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Microscopic Many-Body Theory:
The long path from the nuclear interaction to

neutron matter pairing

Eckhard Krotscheck
Department of Physics, University at Buffalo SUNY

Karpacz Winter School, Feb. 28, 2020
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Observables: What neutron scatterers measure
Understanding the dynamics of a quantum fluid

Double differential cross section: What experimentalists measure

∂2σ

∂Ω ∂ℏω
= b2

(
kf
ki

)
S(k, ℏω)

Dynamic structure function: The definitions

S(k, ℏω) = 1
N

∑
n

∣∣⟨Ψn
∣∣ρk

∣∣Ψ0
⟩∣∣2 δ(ℏω − εn)

H
∣∣Ψ0

⟩
= E0

∣∣Ψ0
⟩

H
∣∣Ψn

⟩
= [E0 + εn]

∣∣Ψn
⟩

Density-density response function: What theorists calculate

S(k, ℏω) = − 1
π
ℑmχ(k, ℏω)

δρ1(r, t) =

∫
d3r′dt′ χ(r, r′; t − t′)δVext(r′, t′)

Beyond the ground state Observables
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Dynamic Many-Body Theory (DMBT)
(Multi-)particle fluctuations for bosons

and fermions

Build on the success story for quantum fluids:
Make the Jastrow-Slater wave function time dependent !

|Ψ(t)⟩ = e−iE0t/ℏ Fe 1
2 δU |Ψ0⟩

⟨Ψ0|e
1
2 δU†F†Fe 1

2 δU|Ψ0⟩]1/2
,∣∣Ψ0

⟩
: model ground state, δU(t): excitation operator

Bosons:

δU(t) =
∑

i
δu(1)(ri; t) +

∑
i<j

δu(2)(ri, rj; t) + . . .

Fermions: (a correlated version of SRPA)

δU(t) =
∑
p,h

δu(1)
p,h(t)a

†
pah +

∑
p,h,p′,h′

δu(2)
p,h,p′,h′(t)a†pa†p′ahah′

The physical content of δu(2) can not be
described by mean field theory !

Beyond the ground state Dynamic Many-Body Theory
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Dynamic Many-Body Theory (DMBT)
What these amplitudes do for bosons

and fermions

δU(t) =
∑

i
δu(1)(ri; t)

Beyond the ground state Dynamic Many-Body Theory
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Dynamic Many-Body Theory (DMBT)
What these amplitudes do for bosons and fermions

δU(t) =
∑
p,h

δu(1)
p,h(t)a

†
pah

Beyond the ground state Dynamic Many-Body Theory
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Dynamic Many-Body Theory (DMBT)
What these amplitudes do for bosons

and fermions

δU(t) =
∑

i
δu(1)(ri; t)

+
∑
i<j

δu(2)(ri, rj; t) + . . .

Beyond the ground state Dynamic Many-Body Theory
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Dynamic Many-Body Theory (DMBT)
What these amplitudes do for bosons and fermions

δU(t) =
∑
p,h

δu(1)
p,h(t)a

†
pah

+
∑
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δu(2)
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The tool: Correlated Basis Functions
A correlated basis of the Hilbert space:

Let m be any set of single particle orbitals, and∣∣Φm
⟩
=

∏
k∈m

a†k
∣∣0⟩

the corresponding Slater determinant (suppress spin quantum numbers
when unambiguous): Define a basis of the Hilbert space by∣∣m⟩

≡
∣∣Ψm

⟩
=

1√
Imm

FN(1, . . . ,N)
∣∣Φm

⟩
,

Imm ≡
⟨
Φm

∣∣F†
N(1, . . . ,N)FN(1, . . . ,N)

∣∣Φm
⟩
.

The correlated ground state:∣∣o⟩ ≡ ∣∣Ψo
⟩
=

1√
Ioo

FN(1, . . . ,N)
∣∣Φo

⟩
where

∣∣Φo
⟩

is the filled Fermi-sea.
Keep FN(1, . . . ,N) the same for all

∣∣Φm
⟩

(a matter of practicality.)
Beyond the ground state The tool: Correlated Basis Functions
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Correlated Basis Sets:
The generic quantities

Generating functionals Gmm, normalization integrals Imm , and
their ratios:

Gmm − Goo = ln [Imm/Ioo] ,

Correlated diagonal matrix elements of Ĥ and their differences

H′
mm ≡ Hmm − Hoo =

⟨
m
∣∣Ĥ∣∣m⟩

−
⟨
o
∣∣Ĥ∣∣o⟩ ,

Correlated off–diagonal matrix elements of Ĥ and 1̂ :

H′
mn ≡

⟨
m
∣∣Ĥ − Hoo

∣∣n⟩ Nmn ≡
⟨
m
∣∣ 1̂

∣∣n⟩ (m ̸= n)

Auxiliary quantity:

Wmn ≡ H′
mn − 1

2
(
H′

mm + H′
nn
)

Nmn (m ̸= n)

Beyond the ground state The tool: Correlated Basis Functions
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∣∣Ĥ − Hoo

∣∣n⟩ Nmn ≡
⟨
m
∣∣ 1̂

∣∣n⟩ (m ̸= n)

Auxiliary quantity:

Wmn ≡ H′
mn − 1

2
(
H′

mm + H′
nn
)

Nmn (m ̸= n)

Beyond the ground state The tool: Correlated Basis Functions



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Correlated Basis Sets:
The generic quantities

Generating functionals Gmm, normalization integrals Imm , and
their ratios:

Gmm − Goo = ln [Imm/Ioo] ,

Correlated diagonal matrix elements of Ĥ and their differences
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An second quantized formulation
Shorthand notation

Creation operators (α†
k) and annihilation operators (αk) for correlated

states: ∣∣α†
km

⟩
= FN+1a†k

∣∣Φm
⟩
/
⟨
Φm

∣∣akF†
N+1FN+1a†k

∣∣Φm
⟩ 1

2 ,∣∣αkm
⟩

= FN−1ak
∣∣Φm

⟩
/
⟨
Φm

∣∣a†kF†
N−1FN−1ak

∣∣Φm
⟩ 1

2 .

The correlated operators obey the same (anti-) commutation rules as
their uncorrelated cousins, but they are not hermitian conjugates.
Alternative (somewhat sloppy) notation: label correlated states by the
orbitals in which the corresponding model state,

∣∣Φm
⟩
, differs from the

model ground state
∣∣Φo

⟩
:

∣∣p⟩ =
1√
Ip,p

FN+1a†p
∣∣Φo

⟩
, Ip,p =

⟨
Φo

∣∣apF†
N+1FN+1a†p

∣∣Φo
⟩
,

Beyond the ground state The tool: Correlated Basis Functions
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Single Particle Spectrum
An introductory exercise

Increase/decrease in energy of a Fermi liquid upon adding/removing a
particle of momentum p (h):
The N + 1 (or N − 1) particle state obtained by inserting a particle of
momentum p (removing a particle of momentum h) is∣∣p⟩ =

∣∣α†
po
⟩
, ep ≡ Hp,p − Ho,o =

⟨
p
∣∣ĤN+1

∣∣p⟩− ⟨
o
∣∣ĤN

∣∣o⟩∣∣h⟩ =
∣∣αho

⟩
, eh ≡ Hoo − Hh,h =

⟨
o
∣∣ĤN−1

∣∣o⟩− ⟨
h
∣∣ĤN

∣∣h⟩
Particle–hole energies:

∣∣ph
⟩
=

∣∣α†
pαho

⟩
:

eph ≡
⟨
ph

∣∣ĤN
∣∣ph

⟩
−

⟨
o
∣∣ĤN

∣∣o⟩ = ep − eh +O(N−1)

Beyond the ground state The tool: Correlated Basis Functions
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Calculating matrix elements
Where the work begins.

Specify the orbitals d in which
∣∣Φm

⟩
and

∣∣Φn
⟩

differ.∣∣Φm
⟩
= a†m1 . . . a

†
mdand . . . an1

∣∣Φn
⟩

Define non–local d−body operators

⟨
n1 . . . nd

∣∣N (1, . . . , d;n)
∣∣m1 . . .mn

⟩
a ≡

⟨
Φm

∣∣F2∣∣Φn
⟩

√
ImmInn

N (1, . . . , d;n) = N (1, . . . , d; o) +O(1/N) for d ≪ N.
Derive expansions for the operators
N (1, . . . , d) =

∑
s,t(∆N )

(t)
s (1, . . . , d) .

Beyond the ground state The tool: Correlated Basis Functions
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∑
s,t(∆N )

(t)
s (1, . . . , d) .

Beyond the ground state The tool: Correlated Basis Functions
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Two-body matrix elements
The most important ones

∣∣m⟩
= α†

m1α
†
m2αn2αn1

∣∣n⟩
The essential operators

Nmo =
⟨
m1m2

∣∣N (1, 2)
∣∣n1n2

⟩
a

Wmo =
⟨
m1m2

∣∣W(1, 2)
∣∣n1n2

⟩
a

The 2-body operators N (1, 2) and W(1, 2) are generically
non-local, but their dominant contributions are local.

In W(1, 2) we recover the effective interaction Vp−h(1, 2)+wI(1, 2).

Beyond the ground state The tool: Correlated Basis Functions
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Excitations in weakly correlated systems
Time-dependent Hartree-Fock

∣∣Ψ(t)
⟩

=
e−iHoot/ℏ e 1

2 δU(t) |Ψ0⟩[⟨
Ψ0

∣∣eℜeδU(t)
∣∣Ψ0

⟩]1/2 = e−iHoot/ℏ∣∣Φ(t)⟩
δU(t) =

∑
ph

cph(t) a†pah +
1
2

∑
pp′hh′

dpp′hh′(t) a†pa†p′ah′ah + . . .

Action principle: Assume a weak external potential Uext(r; t):

δ

∫ t1

t0

⟨
Ψ(t)

∣∣∣∣Ĥ − iℏ ∂

∂t + Uext(t)
∣∣∣∣Ψ(t)

⟩
dt

= δ

∫ t1

t0

⟨
Φ(t)

∣∣∣∣Ĥ − Hoo − iℏ ∂

∂t + Uext(t)
∣∣∣∣Φ(t)⟩dt = 0 .

Beyond the ground state The tool: Correlated Basis Functions
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Time–Dependent Hartree–Fock
The easy part

Let Ĥ be a second–quantized Hamiltonian with a weak interaction:

Ĥ =
∑
α

t(α)a†αaα +
1
2
∑
αβγδ

⟨
αβ

∣∣V∣∣γδ⟩a†αa†βaδaγ

Expand the action principle to second order in the particle–hole
amplitudes cph(t), (Uext(r) is first order),

replace Hartree-Fock single particle energies by ek ≈ t(k)
omit all exchange terms
Formulate equations in momentum space (if you can)

Find:

δρ(q, ω) = χ(q, ω)Uext(q, ω)

χ(q, ω) = χ0(q, ω)
1 − Ṽ(q)χ0(q, ω)

Beyond the ground state The tool: Correlated Basis Functions
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Ĥ =
∑
α

t(α)a†αaα +
1
2
∑
αβγδ

⟨
αβ

∣∣V∣∣γδ⟩a†αa†βaδaγ

Expand the action principle to second order in the particle–hole
amplitudes cph(t), (Uext(r) is first order),
replace Hartree-Fock single particle energies by ek ≈ t(k)
omit all exchange terms

Formulate equations in momentum space (if you can)

Find:

δρ(q, ω) = χ(q, ω)Uext(q, ω)

χ(q, ω) = χ0(q, ω)
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Time–Dependent CBF
The part that works

Problem with TDHF/RPA: The matrix elements
⟨
pp′∣∣V∣∣hh′⟩

a and⟨
ph′∣∣V∣∣hp′⟩

a don’t exist or are totally unreasonable for strong
interactions.
The ways out:

(Semi-)phenomenological approaches, that is, invent effective
interactions like

“local field corrections” for electrons,
“Pseudopotentials” in 3He and 4He,
“Time-dependent density functional theory”,
“Skyrme forces” in nuclear physics.

Correlated wave functions.∣∣Ψ(t)
⟩
=

e−iHoot/ℏ e 1
2 δU(t) |o⟩[⟨

o
∣∣eℜeδU(t)

∣∣ o
⟩]1/2 = e−iHoot/ℏ∣∣Φ(t)⟩

Beyond the ground state The tool: Correlated Basis Functions
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Excitation operators
Correlated RPA

and beyond

Particle–hole excitations:

δU(t) =
∑
p,h

δu(1)
p,h(t)α

†
pαh +

∑
p,h,p′,h′

δu(2)
p,h,p′,h′(t)α†

pα
†
p′αhαh′

Pair excitations (also called “second RPA”)
⇒ Without correlations, the matrix elements are still divergent or
unreasonably large !
⇒ Without correlations, the “pair excitation operator” includes ground
state correlations !
⇒ Put in correlations or resort again to “medium to large amplitude
handwaving”

Beyond the ground state The tool: Correlated Basis Functions
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4He in 3D
Historical Data

Spectrum by Cowley and
Woods 1971

The characteristic features:

Phonon branch
The famous “roton minimum”,
Energy ∆ and wave number k∆

The “maxon”
The “Pitaevskii Plateau”, Energy
≈ 2∆, wave number up to 2k∆

Questions:

What are the physical mechanisms behind these features ?
Is there anything else to be seen ?

Dynamics of Liquid 3He and 4He Historical data
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4He in 3D
Historical Data

Spectrum by Cowley and
Woods 1971

The characteristic features:
Phonon branch
The famous “roton minimum”,
Energy ∆ and wave number k∆

The “maxon”
The “Pitaevskii Plateau”, Energy
≈ 2∆, wave number up to 2k∆

Questions:
What are the physical mechanisms behind these features ?
Is there anything else to be seen ?

Dynamics of Liquid 3He and 4He Historical data
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New high–precision experiments: 4He in 3D
Disentangling the data

The processes we are interested in:
A neutron scatters off an atom in the liquid, generates one, two,
. . . elementary excitations and leaves the system.

The processes that obscure the picture:
A neutron scatters off an atom, generates one, two, . . . elementary
excitations, propagates farther through the system and generates
more elementary excitations

Multi-mode generation

Multiple scattering process

Dynamics of Liquid 3He and 4He Disentangling experimental data
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New high–precision experiments: 4He in 3D
Disentangling the data

The processes we are interested in:
A neutron scatters off an atom in the liquid, generates one, two,
. . . elementary excitations and leaves the system.
The processes that obscure the picture:
A neutron scatters off an atom, generates one, two, . . . elementary
excitations, propagates farther through the system and generates
more elementary excitations

Multi-mode generation Multiple scattering process

Dynamics of Liquid 3He and 4He Disentangling experimental data
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New high–precision experiments: 4He in 3D
A first glance
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Beauvois, K., Dawidowski, J., Fåk, B., Godfrin, H., EK, Ollivier, J., Sultan, A. Microscopic dynamics of
superfluid He 4: A comprehensive study by inelastic neutron scattering. Physical Review B, 97, 184520
(2018).

Dynamics of Liquid 3He and 4He Disentangling experimental data
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High–Precision Theory
The physical mechanisms

One-body fluctuations:
Feynman(RPA) spectrum
ℏω(k) = ℏ2k2/2mS(k)

Two-body fluctuations:
Feynman-Cohen “backflow”
Many-body fluctuations:
Multi-mode generation

Feynman (RPA)-Theory

S(k,w)

r = 0.022  (Å-3 )

k   (Å-1 )
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The processes

Dynamics of Liquid 3He and 4He Disentangling experimental data
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High–Precision Theory
The physical mechanisms

One-body fluctuations:
Feynman(RPA) spectrum
ℏω(k) = ℏ2k2/2mS(k)
Two-body fluctuations:
Feynman-Cohen “backflow”

Many-body fluctuations:
Multi-mode generation

Single-Pair-Fluctuations
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The processes

Dynamics of Liquid 3He and 4He Disentangling experimental data
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High–Precision Theory
The physical mechanisms

One-body fluctuations:
Feynman(RPA) spectrum
ℏω(k) = ℏ2k2/2mS(k)
Two-body fluctuations:
Feynman-Cohen “backflow”
Many-body fluctuations:
Multi-mode generation

Multi-Pair-Fluctuations
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The processes

Dynamics of Liquid 3He and 4He Disentangling experimental data
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Comparing Theory and Experiment
The moment of truth
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Dynamics of Liquid 3He and 4He Confronting Theory and Experiment
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Multimode generation
What do we see here ?

1 ⇒ 2 processes:

Kimenatic constraints:
Energy conservation:

Ef − Ei = ℏω1 + ℏω2

Momentum conservation

kf − ki ≡ Q = q1 + q2

Kinematic constraints
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phonon-phonon processes
phonon-R -  processes
phonon-R + processes

(Roton-Roton processes not
shown)

Questions:
What is the phase space ?
What are the coupling matrix
elements ?

Dynamics of Liquid 3He and 4He Verification: Multimode kinematics
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Dynamics of 4He
The life above the phonon-roton spectrum

An extension of the phonon–branch to high energies

An extension of the plateau to long wavelengths
Roton–maxon coupling
R+ roton broadening (Cerenkov effect)
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Dynamics of Liquid 3He and 4He Verification: Multimode kinematics
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Dynamics of 4He
The life above the phonon-roton spectrum

An extension of the phonon–branch to high energies
An extension of the plateau to long wavelengths

Roton–maxon coupling
R+ roton broadening (Cerenkov effect)
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Dynamics of Liquid 3He and 4He Verification: Multimode kinematics
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Dynamics of 4He
The life above the phonon-roton spectrum

An extension of the phonon–branch to high energies
An extension of the plateau to long wavelengths
Roton–maxon coupling

R+ roton broadening (Cerenkov effect)
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Dynamics of Liquid 3He and 4He Verification: Multimode kinematics
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Dynamics of 4He
The life above the phonon-roton spectrum

An extension of the phonon–branch to high energies
An extension of the plateau to long wavelengths
Roton–maxon coupling
R+ roton broadening (Cerenkov effect)
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Dynamics of Liquid 3He and 4He Verification: Multimode kinematics



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Dynamics of 3He
The most difficult test case !

David Pines, Physics Today 34, 106
(1981):

Woods’ (PRL 14, 355 (1965).) experiment let me con-
clude that the phonon-maxon-roton excitation in He-II
and the zero sound mode of 3He had a common physical
origin in strong (and quite similar) effective inter-atomic
interactions . . . .

The key effects:

A phonon as in 4He.
A “particle-hole band”.
Fermi-specific
A “hidden” roton ?
Could there be
something else ?

Dynamics of Liquid 3He and 4He Verification: Dynamics of 3He
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Dynamics of 3He
The most difficult test case !

David Pines, Physics Today 34, 106
(1981):

Woods’ (PRL 14, 355 (1965).) experiment let me con-
clude that the phonon-maxon-roton excitation in He-II
and the zero sound mode of 3He had a common physical
origin in strong (and quite similar) effective inter-atomic
interactions . . . .

The key effects:

A phonon as in 4He.
A “particle-hole band”.
Fermi-specific
A “hidden” roton ?
Could there be
something else ?

Dynamics of Liquid 3He and 4He Verification: Dynamics of 3He
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Dynamics of 3He
The most difficult test case !

David Pines, Physics Today 34, 106
(1981):

Woods’ (PRL 14, 355 (1965).) experiment let me con-
clude that the phonon-maxon-roton excitation in He-II
and the zero sound mode of 3He had a common physical
origin in strong (and quite similar) effective inter-atomic
interactions . . . .

The key effects:

A phonon as in 4He.

A “particle-hole band”.
Fermi-specific
A “hidden” roton ?
Could there be
something else ?

Dynamics of Liquid 3He and 4He Verification: Dynamics of 3He
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Dynamics of 3He
The most difficult test case !

David Pines, Physics Today 34, 106
(1981):

Woods’ (PRL 14, 355 (1965).) experiment let me con-
clude that the phonon-maxon-roton excitation in He-II
and the zero sound mode of 3He had a common physical
origin in strong (and quite similar) effective inter-atomic
interactions . . . .

The key effects:

A phonon as in 4He.
A “particle-hole band”.
Fermi-specific

A “hidden” roton ?
Could there be
something else ?

Dynamics of Liquid 3He and 4He Verification: Dynamics of 3He
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Dynamics of 3He
The most difficult test case !

David Pines, Physics Today 34, 106
(1981):

Woods’ (PRL 14, 355 (1965).) experiment let me con-
clude that the phonon-maxon-roton excitation in He-II
and the zero sound mode of 3He had a common physical
origin in strong (and quite similar) effective inter-atomic
interactions . . . .

The key effects:

A phonon as in 4He.
A “particle-hole band”.
Fermi-specific
A “hidden” roton ?

Could there be
something else ?

Dynamics of Liquid 3He and 4He Verification: Dynamics of 3He
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Dynamics of 3He
The most difficult test case !

David Pines, Physics Today 34, 106
(1981):

Woods’ (PRL 14, 355 (1965).) experiment let me con-
clude that the phonon-maxon-roton excitation in He-II
and the zero sound mode of 3He had a common physical
origin in strong (and quite similar) effective inter-atomic
interactions . . . .

The key effects:

A phonon as in 4He.
A “particle-hole band”.
Fermi-specific
A “hidden” roton ?
Could there be
something else ?

Dynamics of Liquid 3He and 4He Verification: Dynamics of 3He
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Fermions: What we were told in class
Understanding the dynamics of 3He

“Conventional wisdom:”
Dynamic structure function:

S(q, ω) = − 1
π
ℑmχ(q, ω)

Random Phase approximation:

χ(q, ω) = χ0(q, ω)
1 − Ṽp−h(q)χ0(q, ω)

Collective mode at
1 − Ṽp−h(q)χ0(q, ω(q)) = 0

Particle-hole continuum at

e(q − kF) ≤ ℏω ≤ e(q + kF)

- hw
 [t

F]

k [kF]

r =0.0166 Å-3

 0
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 4

 5
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 7

 8

 0.0  0.5  1.0  1.5  2.0  2.5  3.0  3.5

RPA is too high compared to
experiments.
A very low-lying spin-mode

Experiments: H. Godfrin (with H. R. Glyde, B. Faak, et al.) Phys.
Rev. B 61, 1421, 2000.

Dynamics of Liquid 3He and 4He Verification: Dynamics of 3He
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1 − Ṽp−h(q)χ0(q, ω)

Collective mode at
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Understanding the dynamics of 3He
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Dynamic structure function:
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Random Phase approximation:
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1 − Ṽp−h(q)χ0(q, ω)

Collective mode at
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Confronting Theory and Experiment
Again 3He

1p-1h fluctuations: RPA

with exchanges: gets the spin-mode

Vph;p′h′ =
⟨
ph′∣∣Vd

∣∣hp′⟩

−
⟨
ph′∣∣Vex

∣∣p′h
⟩
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Confronting Theory and Experiment
Again 3He
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Again 3He
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Fermions: (3He)
New experiments – better calculations

Experiments:

S(Q, ω) = Sc(Q, ω) +
σi
σc

SI(Q, ω)

Experiments, P = 0.83 bar
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Fermions: Neutron Matter
Application of DMBT still waiting

Dynamics of Liquid 3He and 4He Verification: Dynamics of 3He
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BCS Theory with strong correlations
How to derive a BCS wave function with correlations

∣∣BCS
⟩
=

∏
k

[
uk + vka†k↑a

†
−k↓

]
|0⟩

∣∣CBCS
⟩
=

∑
N,m

1√
Imm

FN

∣∣∣m(N)
⟩⟨

m(N)
∣∣∣BCS

⟩
EK and J. W. Clark, Nucl. Phys. A333, 77 (1980).
EK, R. A. Smith and A. D. Jackson: Phys Rev. B24, 6404 (1981).
H.-H. Fan, EK, T. Lichtenegger, D. Mateo and R. Zillich, Phys
Rev. A92, 023640, (2015).

Strategy: Expand in terms of the deviation of the Bogoliubov
amplitudes from their normal system values !

At QFS 2018, Tokyo:, A. J. Leggett

We should not build the superfluid system by creating Cooper pairs
from the vacuum, but rather generate Cooper pairs from the normal
interacting system one at a time.

Pairing with strong correlations General strategy



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

BCS Theory with strong correlations
How to derive a BCS wave function with correlations

∣∣BCS
⟩
=

∏
k

[
uk + vka†k↑a

†
−k↓

]
|0⟩

∣∣CBCS
⟩
=

∑
N,m

1√
Imm

FN

∣∣∣m(N)
⟩⟨

m(N)
∣∣∣BCS

⟩
EK and J. W. Clark, Nucl. Phys. A333, 77 (1980).
EK, R. A. Smith and A. D. Jackson: Phys Rev. B24, 6404 (1981).
H.-H. Fan, EK, T. Lichtenegger, D. Mateo and R. Zillich, Phys
Rev. A92, 023640, (2015).

Strategy: Expand in terms of the deviation of the Bogoliubov
amplitudes from their normal system values !
At QFS 2018, Tokyo:, A. J. Leggett
We should not build the superfluid system by creating Cooper pairs
from the vacuum,

but rather generate Cooper pairs from the normal
interacting system one at a time.

Pairing with strong correlations General strategy



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

BCS Theory with strong correlations
How to derive a BCS wave function with correlations

∣∣BCS
⟩
=

∏
k

[
uk + vka†k↑a

†
−k↓

]
|0⟩

∣∣CBCS
⟩
=

∑
N,m

1√
Imm

FN

∣∣∣m(N)
⟩⟨

m(N)
∣∣∣BCS

⟩
EK and J. W. Clark, Nucl. Phys. A333, 77 (1980).
EK, R. A. Smith and A. D. Jackson: Phys Rev. B24, 6404 (1981).
H.-H. Fan, EK, T. Lichtenegger, D. Mateo and R. Zillich, Phys
Rev. A92, 023640, (2015).

Strategy: Expand in terms of the deviation of the Bogoliubov
amplitudes from their normal system values !
At QFS 2018, Tokyo:, A. J. Leggett
We should not build the superfluid system by creating Cooper pairs
from the vacuum, but rather generate Cooper pairs from the normal
interacting system one at a time.

Pairing with strong correlations General strategy



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

BCS Theory with strong correlations
Some technicalities

Let
β†

k = α†
k↑α

†
−k↓ βk = α−k↓αk↑ .

Then
⟨Ô⟩s =

⟨
Ψ0

���O(N)
���Ψ0

⟩
+

∑
k>kF

v2
k

⟨
Ψ0 βk

��� [
Ô(N+2) − O(N)

oo
] ���βy

kΨ0
⟩
+

∑
k<kF

u2
k

⟨
Ψ0 β

y
k

��� [
Ô(N�2) − O(N)

oo
] ���βkΨ0

⟩
+

∑
k>kF;k′<kF

ukvkuk′ vk′
⟨
Ψ0

��� [
Ô(N) − O(N)

oo
] ���βy

kβk′Ψ0
⟩

+
∑

k>kF;k′>kF

ukvkuk′ vk′
⟨
Ψ0βk

��� [
Ô(N+2) − O(N)

oo
] ���βy

k′Ψ0
⟩

+
∑

k<kF;k′<kF

ukvkuk′ vk′
⟨
Ψ0β

y
k

��� [
Ô(N�2) − O(N)

oo
] ���βk′Ψ0

⟩

+
∑

k<kF;k′>kF

ukvkuk′ vk′
⟨
Ψ0β

y
kβk′

��� [
Ô(N) − O(N)

oo
] ���Ψ0

⟩
.

Pairing with strong correlations General strategy
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BCS Theory with strong correlations
Analysis of the pairing interaction:

After lengthy calculations: An (almost) ordinary gap equation

∆k = −1
2
∑
k′

Pkk′
∆k′√

(ek′ − µ)2 +∆2
k′

.

At low densites, all operators become local

Pkk′ =
⟨
k ↑,−k ↓

∣∣W(1, 2)
∣∣k′ ↑,−k′ ↓

⟩
a

+(|ek − µ|+ |ek′ − µ|)
⟨
k ↑,−k ↓

∣∣N (1, 2)
∣∣k′ ↑,−k′ ↓

⟩
a

≡ 1
N

[
W̃(k − k′) + (|ek − µ|+ |ek′ − µ|)Ñ (k − k′)

]
.

The gap is (mostly) determined by the matrix element⟨
k ↑,−k ↓

∣∣W(1, 2)
∣∣k′ ↑,−k′ ↓

⟩
a

The “energy numerator” term regularizes the integral for
zero-range interactions.

Pairing with strong correlations Pairing interaction
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BCS Theory with strong correlations
Approximate solution of the gap equation

At low density, let
aF =

m
4πρℏ2WF

∆F ≈ 8
e2 eF exp

(
π

2aFkF

)
.

Corrections: aF → a0 for ρ → 0+
If aF = a0

[
1 + αa0kF

π

]
then

∆F ≈ 8
e2 eF exp

(
−α

2

)
exp

(
π

2a0kF

)
.

Questions:
What influences the pre-factor (Gorkov-corrrections etc..):

How accurate is the solution ?
Are there non-universal effects ?

Pairing with strong correlations Pairing interaction
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BCS Theory with strong correlations
What’s new ?

The gap is determined by aF
Corrections:

Interaction corrections (“phonon exchange”)

W̃(0+) =
4πρℏ2

m a =
4πρℏ2

m a0

[
1 + α′ a0kF

π

]

Finite-range corrections: Note that

W̃F ≡ 1
2k2

F

∫ 2kF

0
dkkW̃(k) ̸= W̃(0+)

The value of W̃F is influenced by the regime 0 ≤ k ≤ 2kF

The value of W̃F is influenced real space correlations in the
interaction regime r > 1/kF !

Pairing with strong correlations Many-Body effects
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BCS Theory with strong correlations
Finite-range effects
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Pairing with strong correlations Many-Body effects
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Solution of the gap equation
... and what approximations do

∆F =
8
e2 eF exp

(
π

2a0kF

)

Can be far off

∆F =
8
e2 eF exp

(
π

2aFkF

)

Not too bad

Full solution
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 10-4
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 100

 0.01  0.1  1

D
F/

E
F

kF s

SW Potential

full solution
aF
a0

Exponential behavior becomes universal, prefactor not.
Low density expansion valid only for physically uninteresting
cases.

Pairing with strong correlations Some results
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Neutron matter calculations
1S0 gap for Argonne and Reid V4

Gap in units of MeV
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Weak dependence on the effective mass (0.9 < m∗/m < 1.1)
Is the “weak coupling approximation” justified ?
Note that this is still only central correlations !

Pairing with strong correlations Some results
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Pairing with strong correlations Some results
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What’s next ?
Jastrow-HNC and parquet for superfluid systems

Go back to∣∣CBCS
⟩
=

∑
N,m

⟨
m(N)

∣∣F2
N
∣∣m(N)

⟩−1/2FN
∣∣m(N)

⟩⟨
m(N)

∣∣BCS
⟩

Develop diagrammatic expansions at the FHNC or “parquet” level:
Looks practically the same as normal system FHNC replacing

ℓ(rijkF) =
ν

ρΩ

∑
k

n(k)eirij·k =

by

ℓv(rij) =
ν

ρΩ

∑
k

v2(k)eirij·k =

and
ℓu(rij) =

ν

ρΩ

∑
k

u(k)v(k)eirij·k = .

Derive FHNC and Euler equation

Strongly coupled superfluids Jastrow-HNC ? – Another dead end !
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Jastrow-HNC for superfluid systems
..just to impress you

1
2 � 1

2 + 1
2 + � � � � +

� + 1
2 + 1

2 � 1
2 � 1

2 + + + �

+ + � � 2

+ 2
2 � 2� 2

2 + 1
2 � 2� 2

2 + 2� 2
2 � � +2 +

� +2 � 2 +4 + � 2 + � 2 +

� 2 � 1
2 + 2� 2

2 � 2� 2
2 � 2

2 + 2� 2
2

Strongly coupled superfluids Jastrow-HNC ? – Another dead end !
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Jastrow-HNC for superfluid systems
Revealing a big problem

Recall the “collective RPA”

S(q) = SF(q)√
1 +

4mS2
F(q)

ℏ2q2 Ṽp-h(q)

But now

SF(q) = 1 − ρ

ν

∫
d3reiq·r [ℓ2

v(r)− ℓ2
u(r)

]
SF(0+) = 2

∑
k u2

kv2
k∑

k v2
k

> 0 .

FHNC-EL equations have no solution if Ṽp-h(q) ∝ Fs
0 < 0

FHNC-EL equations have no sensible solution if Ṽp-h(q) > 0
This applies to the “fixed-node approximation”

Strongly coupled superfluids Jastrow-HNC ? – Another dead end !
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Parquet for superfluid systems
The way out

Recall:
χ(RPA)(q, ω) =

χ0(q, ω)
1 − Ṽp-h(q)χ0(q, ω)

S(q) = − 1
π

∫
dω ℑmχ(q, ω) .

“collective Lindhard function” causes problems

χcoll
0 (q, ω) = 2t(q)

(ℏω + iη)2 − (t(q)/SF(q))2

Exact Lindhard function(s): ξk = t(k)− µ, Ek =
√

ξ2
k +∆2

k

χ
(ρ,σ)
0 (k, ω) = − ν

ρΩ

∑
p,±

b(ρ,σ)
p,k

[
± 1

Ek+p − Ep ∓ (ω + iη)

]
b(ρ,σ)

p,k = v2
pu2

k+p ± upvpuk+pvk+p ,

Strongly coupled superfluids Parquet for superfluids
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Parquet for superfluid systems
What does it do ?

Fixes the spurious
problem of
Jastrow-Feenberg
(fixed node)

Suppresses polarization
corrections in the
spin-channel
Take effective
interaction at ω = 0.

W̃ρ,σ(q, ω) =

=
Ṽ(ρ,σ)

p-h (q)

1 − χ
(ρ,σ)
0 (q, ω)Ṽ(ρ,σ)

p-h (q)

Strongly coupled superfluids Parquet for superfluids
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Parquet for superfluid systems
Singlet pairing in neutron matter

Calculations of increasing
complexity

Estimate by vacuum scattering
lenght is miserable

∆SP(kF)

eF
=

8
e2 exp

(
π

2a0kF

)
Estimate by pairig matrix
element too small

∆FW(kF)

eF
= 8 m

m∗ exp

(
4
3

ℏ2k2
F

2m∗WF

)

0.0

0.1

0.2

0.3

0.4

0.5

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8
0

1

2

3

4

5

D
(k

F)
/e

F

D
(k

F)
  (

M
eV

)

kF  (fm-1)

Reid V6 interaction

Jastrow-Feenberg
parquet

self-consistent
SP

FW

0.0

0.1

0.2

0.3

0.4

0.5

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8
0

1

2

3

4

5

D
(k

F)
/e

F

D
(k

F)
  (

M
eV

)

kF  (fm-1)

Argonne V6' interaction

Jastrow-Feenberg
parquet

self-consistent
SP

FW

Strongly coupled superfluids 1S0 pairing in neutron matter



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Parquet for superfluid systems
Singlet pairing in neutron matter

Calculations of increasing
complexity
Estimate by vacuum scattering
lenght is miserable

∆SP(kF)

eF
=

8
e2 exp

(
π

2a0kF

)

Estimate by pairig matrix
element too small

∆FW(kF)

eF
= 8 m

m∗ exp

(
4
3

ℏ2k2
F

2m∗WF

)

0.0

0.1

0.2

0.3

0.4

0.5

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8
0

1

2

3

4

5

D
(k

F)
/e

F

D
(k

F)
  (

M
eV

)

kF  (fm-1)

Reid V6 interaction

Jastrow-Feenberg
parquet

self-consistent
SP

FW

0.0

0.1

0.2

0.3

0.4

0.5

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8
0

1

2

3

4

5

D
(k

F)
/e

F

D
(k

F)
  (

M
eV

)

kF  (fm-1)

Argonne V6' interaction

Jastrow-Feenberg
parquet

self-consistent
SP

FW

Strongly coupled superfluids 1S0 pairing in neutron matter



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Parquet for superfluid systems
Singlet pairing in neutron matter

Calculations of increasing
complexity
Estimate by vacuum scattering
lenght is miserable

∆SP(kF)

eF
=

8
e2 exp

(
π

2a0kF

)
Estimate by pairig matrix
element too small

∆FW(kF)

eF
= 8 m

m∗ exp

(
4
3

ℏ2k2
F

2m∗WF

)

0.0

0.1

0.2

0.3

0.4

0.5

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8
0

1

2

3

4

5

D
(k

F)
/e

F

D
(k

F)
  (

M
eV

)

kF  (fm-1)

Reid V6 interaction

Jastrow-Feenberg
parquet

self-consistent
SP

FW

0.0

0.1

0.2

0.3

0.4

0.5

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8
0

1

2

3

4

5

D
(k

F)
/e

F

D
(k

F)
  (

M
eV

)

kF  (fm-1)

Argonne V6' interaction

Jastrow-Feenberg
parquet

self-consistent
SP

FW

Strongly coupled superfluids 1S0 pairing in neutron matter



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Parquet for superfluid systems
The effect of state-dependent correlations ?

Recall the change in interactions:
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case
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RESULTS AS
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Summary

Equivalence of Jastrow-Feenberg theory and local parquet
FHNC-EL diverges for phase transitions:
in the particle-hole channel for spinodal decomposition,
in the particle-particle channel for dimer formation
Long–ranged properties are determined by many-body effects,
not by vacuum
Non-universal behavior of the pairing matrix element.
The Jastrow-Feenberg wave function is not suitable for superfluid
systems
The Jastrow-Feenberg wave function is not practical for realistic
nuclear interactions
Parquet theory can fix the problems
Parquet theory must take approximations suggested by
Jastrow-Feenberg

Summary
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