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Outline

Relativistic density functional approach

µ = 0 and T 6= 0

µ 6= 0 and T = 0

Modelling compact stars
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Relativistic density functional

L = q(i /∂ − m̂)q + LV + LD − U

Vector and diquark interaction

LV = −GV (qγµq)2, LD = GD

∑
A=2,5,7

(qiγ5τ2λAq
c)(qc iγ5τ2λAq)

χ-symmetric density functional

(qq)2 + (qi~τγ5q)2 is χ− invariant ⇒ U = U
[
(qq)2 + (qi~τγ5q)2

]
U = G0

[
(1 + α)〈qq〉2 − (qq)2 − (qi~τγ5q)2

] 1
3

G0 – coupling constant

α ≥ 0 – controls quark effective mass in the vacuum
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Expansion of RDF around 〈qq〉 and 〈qi~τγ5q〉=0

U = U + (qq − 〈qq〉) ΣMF − GS (qq − 〈qq〉)2 − GPS (qi~τγ5q)2 + . . .

Expansion coeffisients

0th order: U = U〈qq〉,〈qi~τγ5q〉

1st order: ΣMF = ∂U
∂〈qq〉 - mean field self-energy of quark

2nd order: GS = − 1
2

∂2U
∂〈qq〉2 - effective coupling in scalar channel

2nd order: GPS = − 1
6

∂2U
∂〈qi~τγ5q〉2 - effective coupling in pseudoscalar channel

ηi ≡ Gi

G∞S
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Comparison to NJL model

L = q(i /∂ − (m + ΣMF )︸ ︷︷ ︸
effective mass m∗

)q + GS(qq)2 + GPS (qi~τγ5q)2 + . . .

Similarities:
1 current-current interaction

2 scalar, pseudoscalar, vector, diquark, ... channels

Diferences:
1 high m∗ at low T and/or µ - phenomenological confinement

〈qq〉 = 〈qq〉0 ⇒ m∗ = m − 2G0

3
〈qq〉1/3

0 α−2/3 − diverges at α→ 0

2 medium dependent couplings

low T and/or µ ⇒ GS 6= GPS ⇒ broken χ−symmetry

high T and/or µ ⇒ GS = GPS ⇒ restored χ−symmetry
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Bosonization of (pseudo)scalar interaction

Hubbard-Stratonovich transformation

exp

[ˆ
dx Gφ(qΓ̂q)2

]
=

ˆ
[Dφ] exp

[
−
ˆ

dx

(
φ2

4Gφ
+ qφΓ̂q

)]

Bosonized Lagrangian (m∗ = m + ΣMF - effective quark mass)

L = q(i /∂ −m∗)q + LV + LD − U + 〈qq〉ΣMF

− σ2

4GS
− ~π2

4GPS
− q(σ + i~π~τγ5)q + σ〈qq〉

Field equations for σ and ~π{
σ = 2GS(〈qq〉 − qq)
~π = 2GPS(〈qi~τγ5q〉 − qi~τγ5q)

⇒ 〈σ〉 = 〈~π〉 = 0 ⇒ σ, ~π − beyond MF

comment: 〈σ〉 = 0 does not assume χ-symmetry since 〈qq〉 6= 0
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Thermodynamic potential

Fully bosonized Lagrangian

L = QŜ−1
NGQ +

ωµω
µ

4GV
− ∆A∆∗A

4GD
− σ2

4GS
− ~π2

4GPS︸ ︷︷ ︸
meson part Lmes

− U + 〈qq〉ΣMF︸ ︷︷ ︸
MF part LMF

Q = 1√
2

(
q
qc

)
- Nambu-Gorkov quark bispinor

Ŝ−1
NG =

(
i /∂ + /ω −m∗ − σ − i~τ~πγ5 i∆Aγ5τ2λA

i∆Aγ5τ2λA i /∂ + /ω −m∗ − σ − i~τ~πγ5

)
-

Nambu− Gorkov
quark propagator

Statistical partition (quark fields are integrated out)

Z =

ˆ
[Dωµ][D∆A][D∆∗A][Dσ][D~π] exp

[ˆ
dx (Lmes + LMF ) +

1

2
ln det(βS−1

NG )

]

Ω = − 1

βV
lnZ
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Zero chemical potential

Quark propagator

µ = 0 ⇒ ωµ = 0, ∆A = 0 ⇒ Ŝ−1
NG =

(
Ŝ−1
MF + Σmes 0

0 Ŝ−1
MF + Σmes

)
Ŝ−1
MF = i /∂ −m∗ + µγ0 - MF propagator of quarks

Σmes = −σ − i~τ~πγ5 - beyond MF quark self-energy due to meson correlations

Gaussian aproximation

1

2
ln det(βŜ−1

NG ) = tr ln(βŜ−1
MF ) + tr ln(1 + ŜMFΣmes)

' tr(βŜ−1
MF ) + tr(ŜMFΣmes) +

1

2
tr(ŜMFΣmes)2

Polarization operators of bosons

Πσ = −tr(ŜMF )2, Ππ = −tr(ŜMF iγ5)2
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Zero chemical potential

Ω = ΩMF︸︷︷︸
mean field

+
1

2βV
tr

(
1

2GS
− Πσ

)
︸ ︷︷ ︸

σ−mesons

+
3

2βV
tr

(
1

2GPS
− Ππ

)
︸ ︷︷ ︸

π−mesons

, 〈qq〉 =
∂Ω

∂m

Meson propagators and masses

D−1
σ =

1

2GS
− Πσ, D−1

π =
1

2GPS
− Ππ

D−1
i = 0 ⇒ dispersion relation Ei (k) with mass Mi = Ei (0) for i = σ, π
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Finite chemical potential (mean field level)

Ω = − ω2

4GV
+

∆2

4GD
+ U − 〈qq〉Σs

− 2
∑
f

ˆ
dk

(2π)3

[ 1 unpaired color state︷ ︸︸ ︷
ξ+
f + ξ−f

2
+ T ln

(
1 + e−βξ

+
f

)
+ T ln

(
1 + e−βξ

−
f

)
+E+

f + E−f + 2T ln
(

1 + e−βE
+
f

)
+ 2T ln

(
1 + e−βE

−
f

)
︸ ︷︷ ︸

2 paired color states

]

Single quark energies

ξ±f =
√

k2 + m∗2f ∓ µ
∗
f , E±f =

√
ξ±f

2
+ ∆2, µ∗f = µf − ω

Vector field, diquark gap, χ-condensate

∂Ω

∂ω
= 0,

∂Ω

∂∆
= 0, 〈qq〉 =

∑
f

∂Ω

∂mf
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Superconductivity onset (T = 0)

Diquark gap equation

∂Ω

∂∆
= 0 ⇒ ∆ = 0 or 1 = 4GD

∑
f

ˆ
dk

(2π)3

[
1

E+
f

+
1

E−f

]
Superconductivity onsets when two solutions coincide

∂2Ω

∂∆2

∣∣∣
∆=0

=
1

2GD
− 2

∑
f

ˆ
dk

(2π)3

[
1

E+
f

+
1

E−f

]
∆=0

= 0 ⇒ µB = µB(GD)

No vacuum superconductivity

⇓

ηD . 2.5
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Effective mass and diquark gap

Effective mass

m∗ = m + 4GD

∑̂mf

εf

×
[
ξ+
f

E+
f

+
ξ−f
E−f

+ 1− θ(−ξ+
f )

]
Diquark gap

1 = 4GD

∑̂[
1

E+
f

+
1

E−f

]
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Hybrid EoS

Charge neutrality: electrons

β-equilibrium:

µd = µu + µe

Hadron EoS: DD2
S. Typel et al., PRC 81, 015803 (2010)

Maxwell construction:

pq(µc
B) = ph(µc

B)
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Compact stars with quark core
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Conclusions

χ-symmetric formulation of the String-Flip Model, derivation of the effective
”confining” NJL model

Medium dependent quark-meson couplings, derived consistently with model
and symmetries

Straightforward addition of vector and diquark channels

Good agreement with the observational data even at weak repulsion

Next steps:
1 strangeness

2 other mesonic states and baryons beyond mean-field

3 unified quark-hadron EoS (hadron dissociation via Mott effect, hadronic
correlations via Beth-Uhlenbeck approach)

4 ...
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