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Observables: What neutron scatterers measure

Understanding the dynamics of a quantum fluid

e Double differential cross section: What experimentalists measure

saams =P <k> S(k, Fw)
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Understanding the dynamics of a quantum fluid

e Double differential cross section: What experimentalists measure
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Observables: What neutron scatterers measure

Understanding the dynamics of a quantum fluid

e Double differential cross section: What experimentalists measure

ool 9
0Q Ohw =b (ki>s(k )

e Dynamic structure function: The definitions
¢ 2 (Wl vo) s 2

H’W0> = E0]W0> H}\UH> = [EO + 5n] |Wn>

@ Density-density response function: What theorists calculate
1
S(k,w) = —=Smy(k, hw)
m

dpi(r,t) = /d3r/dt/ X(r, 1t — )0 Vext (1, t)

Beyond the ground state Observables



Dynamic Many-Body Theory (DMBT)

(Multi-)particle fluctuations for bosons

Build on the success story for quantum fluids:
Make the Jastrow-Slater wave function time dependent !

1

—iBot/h Fez?Y |yy)
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‘\IJ0>: model ground state, JU(t): excitation operator

Bosons:
U(t) = Zéu( (ri; t —I—Zéu (rj,15; t)

i<j

W(t)) =e
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Dynamic Many-Body Theory (DMBT)

(Multi-)particle fluctuations for bosons and fermions

Build on the success story for quantum fluids:
Make the Jastrow-Slater wave function time dependent !

is5u
’\U(t)> _ e—iEgt/h - Fe2 ‘TO) ,
(Wolez®UTFiFezoU |w,)]1/2

‘\IJ0>: model ground state, JU(t): excitation operator
Bosons:

U(t)zZéu( it —I—Zéu (rj, 155 t) +

i<j
Fermions: (a correlated version of SRPA)

1 2
t) = Z 5ul(3,1)1(t)a;r)ah + Z 6u1(),l)1,p/,h/(t) ;T> ;r)/dhah/
p,h

p,h,p’,h’
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Dynamic Many-Body Theory (DMBT)

(Multi-)particle fluctuations for bosons and fermions

Build on the success story for quantum fluids:
Make the Jastrow-Slater wave function time dependent !

FG%JU ‘WQ)
(Wolez0U FiFez0U|w)]1/2
‘\IJ0>: model ground state, JU(t): excitation operator

Bosons:
U(t) = Zéu(l (ri; t —I—Zéu (rj,15; t)

i<j

W(t)) = ¢ ot/

I

Fermions: (a correlated version of SRPA)

1 2
t) = Z 5ul(3,1)1(t)a;r)ah + Z 6u1(),l)1,p/,h/(t) ;T> ;r)/dhah/
p,h

p,h,p’,h’

The physical content of du® can not be
described by mean field theory !

Beyond the ground state =~ Dynamic Many-Body Theory



Dynamic Many-Body Theory (DMBT)

What these amplitudes do for bosons

000000000 OOOOOOO
000000000000 OOO0O
5838863358336633

[0 e/e]e]

0000000000000 0O0O0O0
000000000 OOOOOO00

000000000 OOOOOOO0
000000000 OOOOOOO0
01010100])010]010)010]010)01010L6

U0 = 3 0u e J8edcRasgagsdchae

OOOOOOOOOOOOOOOOO
000000000 OOOOOOO0
000000000 OOOOOO0O0
0000000000000 0OO00

000000000 OOOOOOO0
'aYalalalalalalalalalalalalalalals

Beyond the ground state =~ Dynamic Many-Body Theory



Dynamic Many-Body Theory (DMBT)

What these amplitudes do for bosons
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Dynamic Many-Body Theory (DMBT)

What these amplitudes do for bosons
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Dynamic Many-Body Theory (DMBT)

What these amplitudes do for bosons
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The tool: Correlated Basis Functions

A correlated basis of the Hilbert space:

Let m be any set of single particle orbitals, and
[®m) = T] al0)
kem

the corresponding Slater determinant (suppress spin quantum numbers
when unambiguous): Define a basis of the Hilbert space by

1
Lom = {(Om|FL(L,... N)Fx(1,...,N)|n).
The correlated ground state:
1
o) = |W,) = WFN(l,...,N)|¢O>

where }(D0> is the filled Fermi-sea.
Keep Fx(1,...,N) the same for all |<Dm> (a matter of practicality.)

Beyond the ground state The tool: Correlated Basis Functions



Correlated Basis Sets:

The generic quantities

o Generating functionals G, normalization integrals I, , and
their ratios:

Gmm - Groo =In [Imm/Ioo] 5
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Correlated Basis Sets:

The generic quantities

o Generating functionals G, normalization integrals I, , and
their ratios:

Gmm - Groo =In [Imm/Ioo] 5

o Correlated diagonal matrix elements of [ and their differences

H . = Hum — Hoo = <m|ﬁ’m> - <O‘ICI‘0> ,
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Correlated Basis Sets:

The generic quantities

o Generating functionals G, normalization integrals I, , and
their ratios:

Gmm — Goo = In [Imm/Ioo] )
o Correlated diagonal matrix elements of [ and their differences
H . = Hum — Hoo = <m|ﬁ’m> - <O‘ICI‘0> ,

o Correlated off-diagonal matrix elements of Hand1:

H W= <m}ﬁ — Heo[n) N = (m| i n) (m # n)
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Correlated Basis Sets:

The generic quantities

o Generating functionals G, normalization integrals I, , and
their ratios:

Gmm — Goo = 1In [Imm/Ioo] )
o Correlated diagonal matrix elements of [ and their differences
H;nm = Huym — Hoo = <m|ﬁ’m> — <O‘ICI‘0> ,
o Correlated off-diagonal matrix elements of Hand1:
H W= <m}ﬁ - Hoo|n> N = (m| i n) (m # n)
o Auxiliary quantity:

1
Wi = H;nn ) (H;nm + H;n) Nmn (m # n)

Beyond the ground state The tool: Correlated Basis Functions



An second quantized formulation

Shorthand notation

Creation operators (O‘D and annihilation operators (ay) for correlated
states:

N

’a;r(m> = FN+1aL‘¢m>/<¢m|akFL+1FN+1aM¢m>
1
am) = P sy /(O ol FL_, P o]0 .

The correlated operators obey the same (anti-) commutation rules as
their uncorrelated cousins, but they are not hermitian conjugates.
Alternative (somewhat sloppy) notation: label correlated states by the
orbitals in which the corresponding model state, <Dm>, differs from the
model ground state |¢O>:

1
FN+13£’¢0>7 Ip,p = <¢o‘apF1T\]+1FN+1aH¢O>7

p) =
p,p

Beyond the ground state = The tool: Correlated Basis Functions



Single Particle Spectrum

An introductory exercise

Increase/decrease in energy of a Fermi liquid upon adding/removing a
particle of momentum p (h):

The N 4+ 1 (or N — 1) particle state obtained by inserting a particle of
momentum p (removing a particle of momentum h) is

p) = ‘O‘IT:)O>7 ep = Hpp = Hopo = <p‘ﬁN+1‘P> - <0|I:\IN‘0>
‘h> = ’Oéh0>, ey = HOO — Hh,h = <O‘I,‘\IN_1|O> — <h‘II‘\IN‘h>

Particle—hole energies: ‘ph> = ’oz};ozho>:

eph = <ph’ICIN’ph> — <o|ﬁN‘0> =ep —ep + O(N1)

Beyond the ground state = The tool: Correlated Basis Functions



Calculating matrix ele

Where the work begins.

@ Specify the orbitals d in which ‘d>m> and |<Dn> differ.

|¢'m>:ajnl.. al a an1‘¢n>

cAmgDng -

Beyond the ground state The tool: Correlated Basis Functions



Calculating matrix elements

Where the work begins.

@ Specify the orbitals d in which ‘d>m> and |<Dn> differ.

|¢m>:aT .al a a ‘¢n>

Ty - Qg By - Ay,
@ Define non-local d—body operators

(P |F?|®n)

<n1...nd}./\/(1,...,d;n)}m1...mn>a 7
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Calculating matrix elements

Where the work begins.

@ Specify the orbitals d in which ‘d>m> and |<Dn> differ.

|¢m>:aT .al a a ‘¢n>

Ty - Qg By - Ay,
@ Define non-local d—body operators

(O [F?[@n)
& LnmInn

<n1...nd}./\/(l,...,d;n)}ml...mn>

e N(1,...,d;n) = N(1,...,d;0) + O(1/N) for d < N.
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Calculating matrix elements

Where the work begins.

@ Specify the orbitals d in which ‘d>m> and |<Dn> differ.

|¢m>:aT .al a a ‘¢n>

Ty - Qg By - Ay,
@ Define non-local d—body operators

(O [F?[@n)
& LnmInn

<n1...nd}./\/(l,...,d;n)}ml...mn>

e N(1,...,d;n) = N(1,...,d;0) + O(1/N) for d < N.
@ Derive expansions for the operators

N1, od) =2 (A, d).

Beyond the ground state The tool: Correlated Basis Functions



Two-body matrix elements

The most important ones

—al o ‘>
‘m> = Quy, Oy, O, Oy 1

The essential operators

Nmo = <m1m2‘/\/(1,2)|n1n2>a
Wio = <m1m2‘W(1,2)‘n1n2>a

e The 2-body operators N (1,2) and W(1,2) are generically
non-local, but their dominant contributions are local.
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Two-body matrix elements

The most important ones

—al o ‘>
‘m> = Quy, Oy, O, Oy 1

The essential operators

Nmo = <m1m2‘/\/(1,2)|n1n2>a
Wio = <m1m2‘W(1,2)‘n1n2>a

e The 2-body operators N (1,2) and W(1,2) are generically
non-local, but their dominant contributions are local.

e In W(1,2) we recover the effective interaction V,_y(1,2)+wi(1,2).

Beyond the ground state = The tool: Correlated Basis Functions



Excitations in correlated systems

Time-dependent Hartree-Fock

~iHoot/h o 38U(t) v .
p) = S ety
[(Wo [e R0V wo)]

1
6U(t) = Z Cph(t) aLah —+ 5 Z dpp/hh/ (t) aLaL;ah/ah =+ ...
ph pp’hh’

Action principle: Assume a weak external potential Uey(r; t):

5[ <\U(t) ‘H T Uext(t)' \Il(t)> dt

to ot
t1 R a
=0 <¢(t)‘H_Hoo_ih+Uext(t)‘¢(t)>dt—0.
to 8t

Beyond the ground state = The tool: Correlated Basis Functions



Time-Dependent Hartree—Fock

The easy part

Let H be a second—quantized Hamiltonian with a weak interaction:
N 1
H= Zt(a)a}laa + 3 Z <aﬁ‘V‘75>aLaga5a,y
a afyé

o Expand the action principle to second order in the particle—hole
amplitudes ¢ (t), (Uexi(r) is first order),

Beyond the ground state = The tool: Correlated Basis Functions



Time-Dependent Hartree—Fock

The easy part

Let H be a second—quantized Hamiltonian with a weak interaction:

N 1
H= Zt(a)a}laa + 3 Z <aﬁ‘V‘75>aLaga5a,y
a afyé
o Expand the action principle to second order in the particle—hole
amplitudes ¢ (t), (Uexi(r) is first order),
e replace Hartree-Fock single particle energies by ey = t(k)
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Time-Dependent Hartree—Fock

The easy part

Let H be a second—quantized Hamiltonian with a weak interaction:

= Zt(a)a}laa + % Z <aﬁ‘V‘75>aLaga5a,y
a afyé
o Expand the action principle to second order in the particle—hole
amplitudes ¢ (t), (Uexi(r) is first order),
e replace Hartree-Fock single particle energies by ey = t(k)
e omit all exchange terms
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Time-Dependent Hartree—Fock

The easy part

Let H be a second—quantized Hamiltonian with a weak interaction:

= Zt(a)a}laa + % Z <aﬁ‘V‘75>aLaga5a,y
a afyé
Expand the action principle to second order in the particle-hole
amplitudes ¢ (t), (Uexi(r) is first order),
replace Hartree-Fock single particle energies by ey ~ t(k)
omit all exchange terms

Formulate equations in momentum space (if you can)
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Time-Dependent Hartree—Fock

The easy part

Let H be a second—quantized Hamiltonian with a weak interaction:

= Z a + = Z aﬁ‘V"y5>a aﬁa(S
oeﬁvd
Expand the action principle to second order in the particle-hole
amplitudes ¢ (t), (Uexi(r) is first order),
replace Hartree-Fock single particle energies by ey ~ t(k)
omit all exchange terms

Formulate equations in momentum space (if you can)

5P(q, w) = X(q7 W)Uext(cb W)

XO(qa )
1 - V(a)xo(q, w)

x(q,w) =

Beyond the ground state The tool: Correlated Basis Functions



Time-Dependent CBF

The part that works

Problem with TDHF /RPA: The matrix elements (pp’ }V!hh’ >a and
<ph”V’hp’ >a don’t exist or are totally unreasonable for strong
interactions.
The ways out:
@ (Semi-)phenomenological approaches, that is, invent effective
interactions like

Beyond the ground state = The tool: Correlated Basis Functions
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Time-Dependent CBF

The part that works

Problem with TDHF /RPA: The matrix elements (pp’ }V!hh’ >a and
<ph”V’hp’ >a don’t exist or are totally unreasonable for strong
interactions.
The ways out:
@ (Semi-)phenomenological approaches, that is, invent effective
interactions like

“local field corrections” for electrons,
“Pseudopotentials” in 3He and *He,
“Time-dependent density functional theory”,
“Skyrme forces” in nuclear physics.
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Time-Dependent CBF

The part that works

Problem with TDHF /RPA: The matrix elements (pp’ }V!hh’ >a and
<ph”V’hp’ >a don’t exist or are totally unreasonable for strong
interactions.
The ways out:
@ (Semi-)phenomenological approaches, that is, invent effective
interactions like

“local field corrections” for electrons,
“Pseudopotentials” in 3He and *He,
“Time-dependent density functional theory”,
“Skyrme forces” in nuclear physics.

e Correlated wave functions.
—iHoot/h o 28U(t) .
‘W(t)> _ e e2 ‘0> _ e_lHoot/h}(D(t)>

[{oeRest®)] )] ?

Beyond the ground state = The tool: Correlated Basis Functions



ccitation operators

Correlated RPA

Particle-hole excitations:

oU(t) = S~ sull) (t)afan +
p,h

Beyond the ground state The tool: Correlated Basis Functions



ccitation operators

Correlated RPA and beyond

Particle-hole excitations:

o0
Z&uph(t ajan + g (5uphp,h t)oal, a0,
p,h,p’,h/

Pair excitations (also called “second RPA”)
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ccitation operators

Correlated RPA and beyond

Particle-hole excitations:

o0
Z&uph(t ajan + g (5uphp,h t)oal, a0,
p,h,p’,h/

Pair excitations (also called “second RPA”)
= Without correlations, the matrix elements are still divergent or
unreasonably large !
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ccitation operators

Correlated RPA and beyond

Particle-hole excitations:

P
Z&up () ah + E (5up o (Dagal,ap oy,
p,h,p’,h/

Pair excitations (also called “second RPA”)

= Without correlations, the matrix elements are still divergent or
unreasonably large !

= Without correlations, the “pair excitation operator” includes ground
state correlations !
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ccitation operators

Correlated RPA and beyond

Particle-hole excitations:

P
Z&up () ah + E (5up o (Dagal,ap oy,
p,h,p’,h/

Pair excitations (also called “second RPA”)

= Without correlations, the matrix elements are still divergent or
unreasonably large !

= Without correlations, the “pair excitation operator” includes ground
state correlations !

= Put in correlations or resort again to “medium to large amplitude
handwaving”

Beyond the ground state = The tool: Correlated Basis Functions



‘He in 3D

Historical Data

Spectrum by Cowley and
Woods 1971

‘COWLEY AND WOODS: INELASTIC SCTTERING OF THERMAL NEUTRONS FROM LIQUID HELIUM
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‘He in 3D

Historical Data

Spectrum by Cowley and
Woods 1971

‘COWLEY AND WOODS: INELASTIC SCTTERING OF THERMAL NEUTRONS FROM LIQUID HELIUM
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‘He in 3D

Historical Data

Spectrum by Cowley and
Woods 1971

‘COWLEY AND WOODS: INELASTIC SCTTERING OF THERMAL NEUTRONS FROM LIQUID HELIUM

@ Phonon branch

— @ The famous “roton minimum?,
| Energy A and wave number ka

of Liquid SHe and e al data




‘He in 3D

Historical Data

Spectrum by Cowley and
Woods 1971

| N%&V%“‘e’jé%r Energy Aand wave number ka

@ The “maxon”

*RCS €, +000594 ev

EXCITATION ENERGY (°K)

o RCS €= 001585 oy B

o TACs €' -0.00495 v

of Liquid SHe and e al data




‘He in 3D

Historical Data

Spectrum by Cowley and
Woods 1971

| Energy A ant\wave number ka
o~ ' e The “maxon”
"’z_,-‘f e The “Pitaevskii Plateau”, Energy

~ 2/, wave number up to 2ka
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f Liquid ®He and “He Historical data




‘He in 3D

Historical Data

Spectrum by Cowley and
Woods 1971

‘COWLEY AND WOODS: INELASTIC SCTTERING OF THERMAL NEUTRONS FROM LIQUID HELIUM

Phonon branch

T @ The famous “roton minimum?”,

| Nw%“@’jé%r Energy A and wave number ka
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Questions:

e What are the physical mechanisms behind these features 7

f Liquid ®He and “He Historical data




‘He in 3D

Historical Data

Spectrum by Cowley and
Woods 1971

‘COWLEY AND WOODS: INELASTIC SCTTERING OF THERMAL NEUTRONS FROM LIQUID HELIUM

Phonon branch

T @ The famous “roton minimum?”,

| Nw%“@’jé%r Energy A and wave number ka

‘ § ' « ”

‘ °

; e~ The “maxon
P K Q o9
Y] o The “Pitaevskii Plateau”, Energy
' ~ 2/, wave number up to 2ka

. L L
o i 24

Q (&)
Fo. 7. s o the energies of the ux

a0

Questions:
e What are the physical mechanisms behind these features 7

o Is there anything else to be seen ?

f Liquid ®He and “He Historical data




New high-precision experiments: *He in 3D

Disentangling the data

@ The processes we are interested in:
A neutron scatters off an atom in the liquid, generates one, two,
... elementary excitations and leaves the system.

Multi-mode generation

Dynamics of Liquid “He and “He Disentangling experimental data



New high-precision experiments: *He in 3D

Disentangling the data

@ The processes we are interested in:
A neutron scatters off an atom in the liquid, generates one, two,
... elementary excitations and leaves the system.

o The processes that obscure the picture:
A neutron scatters off an atom, generates one, two, ... elementary
excitations, propagates farther through the system and generates
more elementary excitations

Multi-mode generation Multiple scattering process

Dynamics of Liquid “He and “He Disentangling experimental data



New high-precision experiments: *He in 3D

A first glance
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Beauvois, K., Dawidowski, J., Fak, B., Godfrin, H., EK, Ollivier, J., Sultan, A. Microscopic dynamics of
superfluid He 4: A comprehensive study by inelastic neutron scattering. Physical Review B, 97, 184520
(2018).
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High—Precision Theory

The physical mechanisms

@ One-body fluctuations:
Feynman(RPA) spectrum Feynman (RPA)-Theory

hw(k) = h2kt /2mS(k) — - - \\ ;
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f Liquid SHe and *“He Disentangling experimental data



High—Precision Theory

The physical mechanisms

@ One-body fluctuations:
Feynman(RPA) spectrum
hw(k) = h?k?/2mS(k)

e Two-body fluctuations:

Single-Pair-Fluctuations
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High—Precision Theory

The physical mechanisms

@ One-body fluctuations:

Feynman(RPA) spectrum Multi-Pair-Fluctuations

hw(k) = h%k?/2mS(k) aol ]
e Two-body fluctuations:
Feynman-Cohen “backflow” %E;LS | R / 1
e Many-body fluctuations: w S . r \5(@ |
Multi-mode generation 05T r=0.022 (A%
0.00.0 0‘.5 l‘.O l‘.5 2‘.0 2‘.5
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00000000000

E 0O A\ A ;‘ o) ) )

s /L « L , ,
S \ , , \
A

2000000000000000C

[
, | (Y
B <) DA/ )
e
e ~ « « , J ,

Disentangling experimental data



Comparing Theory and Experiment

The moment of truth
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Multimode generation

What do we see here ?

1=

Kimenatic constraints:
Energy conservation:

Ef — E; = hwi + hwo
Momentum conservation

ki—ki=Q=ai +aq

of Liquid SHe and

Kinematic constraints

16 < "
14 \ /
.2
1.0

“\~

0.8

hw  (meV)

0.6 phonon-R i processes VA

phonon-R ~ processes Y
phonon-phonon processes

0.4
0.2

0.0

5 2.0 25 3.0

(Roton—(ﬁotrgn ﬁ%o@é’S’Ses not
shown)

Questions:

What is the phase space ?
What are the coupling matrix
elements ?

Multimode kinema



Dynamics of *He

The life above the phonon-roton spectrum

e An extension of the phonon—branch to high energies
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Dynamics of *He

The life above the phonon-roton spectrum

e An extension of the phonon—branch to high energies
@ An extension of the plateau to long wavelengths

00 Y O
00 05 10 15 20 25

Dynamics of Liquid “He and “He Verification: Multimode kinematics



Dynamics of *He

The life above the phonon-roton spectrum

e An extension of the phonon—branch to high energies
@ An extension of the plateau to long wavelengths
e Roton-maxon coupling
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Dynamics of *He

The life above the phonon-roton spectrum

An extension of the phonon—branch to high energies
An extension of the plateau to long wavelengths
Roton—maxon coupling

R roton broadening (Cerenkov effect)

|

00 Y O
00 05 10 15 20 25

Dynamics of Liquid “He and “He Verification: Multimode kinematics




Dynamics of 3He

The most difficult test case !

David Pines, Physics Today 34, 106
(1981):

Woods’ (PRL 14, 355 (1965).) experiment let me con-
clude that the phonon-maxon-roton excitation in He-II
and the zero sound mode of He had a common physical
origin in strong (and quite similar) effective inter-atomic
interactions ... .

He Verification: Dynami



Dynamics of *He

The most difficult test case !

David Pines, Physics Today 34, 106
(1981):
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Dynamics of *He

The most difficult test case !

David Pines, Physics Today 34, 106
(1981):
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Woods’ (PRL 14, 355 (1965).) experiment let me con-
clude that the phonon-maxon-roton excitation in He-II
and the zero sound mode of He had a common physical
origin in strong (and quite similar) effective inter-atomic

interactions ... .
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Dynamics of *He

The most difficult test case !

David Pines, Physics Today 34, 106
(1981):

e A phonon as in *He.

hole band”.

C

o A “particle-

Woods’ (PRL 14, 355 (1965).) experiment let me con-
clude that the phonon-maxon-roton excitation in He-II
and the zero sound mode of He had a common physical
origin in strong (and quite similar) effective inter-atomic

interactions ... .
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Dynamics of *He

The most difficult test case !

David Pines, Physics Today 34, 106
(1981):

e A phonon as in *He.
g o A “particle-hole band”.
Fermi-specific
@ A “hidden” roton ?

Woods’ (PRL 14, 355 (1965).) experiment let me con-
clude that the phonon-maxon-roton excitation in He-II
and the zero sound mode of He had a common physical
origin in strong (and quite similar) effective inter-atomic
interactions ... .
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Dynamics of *He

The most difficult test case !

David Pines, Physics Today 34, 106
(1981):

30
Zj e A phonon as in *He.
g o A “particle-hole band”.

& 2 L Fermi-specific
D,
b e A “hidden” roton ?

©F e Could there be

7 <R hing else ?
Gl= <SR something else !
» ean single psir
0.5 1.0 15 2Q 215
q(A_')

Woods’ (PRL 14, 355 (1965).) experiment let me con-
clude that the phonon-maxon-roton excitation in He-II
and the zero sound mode of He had a common physical
origin in strong (and quite similar) effective inter-atomic
interactions ... .

of Liquid SHe and e rific Dynamics of “He



Fermions: What we were told in class

Understanding the dynamics of He

“Conventional wisdom:”
Dynamic structure function:

1 1=0.0166 A

S(q> w) = _;Sm X(q7 OU)

hw [te]
O R N WA OO N ®

00 05 10 15 20 25 30 35
K [kel
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Fermions: What we were told in cl

Understanding the dynamics of He

“Conventional wisdom:”
Dynamic structure function:

1
S(q> w) = _;Sm X(q7 OU)
Random Phase approximation:

W) — XO(qaw)
M) = 75 7 ol@e)

Dynamics of Liquid “He and “He

1=0.0166 A
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Fermions: What we were told in cl

Understanding the dynamics of He

“Conventional wisdom:”
Dynamic structure function:

S(q,w)

Random Phase approximation:

XO(%M

1= V(@) xola, w)

1
——Qm x(q, w)
T

x(q,w)

Collective mode at

1= Vpon(a)xo(a, w(q)) =0

Dynamics of Liquid “He and “He
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Fermions: What we were told in class

Understanding the dynamics of He

“Conventional wisdom:”
Dynamic structure function:

1
——Qm x(q, w)
T

S(q,w)

Random Phase approximation:

XO(%M

x(q,w) = =
1 — Ve=tila)xo(
Collective mode at
1= Vpon(gx0(a, w(q)) = 0

Particle-hole continuum at

e(q —kr) < hw < e(q + kr)

ics of Liquid SHe and *“He
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Fermions: What we were told in class

Understanding the dynamics of He

“Conventional wisdom:”
Dynamic structure function:

S(q,w)

Random Phase approximation:

XO(%M

1
——Qm x(q, w)
T

x(q,w) = =
1 — Ve=tila)xo(
Collective mode at
1= Vpon(gx0(a, w(q)) = 0

Particle-hole continuum at

e(q —kr) < hw < e(q + kr)

Dynamics of Liquid “He and “He

1=0.0166 A
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@ RPA is too high compared to
experiments.
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Fermions: What we were told in class

Understanding the dynamics of He

“Conventional wisdom:”
Dynamic structure function:

S(q,w)

Random Phase approximation:

XO(%M

1
——Qm x(q, w)
T

x(q,w) = =
1 — Ve=tila)xo(
Collective mode at
1= Vpon(gx0(a, w(q)) = 0

Particle-hole continuum at

e(q —kr) < hw < e(q + kr)

Dynamics of Liquid “He and “He

1=0.0166 A

te]
~ ®

hw [
=N Wb

P

experiments.

compared to

e A very low-lying spin-mode
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Confronting Theory and Experiment

Again 3He

1p-1h fluctuations: RPA
Vph;p’h’ = <Ph/| Vd {hp/>

matrix elements of an energy independent interaction.

RPA without exchange

1=0.0166 A°

Fak etal.~—~
Glyde et al.-——=--

hw [te]

O rP N ®W MU O N ©

Dynamics of Liquid “He and “He Verification: Dynamics of “He



Confronting Theory and Experiment

Again 3He
1p-1h fluctuations: RPA with exchanges: gets the spin-mode

Vph;p’h’ = <Ph/| Vd {hp/> - <ph/‘ Vex ‘p,h>

matrix elements of an energy independent interaction.

RPA without exchange RPA with exchange

r=0.0166 A® r=0.0166 A®
8 T T T > e 8 T T T
7 Fak etal.~—~ 7L Faketal.——
Glyde et al.-——=-- Glyde et al.---=--
6 6
_ 5 _ 5r
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s = 4r
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Confronting Theory and Experiment

Again 3He

2p-2h fluctuations:
Vph;p’h’ = <ph/‘ Vd(&)) |hp,>
matrix elements of an energy dependent interaction.

2p2h without exchange

r=0.0166 A®
8
7| Faketal.-—
Glyde et al.+--=--
6
. 5
=
= 4
=
9
2
i,
0
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Confronting Theory and Experiment

Again 3He

2p-2h fluctuations: with exchanges
Vph;p’h’ = <Ph/‘ Vd(w) |hp,> - <ph/‘ Vex(w) ‘p/h>

matrix elements of an energy dependent interaction.

2p2h without exchange 2p2h with exchange

r=0.0166 A® 1=0.0166 A°
8 8 .
7 Fak etal.~— 7 Fék et al.—~
Glyde et al. —-=-~ Glyde et al. =~
6 6
_ 5 _ 5
= =z
s 4 s 4
2 £
3 3
2 2
1 1
0 0

0 0.5 1 1.5 2 25 3 35 d
Kikd K kel
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Fermions: (*He

New experiments — better calculatio

DMET:

S(Q,w) = Se(Q, w) + §SI(Q,w) 5(Q,w) = Se(Q, w)

Experiments, P = 0.83 bar DMBT density channely = 0.0166 A%
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Fermions: (*He)

New experiments — better calculations

eriments:

S(Quw) = Se(Q,w) + —81(Q,)

Experiments, P = 0.83 bar
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Fermions: (*He)

New experiments — better calculations

eriments:

S(Quw) = Se(Q,w) + —81(Q,)

Experiments, P = 0.83 bar
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Dynami
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He

DMBT:

S(Q,w) = Se(Qw) + TSi(Q,w)

DMBT sum, r = 0.0166 A%
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Fermions: Neutron Matter

Application of DMBT still wai

Dynamics of Liquid “He and *He Verification: Dynamics of “He



BCS Theory with strong correlations

How to derive a BCS wave function with correlations

}BCS> = H [uk + VkaltTaik¢] |0)

k
|CBCS) = Z FN‘m(N)><m(N) BCS)

e EK and J. W. Clark, Nucl. Phys. A333, 77 (1980).

e EK, R. A. Smith and A. D. Jackson: Phys Rev. B24, 6404 (1981).

e H.-H. Fan, EK, T. Lichtenegger, D. Mateo and R. Zillich, Phys
Rev. A92, 023640, (2015).

Strategy: Expand in terms of the deviation of the Bogoliubov
amplitudes from their normal system values !

Pairing with strong correlations General strategy
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How to derive a BCS wave function with correlations

IBCS) = H [uk + VkaLTath |0)

k
|CBCS) = Z FN‘m(N)><m(N) BCS)

e EK and J. W. Clark, Nucl. Phys. A333, 77 (1980).
e EK, R. A. Smith and A. D. Jackson: Phys Rev. B24, 6404 (1981).
e H.-H. Fan, EK, T. Lichtenegger, D. Mateo and R. Zillich, Phys
Rev. A92, 023640, (2015).
Strategy: Expand in terms of the deviation of the Bogoliubov
amplitudes from their normal system values !

At QFS 2018, Tokyo:, A. J. Leggett

We should not build the superfluid system by creating Cooper pairs
from the vacuum,
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BCS Theory with strong correlations

How to derive a BCS wave function with correlations

}BCS> = H [uk + VkaltTaik¢] |0)
k

‘CBCS ‘m(N)><m(N)'BCS>

1
> B sz V Imm FN

e EK and J. W. Clark, Nucl. Phys. A333, 77 (1980).
e EK, R. A. Smith and A. D. Jackson: Phys Rev. B24, 6404 (1981).
e H.-H. Fan, EK, T. Lichtenegger, D. Mateo and R. Zillich, Phys
Rev. A92, 023640, (2015).
Strategy: Expand in terms of the deviation of the Bogoliubov
amplitudes from their normal system values !

At QFS 2018, Tokyo:, A. J. Leggett

We should not build the superfluid system by creating Cooper pairs
from the vacuum, but rather generate Cooper pairs from the normal

General strategy



BCS Theory with strong correlations

Some technicalities

Let
[ -
By = agqal Bx = a_k 0Ky .
Then
D E
(0ys = v 0o™Muy,
>~ D h_ i E > D h, i
+ vi Vo Bk OIN+2) 7O$)No) 5{‘1/0 + ui Vo /3{ o 2 7O$)No) BkVo
k>kp k<kp
> D h, i E
n wevieovio Yo O — oM @Y oug
k>kp;k0<kp
D . Nas ol E
+ ug ViU v Vo Bk o2 — ol Bio“’o
k=>kp;k0=>kp
> D h i
+ weviemovyo WopY O 2 — ol g 0w,
k<kp;k0<kp
> D h_ i E
+ u v v WoBY Ao 6N — ol w,

k<kp;k0=>kp

seneral strategy



BCS Theory with strong correlations

Analysis of the pairing interaction:

After lengthy calculations: An (almost) ordinary gap equation

At low densites, all operators become local

Par = (k. —k LWL 1, -K 1),
+(|ek - /JJ| + |ek’ - ,LL’)<k 1, —k \l/’N(]-a 2)‘1{, T, —K \L>a

< DW= )+ (Jow — pl + e — p)A(kc ~ )]

N

e The gap is (mostly) determined by the matrix element

k1, =k JW(L,2)[K 1, -K |),

Pairing with strong correlations Pairing interaction



BCS Theory with strong correlations

Analysis of the pairing interaction:

After lengthy calculations: An (almost) ordinary gap equation

1 Ay
Ak—_2;7>kk’\/ K

(ek/ — ;,L)z + A2,

At low densites, all operators become local

Par = (k. —k LWL 1, -K 1),
+(|ek - M| + |ek’ - ,LL’)<k 1, —k \l/’N(]-a 2)‘1{, T, —K \L>a

< DW= )+ (Jow — pl + e — p)A(kc ~ )]

N

e The gap is (mostly) determined by the matrix element
k1, =k JW(L,2)[K 1, -K |),

@ The “energy numerator” term regularizes the integral for
zero-range interactions.

Pairing with stro correlations Pairing interaction



BCS Theory with strong correlations

Approximate solution of the gap equation

At low density, let
m

- 4w ph? We

8 T
Ap ~ — .
F 62 °F &P <2aFkF )

Corrections: ap — ag for p — 0+
If ap = ag [1 + a@] then

A 8 e ( a) e T
~ —epexp|——)ex .
F 62 F eXp 2 P 2a0kF

afp

Questions:

e What influences the pre-factor (Gorkov-corrrections etc..):

Pairing with strong correlations Pairing interaction
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e What influences the pre-factor (Gorkov-corrrections etc..):

e How accurate is the solution 7
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BCS Theory with strong correlations

Approximate solution of the gap equation

At low density, let
m

- 4w ph? We

8 T
Ap ~ — .
F 62 °F &P <2aFkF )

Corrections: ap — ag for p — 0+
If ap = ag [1 + a@] then

A 8 e ( a) e T
~ —epexp|——)ex .
F 62 F eXp 2 P 2a0kF

afp

Questions:
e What influences the pre-factor (Gorkov-corrrections etc..):
e How accurate is the solution ?

@ Are there non-universal effects 7

Pairing with strong correlations Pairing interaction



BCS Theory with strong correlations

What’s new 7

The gap is determined by ap

Corrections:
e Interaction corrections (“phonon exchange”)

4mph?  4dmph? k
° a= Ul agp [1 + O/aOF}
m m 7

Many-Body effects

Pairing with strong correlations
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Corrections:
e Interaction corrections (“phonon exchange”)
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e Finite-range corrections: Note that
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The gap is determined by ap

Corrections:
e Interaction corrections (“phonon exchange”)
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° a= Ul agp [1 + O/aOF}
m m 7
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e Finite-range corrections: Note that
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@ The value of VNVF is influenced by the regime 0 < k < 2kp

Many-Body effects
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BCS Theory with strong correlations

What’s new 7

The gap is determined by ap

Corrections:
e Interaction corrections (“phonon exchange”)

W(0+) =

4mph?  4dmph? k
° a= Ul agp [1 + O/aOF}
m m 7

e Finite-range corrections: Note that

. 1 2kp o __
F JO

@ The value of VNVF is influenced by the regime 0 < k < 2kp
@ The value of VNVF is influenced real space correlations in the

interaction regime r > 1/ky !

Many-Body effects

Pairing with strong correlations



BCS Theory with strong correlations

Finite-range effects

Pair correlations Pairing interaction
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oximations do

Solution of the gap equation

and what ap

/
/77
i
F N /
PPt /

iiii i
! /
/ /

o Ap = epexp
e
iy
6 !
= 107t T
[a) jiiid
i ! /
/Ill/’ II l/ I
108 v il 1
i ! i
iiii it I
i ! i
[
i 4
;
j

SW Potentiaj

i




Solution of the gap equation

. and what approximations do

8 s
o Ap = 6—26F exp

ankp 1
Can be far off &
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,’:" SW Potentia
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Solution of the gap equation

. and what approximations do

1 -
full solution—
102 % o]
A 8 T
° = —epexp | ——
F=2frexp 2a0kp 10% | ]
Can be far off & ]
A 8 T & ]
° = —epexp | ——
B 2frexp 2apkp 108 | ]
Not too bad
10%° t 1
e Full solution SW Potential
1012
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Solution of the gap equation

. and what approximations do

1 -
full solution—
102 [ -
A 8 T
° = —epexp | ——
F=2frexp 2a0kp 10% | ]
Can be far off & ]
A 8 T & ]
° = —epexp | ——
B 2frexp 2apkp 108 | ]
Not too bad
10%° t 1
e Full solution SW Potential
10—12 i
0.01 0.1 1

Kes

e Exponential behavior becomes universal, prefactor not.

o Low density expansion valid only for physically uninteresting
cases.




Neutron matter calculations

o gap for Argonne and Reid

s of the Fe
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Neutron matter calculations

1S, gap for Argonne and Reid Vg4

of the Fermi ener
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e Weak dependence on the effective mass (0.9 < m*/m < 1.1)

Some results



Neutron matter calculations

1S, gap for Argonne and Reid Vg4

Gap in units of MeV i its of the Fermi ene

D(ks) (MeV)
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Weak dependence on the effective mass (0.9 < m*/m < 1.1)

Is the “weak coupling approximation” justified 7




Neutron matter calculations

1S, gap for Argonne and Reid Vg4

Gap in units of MeV i its of the Fermi ene

3.0 — 0.5
AV — Argonne V, ——
25 Reid Vg — Reid V; _—
AV g uncorr. = 0.4
%‘ 2.0
= 0.3
=15 &
2" 2
= & 02
1.0
05 01
0.0 4= - 0.0
00 02 04 06 08 10 12 14 16 18 0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
ke () ke (fmrt)

e Weak dependence on the effective mass (0.9 < m*/m < 1.1)
o Is the “weak coupling approximation” justified ?

o Note that this is still only central correlations !

Pairing with st
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Jastrow-HNC and parquet for superfluid systems

e Go back to

[CBCS) = Y (m®™|Fm™) " 2Fy [m™) (m™|BCs)
N,m
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Jastrow-HNC and parquet for superfluid systems

e Go back to
[CBCS) = Y (m®™|Fm™) " 2Fy [m™) (m™|BCs)
N,m

@ Develop diagrammatic expansions at the FHNC or “parquet” level:
Looks practically the same as normal system FHNC replacing
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What’s next 7

Jastrow-HNC and parquet for superfluid systems

e Go back to

|CBCS) = Z<m<N>\FZN}m<N>>*1/2FN|m(N>><m<N>\Bcs>
N,m

@ Develop diagrammatic expansions at the FHNC or “parquet” level:
Looks practically the same as normal system FHNC replacing

{(rijkp) = pLQ D n(k)e"i* = o——o
K
by

— 1T1 i
v(rij) = pQ E v2 ik — o« o
and

1rlJ — .
u(ry) pQ Z

@ Derive FHNC and Euler equatlon

Strongly coupled superfluids Jastrow-HNC ? — Another dead end !



Jastrow-HNC for superfluid systems

..just to impress you
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Bhead o B0 U0 2
BEEECLAv LS BRIt e

gly coupled superfluids Jastrow-HNC ? — Another dead end !



Jastrow-HNC for superfluid systems

Revealing a big problem

o Recall the “collective RPA”
Sr(q)

4S
%1 + 20T, (q)
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4mSZ
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e But now

Se(a) = 12 [ @t [B) - 20)
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2k Vi

e FHNC-EL equations have no solution if \~/p_h(q) x Fy <0
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Strongly coupled superfluids Jastrow-HNC ? — Another dead end !



Jastrow-HNC for superfluid systems

Revealing a big problem

o Recall the “collective RPA”
Sr(q )

4mSZ
\/1 Ir;—lz p h(q)

e But now

Se(a) = 12 [ @t [B) - 20)

2,2
Sp(04) = 22Kk
2k Vi

e FHNC-EL equations have no solution if \~/p_h(q) x Fy <0
o FHNC-EL equations have no sensible solution if \N/p_h(q) >0

> 0.
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Jastrow-HNC for superfluid systems

Revealing a big problem

o Recall the “collective RPA”
Sr(q )

4mSZ
\/1 Ir;—lz p h(q)

e But now
Se(a) = 12 [ @t [B) - 20)
v
2,2
Sp(04) = 22Kk
2k Vi
e FHNC-EL equations have no solution if \~/p_h(q) x Fy <0

FHNC-EL equations have no sensible solution if \N/p_h(q) >0

This applies to the “fixed-node approximation”

Strongly coupled superfluids Jastrow-HNC ? — Another dead end !



Parquet for superfluid systems

The way out

@ Recall: W
X(RPA)((%W) _ ...XO(q )
1 = Vpn(a)xo(q,w)
1
S(a) = —W/dw Sm x(q,w).
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Parquet for superfluid systems

The way out

o Recall: X(RPA)(q,w) _ NXO(CLW)
1= Vpn(a)xo(q, w)
S(a) = —% /dw Sm x(q,w).
o “collective Lindhard function” causes problems
(g, w) = 2t(q)

(hw + )2 = (t(q)/Sr(a))*
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Parquet for superfluid systems

The way out

o Recall: X(RPA)(q,w) _ NXO(CLW)
1= Vpn(a)xo(q, w)
S(a) = —% /dw Sm x(q,w).
o “collective Lindhard function” causes problems
(g, w) = 2t(q)

(hw + )2 = (t(q)/Sr(a))*
o Exact Lindhard function(s): & = t(k) — p, Ex = /& + A?

(p:0) v (p,0) 1
X kw) = —— b [:I: - }
O DDA e e e
bg?l’{g) = V%uiﬂ) =+ UpVpUlgp Vit p 5

ngly coupled superfluids Parquet for superfluids



Parquet for superfluid systems

What does it do ?

o Fixes the spurious
problem of
Jastrow-Feenberg
(fixed node)
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Parquet for superfluid systems

What does it do ?

WP (q,w) =
e Fixes the spurious (
V ps U)( )
problem of _
Jastrow-Feenberg 1— X(p’a)(q,w)V(p’ (q)

(fixed node)

e Suppresses polarization
0.0
corrections in the 02 ]\
spin-channel 04 f |

-0.6

=0)

¢y (aw=0) ——
<) (@w=0) —
c®(qw=0)——

-0.8

e (qw
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-1.6
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ke
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Parquet for superfluid systems

What does it do ?

Wp,a(% w) =
e Fixes the spurious (
V p,o )( )
problem of _
Jastrow-Feenberg 1— X(p"’)(%w)v(p’ (q)
(fixed node)
@ Suppresses polarization e
corrections in the o (
. o VO @ @ —
spin-channel 3 oo Wan=0 —
2 WOQu=0)
o Take effective g
interaction at w = 0. =
-2.0

0.0 1.0 20 3.0 4.0 5.0
alke

Strongly coupled superfluids Parquet for superfluids



Parquet for superfluid systems

Singlet pairing in neutron matter

e Calculations of increasing Reid , neraciion
. 05 5
complexity ~ Jestiow-Feeniberg—
0.4 parquet—— 1 4
self-consistent

SP s
& 03 FW - 3 2
& =
& 02 2 &
=

0.1 1
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in neutron matt



Parquet for superfluid systems

Singlet pairing in neutron matter

e Calculations of increasing Reid , neraciion
. 05 5
complexity A=)
. ) parquet ——
. . self-consistent
e Estimate by vacuum scattering & 03 K- : %
lenght is miserable & o2 2 2
0.1 1
AL(I{F) — E ex 4 %0 vﬂo.z r;4 06 08 10 12 14 16 16
ep €2 P 2apkp ke (it
Argonne Vsinteraction
05 —— 5
IR \ Jastrow-Feenberg——
0.4 parquet—— 1 4
self-consistent
4 03 o 3 8
3 2
5 02 \ 2 %“
0.1 \:\ 1

0.0 Lustuerl = 0
00 02 04 06 08 1.0 12 14 16 18
ke (fm™)

in neutron matter



Parquet for superfluid systems

Singlet pairing in neutron matter

e Calculations of increasing Reid , neraciion
. 0.5 5
pa
complexity A=
. . self-consistent
e Estimate by vacuum scattering & 03 f— : %
lenght is miserable & o2 2 2
0.1 TG 1
AL(]&F‘) — E ex m D.00.0 0204 06 08 1.0 1\.2 14 16 1.80
= 2 &XP k ke ()
er e 2apky

Argonne Vsinteraction

I Jastrow-Feenberg——
parquet—— 14

arquet
self-consistent
SP

o Estimate by pairig matrix
element too small

AFw(kF) _ 82 exp % th%
ep m* 32m*Wy

OfkeVler
o o
2 2

3
2
v
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0.0 Lustuerl == o
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in neutron matter



Parquet for superfluid systems

The effect of state-dependent correlations ?

Reid Vj interaction

0.5 5
state-independent parquet—
0.4 full parquet 4
central correlations only — .
central, spin, and tensor correlations—— & 03 3 é
Z =
a o2 2 _é‘:‘
&
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Parquet for superfluid systems

The effect of state-dependent correlations ?

Reid Vj interaction

0.5 5
state-independent parquet—
0.4 full parquet 4
central correlations only — .
central, spin, and tensor correlations—— & 03 3 é
Z =
a o2 2 _é‘:‘
&
@ 0.1 1
2]
=

0.0 0
00 02 04 06 08 10 12 14 16 18
ke (fm)

Argonne \jinteraction

0.5 5
state-independent parquet—
0.4 full parquet 4
e Brings us back to the simplest g 02 s g
case s oz 2 £
0.1 1
o CONSIDER THESE

0.0 0
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RESULTS AS ke (fm™)
PRELIMINARY !

in neutron matter



Summary

e Equivalence of Jastrow-Feenberg theory and local parquet

o FHNC-EL diverges for phase transitions:
in the particle-hole channel for spinodal decomposition,
in the particle-particle channel for dimer formation

e Long-ranged properties are determined by many-body effects,
not by vacuum

e Non-universal behavior of the pairing matrix element.

o The Jastrow-Feenberg wave function is not suitable for superfluid
systems

o The Jastrow-Feenberg wave function is not practical for realistic
nuclear interactions

e Parquet theory can fix the problems

e Parquet theory must take approximations suggested by
Jastrow-Feenberg

Summary
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