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It is generally accepted that the neutron star crust consists of a degenerate electron gas and fully
ionized atoms arranged into a crystal lattice. This system of electrons and ions can be described
by the Coulomb crystal model, which suggests that ions can be considered as point particles,
and electrons as a uniform or weakly polarized neutralizing background.

Elastic (resistance to deformation) properties play an important role in neutron stars and white

dwarfs. They are crucial for modeling stellar oscillations and different processes in magnetars and
in degenerate stars, which enter compact binary systems.
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a, 1s the lattice constant
a = (4mn/3)~'/3 is the ion sphere radius

The potential energy of any one-component static lattice can be written as
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It can be rewritten as
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a, 1s the lattice constant
a = (4mn/3)~'/3 is the ion sphere radius
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In this form the electrostatic energy of any lattice can be calculated (including deformed one)

X' erfc(x) is a complementary error function, Aa; ~ 2.

4




For example, a stretched bcc lattice.

¢ = bi/ay, o = a/a

It is characterized by two deformation parameters:

Consider ¢; — 1 and ¢, — 1 be small, than we can expand the electrostatic energy as

C’(Clﬂ 62) ~ Clgcc _ p’bcc [(Cl o 1) + (62 o ]‘)]
+ 025505 [(e1 = 1)° + (c2 — 1)?] + 058302 (1 — 1) (e — 1)

c. (hee = —1.81961673 is the Madelung constant in a; units,
[k Phee = (loo/3 1s the electrostatic pressure,
a, sPErT = —1.4848079 and sp*¥ = —0.47067387 are elastic moduli.

Similarly, for the bee lattice with a shift

a1(0,0,1) = a(cy, ¢y, 1)

¢'(Czy€y) R Ghee + 02555 (cz + €)

bce
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In the general case, any arbitrary deformation of a cubic lattice
can be determined by three mdependent elastic moduli: s™**, s*Y%Y and s"¥*Y.

It is interesting to note that sy = —sF=** /2.

Define effective shear modulus pes,
as an averaged “over all the rotations of the Cartesian axes* (Ogata & Ichimaru, 1990).
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bce TTIT TTYY zyry _ ply —
b = 10@1(8 — §*y 4 38 P') = 0.1194572n

[t is in a good agreement with the results (Baiko, 2011),
derived from perturbation theory.

Notice that 0.1194572 = —%Cbcc



Similarly, we can determine the elastic moduli of multicomponent lattices.
For example, for binary body-centered cubic (sc2) lattice
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The effective shear modulus can also be calculated by the linear mixing rule (p2). A multi-
component crystal is represented as the sum of one-component crystals with the same electron
number density. For the sc2 lattice

ZE __'.E
4 = 0.119457n :

(0-5 + 0.5&5%)({}_5 + {}_5{1_)1,!:1

Previously, the elastic moduli of binary Coulomb crystals were considered only numerically
(Igarashi & Iyetomi, 2003), where for the two-component disordered bcc lattice ¢4 and ugfif' were

calculated for several a:

a Cas Cis | M | MEE | e Cas = S0V /(647 /3) /3
1 0.18277 0.119457 0.119457
4/3 1 0.239184 | 0.241 | 0.164451 | 0.164 | 0.164439 7

2 10.324956 | 0.292 | 0.285482 | 0.284 | 0.28544 o= ~2

3 | 0.385977 | 0.949 | 0.544639 | 0.542 | 0.544853 Z

Elastic moduli of the sc2 lattice, calculated by the "traditional“ method, (in units nZ%e?/a).



An “alternative” method for the definition the effective shear modulus was proposed in (Kobyakov
& Pethick, 2015). piegm in this model is determined by equation

3,&2 . SInyﬁ
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For several o, the values of p3f, are shown in Table (in units of nZ7e*/a). In addition we show
ugfi;ﬁm the effective elastic modulus calculated “alternative” method based on numerical results
Im,sc2

from (Igarashi & Iyetomi 2003) and Perm  the effective modulus of elasticity calculated by the
“alternative” method, using the linear mixing rule.

N S -
4/3 1 0.139547 | 0.138 | 0.128027 bec Z7e

e = 0.0930057n
2 | 0.282088 | 0.284 | 0.222235 -

3 | 0.517677 | 0.542 | 0.424206

a

The difference between 5% and pS%  is significant.

10



A similar situation with other litices, for example,

for binary face-centered cubic (fc2) lattice: <f~—
®
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fc2 Zie
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(L
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28/3qa

pe* = 0.11944982n (14 3a°3)(1 + 3a)'/3.

For 0.661 < o < 1.368

the u%'* /2 ratio always ranges between 1 and 1.002.
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Corrections to the elastic moduli due to polarization of the electron background (scr) can be
also obtained from the expansion of the electrostatic energy. If the polarization is small and is
described as rkypa =~ 0.18521/3(1 4 22)1/4/ zy/ ? where z, is the electron relativistic parameter, then
the corrections can be written as

2 ZEJE . ZE..E

pe = g - g_(-“*fTFfl) ‘ &G = —0.041198(krra)’n ‘
4 Al Z2€?
- 1?5?(H,TF(1)2 A~ —0.027662(rrpa)?n =S

where 7 = —0.1037323337 is correction to the electrostatic energy obtained in (Baiko 2002).
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where primes mean that the R = 0 and G = 0 terms in the lattice
sums must be omitted. Furthermore,
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Consider stability of a one-component bce lattice with a
polarized electronic background at T'= 0

det (D;; (k) — w? () 3,y0") = 0

@ a B B ar
2
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6*? 3R°RF R RRP
X - +| kIE L+ Kk3pE_+ o ANTE R4 | |
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Baiko, 2002

w?(k) are the eigenvalues of the dynamic matrix D‘“’ (k). For the first time for a one-component
crystal with a polarized electron background, this expressmn was obtained in (Baiko 2002).

When ions are in equilibrium positions, the potential energy of the lattice is minimal, so that
the dynamic matrix should be positively defined. It is believed that a lattice is unstable if at some
wave vector k, one or several its frequencies are complex-valued (w?(k) < 0).
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Consider a deformation

0.5a,(n1, na, n3) —

For ktra > 4.76 the bece lattice is not stable.

For any krra < 4.76 complex-valued modes
appear at some €pax.

0.5a; (N1 + n2€/2,n9 + n1€/2,n3/(1 — €2 /4))

KTpQ

Emax

Tmax

nZ2elfa

UV
The breaking stress: - 7/ .
ZEEZ

At kTra = 4/7 Omax = 0.019376n .

which is in good agreement with the breaking stress value, obtained from molecular dynamics

1.27
—71

simulations in (Chugunov & Horowitz 2010).
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2.2
What is the next ??? oM = (0.0195 _ 12 ) niz ‘
'—171 a
(after Davide De Grandis talk)
. at HTFGZ4/7aDdB:0
still 7" =0
the uniform magnetic field
B—=0 — B+#0
O'max(HJTFa) — a([Jal\i/V) O'max(’iTFaa ha Il) — a (( UM ;EEU)/V)

Ey = 1.5Nh{w;(k)) = 1.5Nhwyu(h,n) is the zero-point energy
usually |Uy| > Ey

h = wB/wp ~ B15/\@
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Omax(KTFA, h,n) =

2 - 5{1]

1 11
5 2Be’p, Z’ -
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V12 = (mec?)? — 2hce Bl

We need to calculate the zero-point
energy of the deformed bcc lattice in

the magnetic field.
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Results and conclusions:

e The elastic moduli and electrostatic pressure can be found from the
expansion of the electrostatic energy of the deformed lattice.

e The elastic moduli of multi-component crystal mixtures were analytically
calculated, for the first time. Corrections due to the polarization of
the electron background were refined.

e [t seems to us that it is more convenient to use the “traditional”
definition of the effective shear modulus (Ogata, 1990). Since in
this case, the results of numerical simulations are consistent with
analytical.

e You can use the “linear mixing rule” to find the effective shear
modulus, while it does not work for individual elastic moduli.

Z%e*n (N N 1/3 N N
Im 7 1 1 - 1 2 5/3
— Ill 4

N1 = 7y, No = Z5 , N = Ni+ Na a = Zy /74
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