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Summary

We discuss the generalization of gravitational energy-momentum pseudo-tensor
to Extended Theories of Gravity, in particular to higher-order theories in
curvature invariants. This result is achieved by imposing that the local variation
of gravitational action of any order n vanishes under rigid translations. We also
prove that this tensor, in general, is not covariant but only affine, that is, it is a
pseudo-tensor. The pseudo-tensor 7/ is calculated in the weak-field limit up to
a first non-vanishing term of order h2, where h is the metric perturbation. The
average value of the pseudo-tensor, over a suitable spacetime domain, is
obtained. Finally, we calculate the emitted power, per unit solid angle €, carried
by a gravitational wave in the direction X for a fixed wave number k under a
suitable gauge.
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The Energy-Momentum Pseudo-Tensor in GR

m In GR, there is no unanimously accepted definition of energy-momentum of
the gravitational field. Some prescriptions have been given by Einstein,
Landau-Lifshitz, Papapetrou, Weinberg, and Moller.

m The "non-tensoriality” and the "affine” character of the gravitational
energy-momentum "tensor” make the energy and momentum of the
gravitational field non-localizable.

m However, it is possible to define the energy-momentum of total
gravitational field in an asymptotically flat spacetime almost independently
of the coordinates.

m The continuity equation of Special Relativity 9, T*” = 0, in GR, becomes

1
Vi =0 = =0, (V=gTH)+T" T =0.

It is not, in principle, a conservation law.
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The Energy-Momentum Pseudo-Tensor in GR

Einstein postulated a local conservation law by introducing a pseudo-tensor 7+
related to the energy-momentum of the gravitational field

O (V=g (T +7")) =0

L1 (., oL
\/7g7_p‘ :E (5#L 8 ,UO' g >

depending on the metric g, and its derivatives, being
L=+v—-gg" (rzvrgp - errﬁo) :

The pseudo-tensor 7#” does not transform as a tensor under generic coordinate
transformations but under affine transformations.
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The Energy-Momentum Pseudo-Tensor in GR

From the pseudo-tensor character of 7#¥, we have:

m Energy-momentum of the gravitational field, in a given region of the
universe, depends on the coordinate system, i.e. it is not localizable.
If we choose a space-time domain Q, verifying the
m spatial asymptotic flatness condition where the metric asymptotically joins
with continuity with the Minkowski one and fields and derivatives rapidly
go to zero, by the Gauss theorem, we can
m define the energy-momentum of the gravitational field plus that of

non-gravitational fields, contained in V independently of the coordinate
choice as

PY = / vV—g (TO" + 70”) d®x
v

here V is an infinite spatial hypersurface defined at t constant.
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The Energy-Momentum Pseudo-Tensor for Lagrangians

of order n

S. Capozziello, M. Capriolo and M. Transirico, The gravitational energy-momentum
pseudo-tensor for higher-order theories of gravity , Ann. Phys. 525, 1600376 (2017)

In order to calculate the gravitational pseudo-tensor for fourth-order
Lagrangians, let us consider the Noether Theorem for rigid translations. Let us
define

L=1L (guzn Buv,ps 8uv,phs Buv,pAés gm/,pkfa)

The variation § with respect to the metric g, and coordinates x* is

5:/d4xL—>55: d4x’L’—/d4xL:/d4x[6L+8M(L6x“)].
Q Q Q

Q/

Here § represents the variation with fixed coordinates x*. An infinitesimal
translation is:

X' = x" + e (x)

and the variation of metric tensor is

6g;u¢ = g;/u/ (X) — 8uv (X) = _Eaaaguu - guaauea - gyaauea
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The Energy-Momentum Pseudo-Tensor for Lagrangians

of order n

The metric variation, under global transformations 0ye* = 0, is
08, = —€“0aguy and, if we require the action invariant under these
transformations, i.e. 6S = 0, for an arbitrary integration domain Q, we get:

oL oL oL oL
0=46L+ 0, (LoxH —( -0 + 0,0 0,00
a ) 08w pag/wm g Aaguwp/\ * Eaguu,pkﬁ
oL
+8p5‘>\8§5'0)5g;w — 0Oy (2Xv *ng) €
8gm/,pA£o’
From the Euler-Lagrange equations, we have:
L L L L L
9 3p 9 +6 O—— 9 o’ (9)\85 9 —‘1-8[,8,\353087 =0.
6guz/ ag/u/ P 8gpu pPA a Buv,pAé 5g;w,p>\50—

We obtain the continuity equation:

oy (V—grl) =0

for any €* where 71 is the gravitational energy-momentum pseudo-tensor.
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The case of Energy-Momentum Pseudo-Tensor for

Lagrangians of order 4

The energy-momentum pseudo-tensor for Lagrangians depending on
fourth-order derivatives in the metric g,,,, is

T = 1 [( oL fa)\iJraaL

5y
2xv/—8 |\ 98uvn 08w : O8uvmre

oL oL oL oL
—@@g@;)g v T ( — 0 + 55&) 8uv,a
O8uvnreo g 08puv,pn 08w, pne 08w, pnec Hmar

+ (G = Or ) o+ i
ag;w,p)\n Uag;w,p)\na Buv,pla 8gﬂy’p/\n(jgm/,p/\£a a

where x = ng is the gravitational coupling and the metric derivatives are up to

7-th order.
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The Energy-Momentum Pseudo-Tensor for Lagrangians

of order n

Let us consider now a general Lagrangian density depending on the n-th

derivatives of g,

L=1L (g;uu Buv,ivs Buv,ivirs Buv,itiizy *

s Buvivigisiy)

The gravitational pseudo-tensor for Lagrangians of order n is

n—1

n—2 n-—1

Jj=0 m=j+1

+Op2,1o00[ (N Z Z (-1y

08w, nig:+im

L
Voliag, — oL
<agl“’ nig-+ lm),io"'ij gM leim a ]

=y [Z( Y () e

depending up to 2n — 1 derivati
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tives in the metric g,

()7,‘1 if m=1

()7,‘1;2 if m=2 0 =0,
(),f1;2f3 if m=3 ik ik ik
and so on
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Continuity Equation

The field equations associated to a generic Lagrangian, in presence of matter,
are now P"% = x T"* where

L with the coupling x = 8 G
\% —8 5gna ’

From the Lagrangian invariance for rigid translations and from the symmetry of

T, we have
O [\/ —& (Tna + Tna)] =V-&T",

Continuity Equation

no

P, =0« T =00, (V=g (", +T",)] =0

The conserved quantities are not only the energy and momentum associated to
the matter and non-gravitational fields but the overall contribution of these
fields plus the energy-momentum of the gravitational field.
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Energy-Momentum of the Matter plus Gravitational Fields

Let us now integrate the continuity equation on a spatial domain ¥, which is
the foliation of the 4D space-time at a fixed t, where fields and their derivatives
go to zero in a sufficiently rapid way on the boundary 0%. Using the Gauss
theorem, the surface integrals go to zero

ao/ d*xy/—g (TH +71%) = —/ doiv/=g (TH +7") =0
by ax
The overall contribution of energy-momentum in the volume ¥ is defined as
Pt = / d*xy/=g (TH + 79)
by

depending on the coordinate choice. These conditions are often realized for
isolated systems where it is possible to derive the spatial asymptotic flatness so
that P* is independent of the coordinates and transforms as a 4-vector.
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Non-covariance of gravitational energy-momentum tensor

It is possibile to demonstrate that 77 is not, in general, a covariant tensor but it
behaves as a tensor only under affine transformations. This means it is a
pseudo-tensor. Let us consider first the particular case with a Lagrangian
density of order 2

1 oL oL > oL
7—2: 75 gu.oz+ gl/,ai&ZL
2xv/—8 |:<8gMV777 Aag;w,n/\ " 08w ne s

In general, under diffeomorphisms x’ = x’ (x), it is

T8 () £ 107T (4)

where the Jacobian matrix and the determinant are defined as
8X/17 —1r _ 3XT
ox° @ Pxla

On the other hand, under linear affine transformations

XP = Nix¥ 3 =N A #£0

5= det (J3) = J

the tensor transforms as

/
+n

o (x') = NI T (x)
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Non-covariance of gravitational energy-momentum tensor

G (X) = I I e () + 0 [I750 7% b (%)

m
Ta

P?x &
(x) =107 70 (x) + {containing termsaxf;, axj;}

This results derives from the non-covariance of metric tensor g, derivatives.
These derivatives give rise to the affine tensor. In general,

—la =18 |—-1j ~Ljm -1
B i () = TS T T gy ()

92x omt2x
Ox'2’ 7 §x'mt2

+ {containing terms

and

L L L
0 gty g9

o8 NIpdrdy in Dg tensor densities (m+3,0)
Hv,mio-+im VP, TIL " Im

of weight w = —1

from which the non-covariance of tensor 7.
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The Energy-Momentum Pseudo-Tensor of L«p

Lagrangians

Let us calculate now the energy-momentum pseudo-tensor 7.7 for the
gravitational Lagrangian

P
Lo = (R+aR*+ > aRO*R)V—g
k=1

where R is the part of curvature Ricci scalar R depending only on guv and its
first derivatives. If the variation of action Sp«g is zero for rigid translations

0g xSoxr = 0 with g, satisfying the Euler-Lagrange equations, we have

1 OR =
=7 4+ F with 77 = — <g e — 6;1/?)
a|GR olGR ™ 23 \ Dgun.y "

which, in the weak field limit and harmonic gauge, becomes, up to the order h?,

e 1 |1 1
Ta|GR h: a Ehﬂwnhpy,a - hn#’uhltu,a - 162 (hO')’\phon-P - 2h0’)7\php/\7a):|

depending quadratically on first derivatives of metric perturbations h,, . If a
source is far, it is h,, ~ 1/r, hyy o ~1/r%, and 77, ~ 1/r%
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The Energy-Momentum Pseudo-Tensor for L«p

Lagrangians

The Energy-Momentum Pseudo-Tensor for Lokr Lagrangians

1 P OR
T(Z:Tn + ——<vV—g | 23R + akaR |:g Voo
alGR 2XV _g{ ; 8g;4u,n e
OR P . OR
+ - you—-7 u,)\a:| _a)\ vV —8 230R+ ak[| R| —— Buv,a
08w " [ ; O8puvmx g
P 2h+1 h
OO"R
+ e[l,+oo[ Z Z 1)q 8i0--~iq |:\/ _gahR . :|g/u/,a
h=1 q=0 agﬂ”»n’O“"q
2h 2h+1
OO"R
I I G N e [
0 m— gNV nig-++im
Jj=0 m=j+1
P
— 67 <30R2 +)° akRDkR> Fg}
k=1
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Continuity Equation for R gravity

Continuity Equation for ¥R gravity

G =04 P =04 T =040, (Vg (r + T")] =0

In other words, the Bianchi identities imply the conservation of gravitational
fields + matter. For a spatial domain where fields and derivatives go to zero at
boundaries and, in the asymptotic flatness hypothesis, we have

Energy and momentum for [JXR gravity contained in the volume ¥

P = / d*x/=g (T + 7+)
x

where P* is a 4-vector independent of the chosen coordinates.
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Weak field limit of Energy-Momentum Pseudo-Tensor for

L« Lagrangian at the order h? in harmonic gauge

h2
. . . h.g. .
8w = Nuw + hu  with  |h,,| < 1 in harmonic gauge 77 £ Tojor T 7a

P(1/& 18
~phg 1 |1 k+1 1 t4+1 PR
a_2X{4<kZ_OaD h> 2; a0 h  (h h.
1 1 p p )
+ 522> () a0 (B =) D
h=0 j=h m=j

12
+ 1 Z QIDI (b, —Ohé2) Oh + e[1,+o<>[ (p) [(DP)Z + (FP)Z] }

where we used the conventions:

(),aig = () a h,)\io = h,)\

)

depending up to the 2p 4 3 derivatives of metric perturbations h,,,, in the
hypothesis h,,, ~ 1/r. We have 0P hh  ~ 1/r?PC.
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Weak field limit of Energy-Momentum Pseudo-Tensor for

L« Lagrangian at the order h? in harmonic gauge

Here © is the Haeviside function and (D,)? and (F,)? are two terms containing
the partial derivatives of ("R with respect to &uv derivatives, when the
permutations of the (uv) and (ni; ... hpy1) indices are considered, namely

oO"R

.. J2h " J2h+1
aglwmllmlzhﬂ

_ gj2f3 . ,gjzhj2h+1gabgcd{5gu55)6£7752 5]’2 . 6’:2h 6’:2h+1)

_ 5‘2#5;)5?75:'15(2 L. 5{2”5{2““)}

d"j> Joh " jah+1
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Particular cases p=0and p=1

Let us consider the corrections to 7! where p is 0 and 1.
For p=0and Ly = (R+ a9R?) /=g, we get fourth-order gravity where 771
depends up to the third derivatives of h,, and 71 = O (1/r°)
h2

R N N S o PR P

To 2X 2 a + Ao yQ 4 ( ) a
For p=1, thatis L, = (F—i— agR? + a1 RDR) \/—g&, sixth-order gravity where
71 depends up to the fifth derivatives of h,, ed #1 = O (1/r®) + O (1/r?)

2
~n h.:g. 1
«@

2 {}1 (2a00h + a10%h) hma% (2a000h + a102hy) (K" —n"™h) |
1alD (h"™ —n"™h)  Oh+ 1al (A" =™ h)  O%h,y
1

1
ap (W — "*h) L Ohy —|—4al Ok Oh

N \

— %53 (a0 (Oh) + a1 (O2h)] Oh + (D1)2 + (Fl)Z}
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Average of the energy-momentum pseudo-tensor

In order to derive the emitted power from a radiating gravitational source, we
have to average on a space-time region Q so that |Q| > ﬁ in short wavelength

approximation, to remove integrals containing €% ~%)a*" in the harmonic
gauge gWFAW = 0. We can use the modified gravitational waves derived in S.
Capozziello, M. Capriolo and L. Caso, Int. J. Geom. Methods Mod. Phys. 16,
1950047 (2019), namely

220 Bk ey e
() = 32 /Q G (Bl (0 e 1)
where
Cuv (k) for m=1
(Bim),u, (k) = 1 {ngu N (kM)I%il;m)V] Am(K) for m>2 (2)
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Average of the energy-momentum pseudo-tensor

Here "c.c.” stands for the complex conjugate, A, (k) is the amplitude of m — th
modified gravitational waves and C,,,, (k) is the transverse polarization tensor of
the massless gravitational waves predicted by Einstein.

The trace is

(3)

2 r m=
e {3

and k¥ = (wpm, k) with k2 = w2 — |k|?> = M? where k? = 0 and k2 # 0 for
m > 2. If we average on 2 spacetime region, the foIIowmg terms vanish

((Dp)a) = {(Fp)a) =0
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Average of the energy-momentum pseudo-tensor

Average of the energy-momentum pseudo-tensor

7 =5,

2 [(/q)” (k1)a (C“”Ciiv - ;'CAA'Q)]

1
) - 300) 1A

o [Z(/u)(—l)’ D ()" (k) () AP
S Ay () |A,-|262}
=0 j=2
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Power emitted by a gravitational radiating source

Let us calculate the emitted power per solid angle § radiated in the direction X’
at fixed k. Under a suitable gauge, we have:

dP 200 /i

d7§2 =rXx <To>
Assuming the TT gauge for the first oscillation mode k; and the harmonic
gauge for the other modes k,

(ki), C" =0 A C=0 if m=1

(km),, (Bm)"” = % (Bm)y k” if m>2
Considering gravitational waves propagating along the +z direction with fixed k,
with the 4D-wave vector given by k* = (w, 0,0, k,) where w? = k2 if k¥ =0
and k2, = m> = w2 — k2 otherwise with k, > 0, the averaged tensor

components are:

C4
() = g (Gt CB) + 1o

p+2
< > Z%k A2
p+2

+Z (1+2)( a/ijkm (1) )2

=2
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Power emitted by a gravitational radiating source

Let us choose:

m p=0, Ly = (R+ aoR?) /=g, fourth-order gravity, with the two modes
w1, wy, it is:

6

N 1

mp=1 L, = (ﬁ—«— aR? + alRDR) \/—g&, sixth order gravity, with the three
modes wy, wo, ws, it is:

3 cw? c* 1 2 3
<7'0> 8rC [Cu + C12} 167TG{(6) (w2|A2| + w3 As| )kz

+230 [(LUQITI%|A2|2 + w3m§|A3|2|2) kz} —331 [(w2m§|A2|2 + w3m§|A3|2) kz] }
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Power emitted by a gravitational radiating source

mp=2 L, = (F + agR? 4+ a,ROR + azRIZIZR) v/ —g, eighth-order gravity,
with the four modes w1y, ws, w3, ws, it is:

3 C UJ]_ C4 1 2 3 2
<7—0> 8 G I:C11+C12} 167|'G _6 (W2|A2‘ +OJ3‘A3| +W4‘A4| )kz
+ 2ag [(w2m3|Azf* 4+ wsm3|As|® + wamy| Aal?) k]
— 3ay [(wamj| Axl® + wami| As|® + wami| Asl?) k]

+ 432 [(Wng|A2|2 + w3mg|A3\2 =+ w4m2|A4\2)] }

As we go up by two with the order of gravity, through the d'Alembert operator
[, we increase by an oscillation mode w which corresponds to the conformal
equivalence of the theories (IR to General Relativity with k + 1 scalar fields.
See S. Gottlober, H. J. Schmidt and A. A. Starobinsky, Class. Quant. Grav. 7
(1990) 893.
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Conclusions

m Using the Noether theorem for rigid translations, it is possible to derive the
gravitational energy-momentum pseudo-tensor in curvature based gravity
theories of any order.

m In the same way, it is possible to obtain the gravitational energy-momentum
pseudo-tensor in non-local gravity including J"!R terms (see S.
Capozziello, M. Capriolo and S. Nojiri, Phys. Lett. B 810, 135821 (2020)).

m It is also possible to derive the gravitational energy-momentum
pseudo-tensor in Metric-Affine Gravity, as in Palatini Formalism.

m In general, the method can be used to obtain the gravitational
energy-momentum pseudo-tensor in non-metric and teleparallel theories of
gravity. See S. Capozziello, M. Capriolo and M. Transirico, Int. J. Geom.
Methods Mod. Phys. 15 1850164 (2018).

m According to this approach, it is possible to calculate the power emitted by
any gravitational radiating source.

m New gravitational modes can be derived with respect to GR.
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