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Real vs imaginary time formalism.

Propagators in real time.

Hard thermal loops (HTL).

Chiral On-Shell Effective Field Theory (COSEFT).

Polarization tensor.

Chiral magnetic effect (CME).
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Special Relativity +
Thermodynamics +
Quantum Mechanics =
QTFT.

02

Allowed to understand the
Electro-Weak phase
transitionin the Standard
Model and later the phase
transition in Quantum
Chromodynamics from
hadrons to quark-gluon
plasma.

What is quantumthermal field theory ?

03

The techniques of QTFT
can be applied to any
quantum field theory, in
particular QED.




1. RealvsImaginarytimeformalism.

1) IMAGINARY TIME FORMALISM:
= Perform a Wick-Rotation to imaginary time.

= Integrals in energy become sums over Matsubara
frequencies.

2) REAL TIME FORMALISM:

= Use real time (Integrals in energy).

= Has a big problem: pinch singularities.

= Better if we want to apply EFT techniques.

= Non-equilibrium situation.




2. Propagatorsinrealtime.

AT=0(z,y) = (0| T ¢(x)d(y)]|0) — AT7O(x,y) = <T¢5($)¢’(Q)>ﬁ

Vacuum expectation value. Thermal Average.
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Time ordering

2. Propagatorsin realtime. /\

AT=0(z,y) = (0T ¢(2)¢(y)|0) — AT#0(z,y) = (To(z)p(y)) 5

Vacuum expectation value. Thermal Average.

o—BH
<A>;3 = tr (F)A) P = /A \—9 Density matrix.

“—) Trace \,

— B H
Z = tr (6 B ) . Partition function.

Introduce a solution in terms of creation and annihilation operators.
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2. Propagatorsinrealtime.

To get: ZA(}C) = 12 ;1.2 nyy + 2mnpg (kﬂ)é(kg - ?n'Q)




Bose-Einstein.
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Bose-Einstein.

A n(ko) =
n — .
2. Propagatorsin realtime. BARO ellkol — 1

To get: ZA(}C) = 12 ;1.2 nyy + 2mnpg (kﬂ)é(kg - ?n_Q)

Perform the same process with a fermionic field.




2. Propagatorsinrealtime.

1
k2 —m?2 + i€

Andfind: 15(k) = (% +m) — 271"!?,}?(160)5(]{2 — m2)
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Fermi-Dirac: Np (/430) =
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k2 —m?2 + i€

Andfind: 1S(k) = (k + m) [

Photon self-energy:
k
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Fermi-Dirac: N p (/430) =
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— 2mnp(ko)o(k* — m2)]

2. Propagatorsinrealtime.

1
k2 —m?2 + i€

And find: ©5(k)

#em |

Photon self-energy:
k

MZMQWW ~ [5(k2 = m2)]2 ~ 5(0) = oo. !

=k =
\9 Pinch singularity.

A solution: doubling of
degrees of freedom (DDF).
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Fermi-Dirac: N g (/430) =

/!

— 2mnp(ko)o(k* — m2)]

2. Propagatorsinrealtime.

1
k2 —m?2 + i€

And find: 15(k)

#em |

Photon self-energy:

~ [6(k* —m*)]* ~ 6(0) = oo. !

p=k—1
\9 Pinch singularity.

A solution: doubling of
degrees of freedom (DDF).

\9 Based on KMS relation. D(t1,t2) = D(t2,t1 + i)
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2. Propagatorsinrealtime.

The path on the
temporal componentis
parametrized with a
certain curve.

C=C1+0Cy+Cs+4+Cy

Then the propagator becomes
a 2x2 matrix in the space spanned by particle/thermal ghosts.
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2. Propagatorsinrealtime.

The path on the t 4
temporal componentis %(t)
parametrized with a ,
certain curve. t—1§
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Then the propagator becomes
a 2x2 matrix in the space spanned by particle/thermal ghosts.

1

S(q) = (g+m) KT o ) +i2m6(q) (9( —np(g)  0(=q0) —nr(qo) )]

q%—ie QO) — nfg (QO) —TE-F(Q'O)




2. Propagatorsinrealtime.

The path on the t 4
temporal componentis %(t)
parametrized with a ,
certain curve. t—1§
C3 ¢ —j¢
t—1p
C=C1+0Cy+Cs+4+Cy
Thermal ghost

Then the propagator becomes
a 2x2 matrix in the space spanned by particle/thermal ghosts.

S(q) = (g+m) K% o ) +i2m6(q) (9( —np(g)  0(=q0) —nr(qo) )]

q%—ie QO) — nfg (QO) —?’l-p(q[])

e o s oo o oo

p=k-—1
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Finally in order to perform computations is better if we move to
the Keldysh representation.
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2. Propagatorsinrealtime.

Finally in order to perform computations is better if we move to
the Keldysh representation.

Ag=A11 — Ay Arp=A11 —Aqo As = Aq1 + Ago

We can also perform similar definitions for the self-energy.

114 = 1117 + 1o llp = 1111 + 112 g = 1111 4 129

The physical is the

retarded self-energy.
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So that HTL are as relevant as the tree amplitudes in the theory if the
photons have soft momenta => Resummation into effective
propagators.




3. Hard thermal Loops (HTL).

Another difficulty when turning on the temperature:

e2 T
~ ~1 1if [ ~e€eT
12

AVAVAVAV

So that HTL are as relevant as the tree amplitudes in the theory if the
photons have soft momenta => Resummation into effective

propagators.
,
It turns out that in a hot T Hard
plasma of massless e K1 T T < ~—> Scales
weakly interacting el Soft

particles: .
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So we need to compute this HTLs! Two ways:

» HTL approximation.

Hierarchy of scales implies:
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3. HardthermalLoops (HTL). This allows us to expand the

So we need to compute this HTLs! Two ways: Zer;c:;.;d seli-energy in powers of

» HTL approximation.

Hierarchy of scales implies: /

lo |l
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3. HardthermalLoops (HTL). This allows us to expand the

t d self- ‘ f
So we need to compute this HTLs! Two ways: Zi:;;‘; sell-energy in powers o

» HTL approximation.

Hierarchy of scales implies: /

lo |l
|l <kl == — <1 = —<I1
k| K] k|

Result:

Zo—|—|l|

ol o — U

s

PUN o PV B, 112 L

(1) TR 5 (1)

lo
I%(1) = —m3, [1 =30 (ln

— imh(1* — zg))]
— il (1* — zg))]

lo + |1
lo — |1




3. Hard thermal Loops (HTL).

This allows us to expand the

So we need to compute this HTLs! Two ways: retarded selt-energy in powers of
enerqgy.
> HTL approximation. / ) e2T?
Hierarchy of scales implies:
Debye mass
lo |l [
|l <kl == — <1 = —<I1
k| k| K|
Result:
l lo + | .
| Il 5 (1) = —m3 1—% In ZO—|l| — (1> = 12)
0 ) = TR Ao
U B8 gy ey =m0 (1 Y b (e e gy
g ) e D | Helh =g ) o \ M= b




4.Chiral on-shell effective field theory. (COSEFT)

Motivation:

» Exploit hierarchy of scales in a hot plasma of
massless weakly interacting particles.

The fact that HTL are dominated by almost on-shell
degrees of freedom.

Reproduce the HTL contributions easily.

Go beyond HTL.

Study the consequences of chiral imbalance.
Derive kinetic theory.

VVYVV VY



4.Chiral on-shell effective field theory. (COSEFT)

The momentum of a nearly on-shell fermion with chemical potential may be
written as:

df =i+ k' where pl = (—py + [P0 + 8 j e {1.3)
x = R(+1), L(-1)
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The momentum of a nearly on-shell fermion with chemical potential may be
written as:

¢ = ph + K where  pk = (—py + [p)V" + 507 j e {1,3}
X = R(+1), L(-1)

Then the dependence on hard momenta in the Dirac field can
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4.Chiral on-shell effective field theory. (COSEFT)

The momentum of a nearly on-shell fermion with chemical potential may be
written as:

¢ = ph + K where  pk = (—py + [p)V" + 507 j e {1,3}
X = R(+1), L(-1)

Then the dependence on hard momenta in the Dirac field can
be factored out:

oy () = Ile(P., + PHY ) e~ iPx T Pl, + P,H®

e/ o

Hard Hard

Residual




v = (1,v)
4.Chiral on-shell effective field theory. (COSEFT)

The momentum of a nearly on-shell fermion with chemical potential may be
written as:

qy =py + k" where  p{ = (—py + [p)v" + py v’ j e {1.3}
x = R(+1), L(=1)

Then the dependence on hard momenta in the Dirac field can
be factored out:

oy () = wxl(P., + PHY ) o~ iPxT Pl, + P,H®

ticle 6/ Residual 6/ l

Residual
Hard Hard
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Lagrangian.
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Now, take the expression for the Dirac field and plug it into the chiral QED
Lagrangian.

Yy = L= L, with Ly =4 (i) +7 1)ty
And after tedious algebra,we get:
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4.Chiral on-shell effective field theory. (COSEFT)

Now, take the expression for the Dirac field and plug it into the chiral QED
Lagrangian.

Yy = L= L, with Ly =4 (i) +7 1)ty
And after tedious algebra,we get:

Ly =x57"(v- D)xy + ﬁg) *N02p| + v - D)Hél)’x

Y, _X',D“;' X ():XU ' .
= P"~,D, ~ +&5i7"(0- D)y + H, " (=2lp| +iv - D) H?

+X’U?"D H % X+ H“)XZD_LX’U +£ ?’DLH )X =+ H ?*B_Lgx'

1
— — (v + VT
; M~V ~ M,V




4.Chiral on-shell effective field theory. (COSEFT)

Now, take the expression for the Dirac field and plug it into the chiral QED
Lagrangian.

Yy = L= L, with Ly =4 (i) +7 1)ty
And after tedious algebra,we get:

Ly =X (v D) + Hy 30 @lp| + i - DYHD

+E8i7° (3 - D)EX + H ™40 (=2|p| + iv - D)HP)x

— Pi’“”'}/p,DV é\
il HOX + HNGD X+ i HOx + TN e

Lo 45 (1),x 77(2),x
Y PN Pt 4 Mo,V Now we use E.O.M to ’ ’
2 (W0 + 0%07) integrate out the fields. \9 H v 9 H v




4.Chiral on-shell effective field theory. (COSEFT)

So finally we get the COSEFT Lagrangian:

1
L, =x"(iv-D+i ' X
X X’U/—y (?’!L +ZDL2|p|+Z€}'DzLDL) X‘U

_ 1
X0 (5. ' : X
&7 (% D +il, —2|p| + v - Dzwl) S5




4.Chiral on-shell effective field theory. (COSEFT)

So finally we get the COSEFT Lagrangian: /

Expand in powers of 1/p.

1
L, =x"(iv-D+i ' X
X X’U/—y (?’!L +ZDL2|p|+Z€}'DzLDL) X‘U

_ 1
X0 (5. ' : X
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So finally we get the COSEFT Lagrangian: /

Expand in powers of 1/p.

1
2|p| + w0 -

ﬁX — Yg,-},o (?:’U . D —|— ZDJ_ D’Q,D—L) Xif ﬁ Particle

- . . 1 .
‘|‘£§’)’0 (?/U - D+ ZEL —2|P| v D?JEL) 5{)5 ﬁ Antiparticle

™~

Expand in powers of 1/p.




4.Chiral on-shell effective field theory. (COSEFT)

So finally we get the COSEFT Lagrangian: /

Expand in powers of 1/p.

1 .
Ly=x" (i’b’ -D+il) = DMDL) Xy =——p Farticle

- . . 1 .
‘|‘£§"}r’0 (%’ - D+ "MDL —2|P — DZEL) 5{)5 ﬁ Antiparticle

™~

Expand in powers of 1/p.

Then we can derive vertices,
propagators...up to the desired
order in the energy expansion.




4.Chiral on-shell effective field theory. (COSEFT)

Vertex Feynman rule
V(‘l[’;) (k1) evt~y"
0 p -
ey [ i
1 p 1 v
ok | gy (423 -0r)
Vertex Feynman rule
H"ﬁ?ﬂ)(k’” -
WH (k1) T pi
<(1)\V |}U| 1
T L ,!;_EQ,.TD Xy Yot ; o ¢ N ~ v
Wy (kD) | =gt { [0 = oo — 28 (067 = atest)| 1o =205 D




Vi =gl —v'st

4 Chiral on-shell effective field theory. (COSEFT) pr _ ppa prf

Vertex Feynman rule

I/(‘g)(k;l) 0 erU'UJ'-}fD |

e o0y | - (s B
L el L e LAY
Vertex Feynman rule

LLTEIEU) (,1{:.3) L E

1e°y

W (k1)

P'U.U
p| *

1e”y - ~ : . - .
{ [Jial‘”" — oV — 20" (oh0Y — ool ) | 1o — 2(0 - J)af}}

~ 8|p|?

W (k1)
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What about the propagator of the COSEFT?

_ Pxpv’w

S(k)

k7
2|p|

f(k) = k|



4.Chiral on-shell effective field theory. (COSEFT)

What about the propagator of the COSEFT?

_ EQE%Wp

Chiral projector

L+ x5
P, = 5

S(k)

k2
fk) =k + 5 =—> k1 = PI"PY kuky = k3

\/ 2|p|

k”:k-v




4.Chiral on-shell effective field theory. (COSEFT)

What about th tor of th EFT?
at about the propagator of the COS Chiral projector

P P,~" 1+ x5

p— P —

) = e F k) e ' L
k%

f(k) = k|

\/ 2|p|

k” —k-v Now we need to turn on the temperature (DDF) I
o

—> k2 = PPV L.k, = —k?




4.Chiral on-shell effective field theory. (COSEFT)

Finally the propagatorsin the Keldysh representation read:
0
o P XP v’
ko — f(k) F ie

Shr(F)

X (k) = —i2n Py Py (ko — f(k))[1 — 2ny(|p| + ko)




4.Chiral on-shell effective field theory. (COSEFT)

Finally the propagatorsin the Keldysh representation read:
_ Py Py’
ko — f(k) F ie

Shr(F)

X (k) = —i2n Py Py (ko — f(k))[1 — 2ny(|p| + ko)

Where now the Fermi-Dirac distributions read:

Fermion: Antifermions:

1 1

nel90) = B 11 " 90) = Bl 31
n +



5. Polarizationtensor.

There are two diagrams that contribute to the self-energy tensor:

Bubble:

l
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—k—1

Tadpole:
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5. Polarizationtensor.

There are two diagrams that contribute to the self-energy tensor:

Bubble:

l

—

,L“,; (Z) _ ,Lu/ (Z) + H,Lw (Z) + H,tu.f (Z) _I_Hhu (Z)

=k—1

Tadpole:

RE

b ) = TG0 + () + 15 (1) + 11 ().




5. Polarizationtensor.

There are two diagrams that contribute to the self-energy tensor:

Bubble: " ﬁ Antiparticles 6\

—> 1 ,L“,; (Z) _ H;w Z) 4 H,tw (Z) _l_H,Lu.f l) _I_Hﬁw (Z)

—k—1
Particles

Tadpole:
[

N

koo () =R (D + H’“"" R (D) + (1) + ﬁzz(l).

\ a H,u,u _ H,u,u 4+ H,u,u
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Angular integration I

gives exactly HTL.
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5. Polarizationtensor. ")

Leading order: QQT and € MX 7 ﬁ Debye mass.

VqVq Hh + 1
JLV - n 2 _ R L
157 (1) = md (O o lg/ by - Z) ma ( 3 + 53 )

First order: eQT and QQUJX :

P =0 7)) =0

- . 9 i gkl AG ikl
; e s [ o 3 et
() = <4 (EijkJrzo [ qkzz)

4W2 Uq'l




Angular integration I

gives exactly HTL.

5. Polarizationtensor. ")

Leading order: QQT and € MX 7 ﬁ Debye mass.

Ug Vg
H,u,u(l) . _?nD OHO ZO/ % _ _|_ /J“R + /J’L
?_/,q * l 3 27-[-2
Vanishes! 6‘\

First order: eQT and QQUJX :

P =0 7)) =0

- . 9 i gkl AG ikl
; e s [ o 3 et
() = <4 (EijkJrzo [ qkzz)

47{-2 qu . l

\éus):/m—m,




Angular integration I

gives exactly HTL.

5. Polarizationtensor. ")

Leading order: QQT and € MX 7 ﬁ Debye mass.

L L /U'UWU +
8 (1) = —m? (o‘o z.;,/v -z) m2 = ¢? (3 +“R2W2“L)
q
Vanishes! 6‘\

First order: eQT and QQUJX : \ I
®

Symmetric

Anti- I
P =0 1O%(1) =0 /' Symmetic o

N . 9 i gkl Aj ikl
; e s [ g ; S
I (1) = =5 (6 Tl + lo/ & ! kal)

2 .
A7 Ugq [

\')NE):MR_NL
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6. Chiralmagneticeffect (CME).

Performing the static limit [j — 0 and using ,JH — Hﬁl‘;” A, weget

@e ﬂ’a ET NS

Jt= IR, A,
12 k — J=

Only in chiral I
o

B.

imbalance! Parallel to B




Learn the techniques of QTFT.

Differences between real and imaginary time
formalism.

A high temperature plasma of weakly interacting
massless particles has a strong hierarchy of scales.

EFT techniques are good tools to learn about quantum
plasmas in general.

The CME effect shows up as a contribution of order 62 M Y
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Compute the chiral anomaly using the COSEFT.

CME in Weyl semi-metals.

Searches for the CME in heavy-ion collisions.

Study the plasma stability.

Study properties of plasma with chiral imbalance.

Future work

Kinetic theory.

and
applications:
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