 2𝜑𝜑𝜎𝜎
𝑠𝑠 𝑥𝑥

Ω2 = sinh−2 ⁄𝜂𝜂 𝛼𝛼
where

Conformal factor



VACUUM STATE – ADIABATIC VACUUM

where

𝑋𝑋𝜈𝜈𝑖𝑖𝑖𝑖 cosh ⁄𝑡𝑡 𝛼𝛼 ≈
𝑏𝑏1𝑒𝑒 ⁄−𝑖𝑖𝑖𝑖𝜂𝜂 𝛼𝛼

Γ 1 − 𝑖𝑖𝑖𝑖
+
𝑏𝑏2𝑒𝑒 ⁄𝑖𝑖𝑖𝑖𝜂𝜂 𝛼𝛼

Γ 1 + 𝑖𝑖𝑖𝑖

𝑏𝑏2 = 0, 𝑏𝑏1 2 =
𝜋𝜋

2 sinh(𝜋𝜋𝜋𝜋)

14

ℎ 𝜂𝜂 = sinh ⁄𝐷𝐷−1 2 ⁄𝑡𝑡 𝛼𝛼 𝑓𝑓 ⁄𝑡𝑡 𝛼𝛼

𝜕𝜕𝜂𝜂2ℎ 𝜂𝜂 +𝜔𝜔2 𝑧𝑧, 𝜂𝜂 ℎ 𝜂𝜂 = 0
 Temporal part of equation of motion

𝜔𝜔 𝑧𝑧, 𝜂𝜂 =
1
𝛼𝛼

𝑧𝑧2 −
𝜈𝜈2 − ⁄1 4

sinh2 ⁄𝜂𝜂 𝛼𝛼

⁄1 2

 Time dependence of the effective frequency is weak for 

effective frequency

𝜂𝜂 ≫ 𝛼𝛼

Zeroth adiabatic order for the 
modes realizing in-vacuum

ℎ 0 𝜂𝜂 ~𝑒𝑒 ⁄−𝑖𝑖𝑖𝑖𝑖𝑖 𝛼𝛼

 Asymptotically static region (static in-region)  𝜂𝜂 → −∞ ⁄𝑡𝑡 𝛼𝛼 ≪ 1

Temporal part of mode functions

 Coincides with conformal vacuum



HADAMARD FUNCTION

 Interior region of the sphere, hyperbolic vacuum 

 Exterior region of the sphere, hyperbolic vacuum 
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𝐺𝐺 𝑥𝑥, 𝑥𝑥′ = �
𝜎𝜎

[𝜑𝜑𝜎𝜎 𝑥𝑥 𝜑𝜑𝜎𝜎∗ 𝑥𝑥′ + 𝜑𝜑𝜎𝜎 𝑥𝑥′ 𝜑𝜑𝜎𝜎∗ 𝑥𝑥 ] = 𝐺𝐺0(𝑥𝑥, 𝑥𝑥𝑥) + 𝐺𝐺𝑠𝑠(𝑥𝑥, 𝑥𝑥𝑥)

𝐺𝐺𝑠𝑠 𝑥𝑥, 𝑥𝑥′ = −
2𝛼𝛼1−𝐷𝐷

𝑛𝑛𝑆𝑆𝐷𝐷
�
𝑙𝑙=0

∞

𝜇𝜇𝐶𝐶𝑙𝑙
⁄𝑛𝑛 2(cos𝜃𝜃)�

0

∞

𝑑𝑑𝑑𝑑
𝑧𝑧𝑒𝑒−𝑖𝑖𝜇𝜇𝜇𝜇

sin(𝜋𝜋𝜋𝜋)
𝑄𝑄𝑧𝑧− ⁄1 2
𝜇𝜇

(𝑢𝑢0)

𝑃𝑃𝑧𝑧− ⁄1 2
−𝜇𝜇

(𝑢𝑢0)

𝐺𝐺𝑠𝑠 𝑥𝑥, 𝑥𝑥′ = −
2𝛼𝛼1−𝐷𝐷

𝑛𝑛𝑆𝑆𝐷𝐷
�
𝑙𝑙=0

∞

𝜇𝜇𝐶𝐶𝑙𝑙
⁄𝑛𝑛 2(cos𝜃𝜃)�

0

∞

𝑑𝑑𝑑𝑑
𝑧𝑧𝑒𝑒−𝑖𝑖𝜇𝜇𝜇𝜇

sin(𝜋𝜋𝜋𝜋)
𝑃𝑃𝑧𝑧− ⁄1 2
−𝜇𝜇

(𝑢𝑢0)

𝑄𝑄𝑧𝑧− ⁄1 2
𝜇𝜇

(𝑢𝑢0)

×
𝑃𝑃𝑧𝑧− ⁄1 2
−𝜇𝜇 (𝑢𝑢)𝑃𝑃𝑧𝑧− ⁄1 2

−𝜇𝜇 (𝑢𝑢𝑢)
(sinh 𝑟𝑟 sinh 𝑟𝑟 ′) ⁄𝐷𝐷 2−1

∑𝑗𝑗=+,−𝑃𝑃𝜈𝜈− ⁄1 2
𝑗𝑗𝑗𝑗 𝑦𝑦 𝑃𝑃𝜈𝜈− ⁄1 2

−𝑗𝑗𝑗𝑗 𝑦𝑦′

[sinh( ⁄𝑡𝑡 𝛼𝛼) sinh( ⁄𝑡𝑡𝑡 𝛼𝛼)] ⁄𝐷𝐷−1 2

×
𝑄𝑄𝑧𝑧− ⁄1 2
𝜇𝜇 (𝑢𝑢)𝑄𝑄𝑧𝑧− ⁄1 2

𝜇𝜇 (𝑢𝑢𝑢)
(sinh 𝑟𝑟 sinh 𝑟𝑟 ′) ⁄𝐷𝐷 2−1

∑𝑗𝑗=+,−𝑃𝑃𝜈𝜈− ⁄1 2
−𝑗𝑗𝑗𝑗 𝑦𝑦 𝑃𝑃𝜈𝜈− ⁄1 2

𝑗𝑗𝑗𝑗 𝑦𝑦′

[sinh( ⁄𝑡𝑡 𝛼𝛼) sinh( ⁄𝑡𝑡𝑡 𝛼𝛼)] ⁄𝐷𝐷−1 2



HADAMARD FUNCTION
 Interior region

 Exterior region

Summation over

Integration by

Summation formula

�
𝑘𝑘=1

∞

𝑇𝑇𝜇𝜇 𝑧𝑧𝑘𝑘 ,𝑢𝑢0 ℎ 𝑧𝑧𝑘𝑘 =
𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖

2
�
0

∞

𝑑𝑑𝑑𝑑 sinh 𝜋𝜋𝜋𝜋 ℎ(𝑥𝑥)

𝑃𝑃𝑖𝑖𝑧𝑧𝑘𝑘− ⁄1 2
−𝜇𝜇

(𝑢𝑢0) = 0,𝑢𝑢0 = cosh 𝑟𝑟0

−
1
2𝜋𝜋

�
0

∞

𝑑𝑑𝑑𝑑
𝑄𝑄𝑥𝑥− ⁄1 2
−𝜇𝜇

(𝑢𝑢0)

𝑃𝑃𝑥𝑥− ⁄1 2
−𝜇𝜇

(𝑢𝑢0)
cos[𝜋𝜋(𝑥𝑥 − 𝜇𝜇)] �

𝑗𝑗=±

ℎ 𝑥𝑥𝑒𝑒 ⁄𝑗𝑗𝜋𝜋𝜋𝜋 2

where

𝑇𝑇𝜇𝜇 𝑧𝑧,𝑢𝑢 =
𝑄𝑄𝑖𝑖𝑖𝑖− ⁄1 2
−𝜇𝜇

(𝑢𝑢)

𝜕𝜕𝑧𝑧𝑃𝑃𝑖𝑖𝑖𝑖− ⁄1 2
−𝜇𝜇

(𝑢𝑢)
cos 𝜋𝜋 𝜇𝜇 − 𝑖𝑖𝑖𝑖
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ℎ(𝑧𝑧) = 𝑧𝑧
Γ 𝜇𝜇 + 𝑖𝑖𝑖𝑖 + ⁄1 2 2

sinh(𝜋𝜋𝜋𝜋)
𝑃𝑃𝑖𝑖𝑧𝑧− ⁄1 2
−𝜇𝜇 (𝑢𝑢)𝑃𝑃𝑖𝑖𝑧𝑧− ⁄1 2

−𝜇𝜇 (𝑢𝑢𝑢) �
𝑗𝑗=+,−

𝑃𝑃𝜈𝜈− ⁄1 2
𝑗𝑗𝑖𝑖𝑧𝑧 (𝑦𝑦)𝑃𝑃𝜈𝜈− ⁄1 2

−𝑗𝑗𝑖𝑖𝑧𝑧 (𝑦𝑦𝑦)

𝑧𝑧𝑘𝑘

𝑧𝑧



VEV OF THE FIELD SQUARED

 Interior region
𝜑𝜑2 = 𝜑𝜑2 0 + 𝜑𝜑2 𝑠𝑠

𝜑𝜑2 𝑠𝑠 = −
𝛼𝛼1−𝐷𝐷 sinh2−𝐷𝐷 𝑟𝑟
𝑆𝑆𝐷𝐷 sinh𝐷𝐷−1 ⁄𝑡𝑡 𝛼𝛼

�
𝑙𝑙=0

∞

𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝐷𝐷𝑙𝑙 �
0

∞

𝑑𝑑𝑑𝑑
𝑥𝑥

sin 𝜋𝜋𝑥𝑥
𝑄𝑄𝑥𝑥− ⁄1 2
𝜇𝜇

𝑢𝑢0

𝑃𝑃𝑥𝑥− ⁄1 2
−𝜇𝜇

𝑢𝑢0
× 𝑃𝑃𝜈𝜈− ⁄1 2

𝑥𝑥 (𝑦𝑦)𝑃𝑃𝜈𝜈− ⁄1 2
−𝑥𝑥 (𝑦𝑦)[𝑃𝑃𝑥𝑥− ⁄1 2

−𝜇𝜇 (𝑢𝑢)]2

 Exterior region
𝑃𝑃𝑥𝑥− ⁄1 2
−𝜇𝜇

(𝑢𝑢0) ⇄ 𝑄𝑄𝑥𝑥− ⁄1 2
𝜇𝜇

(𝑢𝑢0)
𝑃𝑃𝑥𝑥− ⁄1 2
−𝜇𝜇 (𝑢𝑢) ⇄ 𝑄𝑄𝑥𝑥− ⁄1 2

𝜇𝜇 (𝑢𝑢)

𝜑𝜑2 𝑠𝑠 = −
2𝛼𝛼1−𝐷𝐷 sinh2−𝐷𝐷 𝑟𝑟
𝜋𝜋𝑆𝑆𝐷𝐷 sinh𝐷𝐷−1 ⁄𝑡𝑡 𝛼𝛼

�
𝑙𝑙=0

∞

𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝐷𝐷𝑙𝑙 �
𝑘𝑘=0

∞

′ (−1)𝑘𝑘 �
0

∞

𝑑𝑑𝑑𝑑
𝑥𝑥𝑥𝑥(𝑥𝑥) − 𝑘𝑘𝑘𝑘(𝑘𝑘)

𝑥𝑥2 − 𝑘𝑘2

𝐹𝐹(𝑥𝑥) = 𝑥𝑥
𝑄𝑄𝑥𝑥− ⁄1 2
𝜇𝜇

(𝑢𝑢0)

𝑃𝑃𝑥𝑥− ⁄1 2
−𝜇𝜇

(𝑢𝑢0)
𝑃𝑃𝜈𝜈− ⁄1 2
𝑥𝑥 (𝑦𝑦)𝑃𝑃𝜈𝜈− ⁄1 2

−𝑥𝑥 (𝑦𝑦)[𝑃𝑃𝑥𝑥− ⁄1 2
−𝜇𝜇 (𝑢𝑢)]2

where
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ENERGY-MOMENTUM TENSOR (EMT)

𝑇𝑇𝑖𝑖𝑖𝑖 = lim
𝑥𝑥𝑥→𝑥𝑥

𝜕𝜕𝑖𝑖𝑖 𝜕𝜕𝑘𝑘𝑊𝑊(𝑥𝑥, 𝑥𝑥𝑥) + 𝜉𝜉 − ⁄1 4 𝑔𝑔𝑖𝑖𝑖𝑖∇𝑝𝑝∇𝑝𝑝 − 𝜉𝜉∇𝑖𝑖∇𝑘𝑘 − 𝜉𝜉𝑅𝑅𝑖𝑖𝑖𝑖 𝜑𝜑2

𝑇𝑇𝑘𝑘𝑖𝑖 𝑠𝑠 =

𝜀𝜀 𝑇𝑇10 𝑠𝑠 0 0 0
𝑇𝑇01 𝑠𝑠 −𝑝𝑝 0 0 0

0 0 −𝑝𝑝⊥ 0 0
0 0 0 ⋱ ⋮
0 0 0 ⋯ −𝑝𝑝⊥

VEV of EMT

𝑇𝑇𝑖𝑖𝑖𝑖 = 𝑇𝑇𝑖𝑖𝑖𝑖 0 + 𝑇𝑇𝑖𝑖𝑖𝑖 𝑠𝑠

18

 Non-diagonal component corresponds to the energy flux along radial 
direction 



ENERGY FLUX AND ENERGY DENSITY
 Interior region

Energy flux

𝑇𝑇01 𝑠𝑠 =
sinh−3 ⁄𝑡𝑡 𝛼𝛼
𝛼𝛼𝐷𝐷+2𝑆𝑆𝐷𝐷

�
𝑙𝑙=0

∞

𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝐷𝐷𝑙𝑙 �
0

∞

𝑑𝑑𝑑𝑑
𝑥𝑥

sin 𝜋𝜋𝜋𝜋
𝑄𝑄𝑥𝑥− ⁄1 2
𝜇𝜇

(𝑢𝑢0)

𝑃𝑃𝑥𝑥− ⁄1 2
−𝜇𝜇

(𝑢𝑢0)

Energy density

where

19

×
1
4
− 𝜉𝜉 𝑦𝑦2 − 1 𝜕𝜕𝑦𝑦 + 𝜉𝜉𝜉𝜉 𝜕𝜕𝑟𝑟𝐹𝐹 𝑖𝑖 𝑥𝑥,𝑦𝑦,𝑢𝑢

𝑇𝑇00 𝑠𝑠 = −
sinh−2 ⁄𝑡𝑡 𝛼𝛼
𝛼𝛼𝐷𝐷+1𝑆𝑆𝐷𝐷

�
𝑙𝑙=0

∞

𝐷𝐷𝑙𝑙 �
0

∞

𝑑𝑑𝑑𝑑
𝑥𝑥𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖

sin 𝜋𝜋𝜋𝜋
𝑄𝑄𝑥𝑥− ⁄1 2
𝜇𝜇

𝑢𝑢0

𝑃𝑃𝑥𝑥− ⁄1 2
−𝜇𝜇

𝑢𝑢0
[ �𝐹𝐹0

0 𝑦𝑦 − �𝐹𝐹0
1 𝑢𝑢 ]𝐹𝐹 𝑖𝑖 𝑥𝑥,𝑦𝑦,𝑢𝑢

𝐹𝐹 𝑖𝑖 𝑥𝑥, 𝑦𝑦,𝑢𝑢 =
𝑃𝑃𝜈𝜈− ⁄1 2
𝑥𝑥 𝑦𝑦 𝑃𝑃𝜈𝜈− ⁄1 2

−𝑥𝑥 𝑦𝑦
sinh𝐷𝐷−1 ⁄𝑡𝑡 𝛼𝛼

[𝑃𝑃𝑥𝑥− ⁄1 2
−𝜇𝜇 (𝑢𝑢)]2

sinh𝐷𝐷−2𝑟𝑟

�𝐹𝐹0
0 𝑦𝑦 = 𝑦𝑦2 − 1

1
4 𝑦𝑦2 − 1 𝜕𝜕𝑦𝑦2 + 𝐷𝐷 𝜉𝜉 + 𝜉𝜉𝐷𝐷 +

1
2 𝑦𝑦𝜕𝜕𝑦𝑦 + 𝑚𝑚2𝛼𝛼2 + 𝜉𝜉𝐷𝐷2 +

(𝐷𝐷 − 1)2

4 − 𝑥𝑥2

�𝐹𝐹0
1 𝑢𝑢 = 𝜉𝜉 −

1
4 𝑢𝑢2 − 1 𝜕𝜕𝑢𝑢2 + 𝐷𝐷𝐷𝐷𝜕𝜕𝑢𝑢



VACUUM STRESSES
 Interior region

Normal stress

Azimuthal stress

where

20

�𝐹𝐹𝑘𝑘
0 𝑦𝑦 = 𝑦𝑦2 − 1 𝜉𝜉 − 1

4
𝑦𝑦2 − 1 𝜕𝜕𝑦𝑦2 + 𝐷𝐷 𝜉𝜉 − 𝜉𝜉𝐷𝐷 − 1

2
𝑦𝑦𝜕𝜕𝑦𝑦 − 𝜉𝜉𝜉𝜉 +𝛿𝛿1𝑘𝑘 𝑥𝑥2 − (𝐷𝐷−1)2

4

�𝐹𝐹1
1 𝑢𝑢 =

1
4 𝑢𝑢2 − 1 𝜕𝜕𝑢𝑢2 + 𝜉𝜉 𝐷𝐷 − 1 +

𝐷𝐷
4 𝑢𝑢𝜕𝜕𝑢𝑢 −

𝑙𝑙 𝑙𝑙 + 𝑛𝑛
𝑢𝑢2 − 1

�𝐹𝐹2
1 𝑢𝑢 = �𝐹𝐹0

1 𝑢𝑢 − 𝜉𝜉𝜉𝜉𝜕𝜕𝑢𝑢 +
1

𝐷𝐷 − 1
𝑙𝑙 𝑙𝑙 + 𝑛𝑛
𝑢𝑢2 − 1

𝑇𝑇11 𝑠𝑠 = −
sinh−2 ⁄𝑡𝑡 𝛼𝛼
𝛼𝛼𝐷𝐷+1𝑆𝑆𝐷𝐷

�
𝑙𝑙=0

∞

𝐷𝐷𝑙𝑙 �
0

∞

𝑑𝑑𝑑𝑑
𝑥𝑥𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖

sin 𝜋𝜋𝜋𝜋
𝑄𝑄𝑥𝑥− ⁄1 2
𝜇𝜇

𝑢𝑢0

𝑃𝑃𝑥𝑥− ⁄1 2
−𝜇𝜇

𝑢𝑢0
[ �𝐹𝐹1

0 𝑦𝑦 − �𝐹𝐹1
1 𝑢𝑢 ]𝐹𝐹 𝑖𝑖 𝑥𝑥,𝑦𝑦,𝑢𝑢

𝑇𝑇22 𝑠𝑠 = −
sinh−2 ⁄𝑡𝑡 𝛼𝛼
𝛼𝛼𝐷𝐷+1𝑆𝑆𝐷𝐷

�
𝑙𝑙=0

∞

𝐷𝐷𝑙𝑙 �
0

∞

𝑑𝑑𝑑𝑑
𝑥𝑥𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖

sin 𝜋𝜋𝜋𝜋
𝑄𝑄𝑥𝑥− ⁄1 2
𝜇𝜇

𝑢𝑢0

𝑃𝑃𝑥𝑥− ⁄1 2
−𝜇𝜇

𝑢𝑢0
[ �𝐹𝐹2

0 𝑦𝑦 − �𝐹𝐹2
1 𝑢𝑢 ]𝐹𝐹 𝑖𝑖 𝑥𝑥,𝑦𝑦,𝑢𝑢



CONSERVATION EQUATION
 Interior region

∇𝑘𝑘 𝑇𝑇𝑖𝑖𝑘𝑘 𝑠𝑠 = 0Covariant conservation equation

𝑇𝑇22 𝑠𝑠 = 𝑇𝑇33 𝑠𝑠 = ⋯ = 𝑇𝑇𝐷𝐷𝐷𝐷 𝑠𝑠

 Exterior region

�
𝑘𝑘=0,1

𝜕𝜕𝑘𝑘 𝑇𝑇0𝑘𝑘 𝑠𝑠 + 𝐷𝐷 − 1 coth 𝑟𝑟 𝑇𝑇01 𝑠𝑠 +
1
𝛼𝛼

coth 𝑡𝑡/𝛼𝛼 𝐷𝐷 + 1 𝑇𝑇00 𝑠𝑠 − 𝑇𝑇𝑘𝑘𝑘𝑘 𝑠𝑠 = 0

�
𝑘𝑘=0,1

𝜕𝜕𝑘𝑘 𝑇𝑇1𝑘𝑘 𝑠𝑠 +
𝐷𝐷
𝛼𝛼

coth 𝑡𝑡/𝛼𝛼 𝑇𝑇10 𝑠𝑠 + 𝐷𝐷 − 1 coth 𝑟𝑟 𝑇𝑇11 𝑠𝑠 − 𝑇𝑇22 𝑠𝑠 = 0.

𝑃𝑃𝑥𝑥− ⁄1 2
−𝜇𝜇

(𝑢𝑢0) ⇄ 𝑄𝑄𝑥𝑥− ⁄1 2
𝜇𝜇

(𝑢𝑢0)
𝑃𝑃𝑥𝑥− ⁄1 2
−𝜇𝜇 (𝑢𝑢) ⇄ 𝑄𝑄𝑥𝑥− ⁄1 2

𝜇𝜇 (𝑢𝑢)

The vacuum energy induced by the sphere in the spherical shell 𝑟𝑟1 ≤ 𝑟𝑟 ≤ 𝑟𝑟2
𝐸𝐸 𝑠𝑠 = 𝛼𝛼 sinh 𝑡𝑡/𝛼𝛼 �

𝑟𝑟1

𝑟𝑟2
𝑑𝑑𝑑𝑑 𝑆𝑆𝑝𝑝 𝑟𝑟 𝑇𝑇00 𝑠𝑠

𝑆𝑆𝑝𝑝 𝑟𝑟 = 𝑆𝑆𝐷𝐷 𝛼𝛼 sinh ⁄𝑡𝑡 𝛼𝛼 sinh 𝑟𝑟 𝐷𝐷−1 proper surface area of the sphere with radius 𝑟𝑟

𝜕𝜕0𝐸𝐸 𝑠𝑠 = −𝛼𝛼 sinh ⁄𝑡𝑡 𝛼𝛼 �𝑆𝑆𝑝𝑝 𝑟𝑟 𝑇𝑇01 𝑠𝑠 𝑟𝑟=𝑟𝑟1

𝑟𝑟=𝑟𝑟2
+ cosh ⁄𝑡𝑡 𝛼𝛼 �

𝑟𝑟1

𝑟𝑟2
𝑑𝑑𝑑𝑑𝑆𝑆𝑝𝑝 𝑟𝑟 �

𝑘𝑘=1

𝐷𝐷

𝑇𝑇𝑘𝑘𝑘𝑘 𝑠𝑠

�𝑇𝑇01 𝑠𝑠 = 𝛼𝛼 sinh( ⁄𝑡𝑡 𝛼𝛼) 𝑇𝑇01 𝑠𝑠
Energy flux density per unit proper surface area
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ASYMPTOTIC BEHAVIOR
 Early stages of expansion.

 Late stages of expansion.

 Near the sphere center.

 Near the sphere.

 Far from the sphere.

𝜑𝜑2 𝑠𝑠 ≈ −
sinh2−𝐷𝐷 𝑟𝑟
𝜋𝜋𝑆𝑆𝐷𝐷𝑡𝑡𝐷𝐷−1

�
𝑙𝑙=0

∞

𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝐷𝐷𝑙𝑙 �
0

∞

𝑑𝑑𝑑𝑑
𝑄𝑄𝑥𝑥− ⁄1 2
𝜇𝜇

𝑢𝑢0

𝑃𝑃𝑥𝑥− ⁄1 2
−𝜇𝜇

𝑢𝑢0
[𝑃𝑃𝑥𝑥− ⁄1 2

−𝜇𝜇 (𝑢𝑢)]2

𝜈𝜈 = 0 𝜑𝜑2 𝑠𝑠 ≈ −
2𝐷𝐷+1𝑡𝑡2𝑒𝑒− ⁄𝐷𝐷𝐷𝐷 𝛼𝛼

𝜋𝜋2𝑆𝑆𝐷𝐷𝛼𝛼𝐷𝐷+1 sinh𝐷𝐷−2 𝑟𝑟
�
𝑙𝑙=0

∞

𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝐷𝐷𝑙𝑙 �
0

∞

𝑑𝑑𝑑𝑑𝑥𝑥 cot 𝜋𝜋𝜋𝜋
𝑄𝑄𝑥𝑥− ⁄1 2
𝜇𝜇

𝑢𝑢0

𝑃𝑃𝑥𝑥− ⁄1 2
−𝜇𝜇

𝑢𝑢0
[𝑃𝑃𝑥𝑥− ⁄1 2

−𝜇𝜇 (𝑢𝑢)]2

(𝜈𝜈 > 0; 𝜈𝜈 = 𝑖𝑖 𝜈𝜈 )

𝜑𝜑2 𝑠𝑠 ≈ −
𝑒𝑒−𝑖𝑖𝜋𝜋 ⁄𝐷𝐷 2−1 2𝛼𝛼 1−𝐷𝐷

𝜋𝜋𝐷𝐷/2Γ ⁄𝐷𝐷 2 sinh𝐷𝐷−1 ⁄𝑡𝑡 𝛼𝛼
�
0

∞

𝑑𝑑𝑑𝑑
𝑥𝑥

sin 𝜋𝜋𝜋𝜋
𝑄𝑄𝑥𝑥− ⁄1 2

⁄𝐷𝐷 2−1
𝑢𝑢0

𝑃𝑃𝑥𝑥− ⁄1 2
1− ⁄𝐷𝐷 2

𝑢𝑢0
𝑃𝑃𝜈𝜈− ⁄1 2
𝑥𝑥 (𝑦𝑦)𝑃𝑃𝜈𝜈− ⁄1 2

−𝑥𝑥 (𝑦𝑦)

𝑟𝑟 ≪ 1

⁄𝑡𝑡 𝛼𝛼 ≫ 1

⁄𝑡𝑡 𝛼𝛼 ≪ 1

𝑟𝑟 ≈ 𝑟𝑟0 −

𝜑𝜑2 𝑠𝑠 ≈
𝜑𝜑2 𝑠𝑠

st

sinh𝐷𝐷−1 ⁄𝑡𝑡 𝛼𝛼𝜑𝜑2 𝑠𝑠 ≈
1 − 2𝛿𝛿0𝐵𝐵 Γ ⁄𝐷𝐷 − 1 2

4𝜋𝜋 ⁄𝐷𝐷+1 2 𝛼𝛼 sinh ⁄𝑡𝑡 𝛼𝛼 𝑟𝑟0 − 𝑟𝑟 𝐷𝐷−1

Proper distance from the sphere

𝜈𝜈 = 0;

𝑟𝑟 ≫ 1

22
𝜑𝜑2 𝑠𝑠 ≈ −

2𝐷𝐷−3𝛼𝛼1−𝐷𝐷 𝑃𝑃𝜈𝜈− ⁄1 2
0 𝑦𝑦 2

𝑆𝑆𝐷𝐷 sinh𝐷𝐷−1 ⁄𝑡𝑡 𝛼𝛼 𝑟𝑟𝑒𝑒 𝐷𝐷−1 𝑟𝑟�
𝑙𝑙=0

∞
𝐷𝐷𝑙𝑙𝑃𝑃− ⁄1 2

−𝜇𝜇
𝑢𝑢0

𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝑄𝑄− ⁄1 2
𝜇𝜇

𝑢𝑢0
Γ2 𝜇𝜇 + 1/2



ENERGY DENSITY, ENERGY FLUX
Energy density

Minimal

Conformal
(𝜉𝜉 = 0)

(𝜉𝜉 = 𝜉𝜉𝐷𝐷)

Minimal

Conformal
(𝜉𝜉 = 0)

(𝜉𝜉 = 𝜉𝜉𝐷𝐷)
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Energy flux

𝐷𝐷 = 3, 𝑟𝑟0 = 1.5, 𝑚𝑚𝛼𝛼 = ⁄𝑡𝑡 𝛼𝛼 = 1, 𝛽𝛽 ≡ ⁄𝐴𝐴 𝐵𝐵 = −3,−0.5,−∞



NUMERICAL RESULTS - ENERGY FLUX

�𝑇𝑇01 𝑠𝑠 < 0

�𝑇𝑇01 𝑠𝑠 > 0

�𝑇𝑇01 𝑠𝑠 > 0

�𝑇𝑇01 𝑠𝑠 < 0

Dirichlet BC

24

non-Dirichlet BC



NUMERICAL RESULTS - ENERGY FLUX
Robin BC
Dirichlet BC

Minimal

Conformal
(𝜉𝜉 = 0)

(𝜉𝜉 = 𝜉𝜉𝐷𝐷)

(𝛽𝛽 = −0.5)

Minimal

Conformal
(𝜉𝜉 = 0)

(𝜉𝜉 = 𝜉𝜉𝐷𝐷)

25𝐷𝐷 = 3, 𝑟𝑟0 = 1.5, 𝑟𝑟 = 1, 2, 𝑚𝑚𝛼𝛼 = ⁄𝑡𝑡 𝛼𝛼 = 1

𝐷𝐷 = 3, 𝑟𝑟0 = 1.5, 𝑟𝑟 = 1, 2, 𝑚𝑚𝛼𝛼 = 1



NUMERICAL RESULTS - FIELD SQUARED

Robin BC
Dirichlet BC

(𝛽𝛽 = −0.5)

26

𝐷𝐷 = 3, 𝑟𝑟0 = 1.5, 𝑚𝑚𝛼𝛼 = ⁄𝑡𝑡 𝛼𝛼 = 1,
𝛽𝛽 = −3,−0.5,−∞

𝐷𝐷 = 3, 𝑟𝑟0 = 1.5,
𝑟𝑟 = 1, 2, 𝑚𝑚𝛼𝛼 = 1

𝐷𝐷 = 3, 𝑟𝑟0 = 1.5,
𝑟𝑟 = 1, 2, 𝑚𝑚𝛼𝛼 = ⁄𝑡𝑡 𝛼𝛼 = 1

(𝜉𝜉 = 0)
Minimal coupling



SUMMARY
The Hadamard function and the vacuum expectation values (VEVs) of

the field squared and of the energy-momentum tensor (EMT) are
investigated in the geometry of a spherical shell on background of the
dS spacetime. The field obeys the Robin boundary condition on the
sphere.

The boundary-induced contribution is explicitly extracted and the
renormalization is done only for the boundary-free contribution

Rapidly convergent integral representations are provided for the
boundary-induced parts

Adiabatic and conformal vacuum states are realized in the same
conditions (hyperbolic vacuum)

There is a nonzero energy flux along the radial direction (the off-
diagonal component of the VEV of the EMT)

Depending on the coefficients in the Robin BC, sphere-induced part in
the energy density can be either positive or negative

27



THANK YOU
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