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@ Hamiltonian H = — 3, %V? + > Vex(i) + X255 V(i, 1)
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Unpack your tools:
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The problem of nuclear systems

.. where Pandora’s box opens

(Non-relativistic) nuclear Hamiltonian:
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The problem of nuclear systems

.. where Pandora’s box opens

(Non-relativistic) nuclear Hamiltonian:
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The equation of state of a self-bound system
A closer look

o Low densities: Pauli pressure
dominates — repulsive Fermi gas

Schematic equation of state of a self-bound Fermi Fluid

EIN() (arbitrary units)
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ke (arbitrary units)
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The equation of state of a self-bound system
A closer look

Low densities: Pauli pressure
dominates — repulsive Fermi gas

Spinodal instabilities J)

No homogeneous solution —
clustering

Many-body binding
Saturation e (otivry i
Other phase transitions ?
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What physics tells us:

e Binding and saturation
— short-ranged structure:

“bending” of the wave function at small interparticle distances;
“local screening” or “local feld corrections” in electron systems.
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What physics tells us:

e Binding and saturation
— short-ranged structure:

“bending” of the wave function at small interparticle distances;
“local screening” or “local feld corrections” in electron systems.
e No answers when mother nature does not have them:
— long-ranged structure

Show correct instabilities;
Deal properly with long-ranged correlations.

Generica  The equation of state of a self-bound system



correlated wave functions:
Hartree(-Fock) howto

What we learned in class:
H=> ho(i) + > v(ij)
i

i<j
Vo(L,...,N) = [S/AI]]#i(r)

S: symmetrized: a “permanent” for bosons
A: antisymmetrized: a determinant for fermions

Determine single particle states:

e Perturbation theory:

hogn(ri) = endn(ri)

e Hartree(-Fock) 5

5 (Vo[ H = en[ Vo) = 0

Generica  The equation of state of a self-bound system



correlated wave functions:

The problems

Finite order perturbation theory diverges for long-ranged (Coulomb)
interactions

Example: Fetter - Walecka Problem 1.4

Solution: Sum the ring diagrams (RPA equation)

W. Macke,

Uber die Wechselwirkungen im Fermi-Gas. Z. Naturf. 5a, 192 (1950).

M. Gell-Mann and K. A. Brueckner,

Correlation Energy of an Electron Gas at High Density.

Phys. Rev. 106, 364 (1957).

o PPy I
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correlated wave functions:

The problems

Finite order perturbation theory diverges for short-ranged (nuclear and

atomic) interactions

Solution: Sum the ladder diagrams (Bethe-Goldstone equation)

K. A. Brueckner: Many-Body Problem for Strongly Interacting Particles.
Phys. Rev. 100, 36 (195).

G = M M M b
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Finite order perturbation theory diverges for short-ranged (nuclear and
atomic) interactions

Solution: Sum the ladder diagrams (Bethe-Goldstone equation)
K. A. Brueckner: Many-Body Problem for Strongly Interacting Particles.
Phys. Rev. 100, 36 (195).

G = M M M b
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Correlated wave functions

A “simple quick and dirty (?)” method:

Wo(L,...,N) = F(1,...,N)®o(1,...,N) = [ ] f(ri, rj)®o(L,...,N)

i<j
®o(1,...,N) “Model wave function” (determinant/permanent)
F(1,...,N) “Correlation operator” (symmetric in 1,...,N)

Determine the pair correlations (here: for homogeneous systems)

e The poor man’s way:

“Low order constrained variation” (LOCV)
2
—%sz(r) + v(r)f(r) = Xf(r)

and f(r)=1forr>r.
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Correlated wave functions

A “simple quick and dirty (?)” method:

Wo(L,...,N) = F(1,...,N)®o(1,...,N) = [ ] f(ri, rj)®o(L,...,N)

i<j
®o(1,...,N) “Model wave function” (determinant/permanent)
F(1,...,N) “Correlation operator” (symmetric in 1,...,N)

Determine the pair correlations (here: for homogeneous systems)

e The poor man’s way:
“Low order constrained variation” (LOCV)
2
—%sz(r) + v(r)f(r) = Xf(r)

and f(r)=1forr>r.

e Better: Unconstrained functional minimization:
5 (WolH|wo)
6f(r) (Vo | Vo)

=0
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Correlated wave functions:
What correlations do

1
Vp(1,...,N) = exp 3 [zl: us(ri) + ZJ: uz(ri, rj) 4 o :| ®o(1,...,N)
F(1,...,N)do(1,...,N)
®o(1,...,N) “Model wave function” (Slater determinant)

e An intuitive way to include
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Correlated wave functions:
What correlations do

Wo(1,...,N) = exp= [Zul +Zu2(ri,rj)+..}¢0(1,...,N)
i<j
= F(1,...,N)do(1,...,N)
®o(1,...,N) “Model wave function” (Slater determinant)

Density profles of “He
flms

e An intuitive way to include inhomogeneity,
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Correlated wave functions:
What correlations do

1
Vp(1,...,N) = exp 3 [Z us(ri) + ZJ: uz(ri, I’j) 4 o c :| ®o(1,...,N)
F(1,...,N)®o(1,...,N)
®o(1,...,N) “Model wave function” (Slater determinant)

TR e An intuitive way to include inhomogeneity,

core exclusion and statistics;

e Diagram summation methods from classical
~ statistics (HNC);

M\\oOptimization dE/dun = 0 makes correlations

<’ T -0 unlque,

exp(u(n)
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Correlated wave functions:
What correlations do

Vp(l,...,N) = exp;[z us(ri) + ZUQ(I"i,I’j) 4 o c :| ®o(1,...,N)

i<j
= F(1,...,N)do(1,...,N)
®o(1,...,N) “Model wave function” (Slater determinant)
TR e An intuitive way to include inhomogeneity,
distribution functions core exclust d statistics;

e Diagram summation methods from classical
statistics (HNC);

e Optimization ¢E/du, = 0 ma
unique;

y o Express everything in terms of physical

W observables:

correlations

Methods  Variational wave functions and optimization



Techniques: Diagram expansions

Techniques from statistical physics of non-ideal classical gases:
e “Generating functional”: Identify ux(rij) <+ —Av(rjj)

G =In (Vg | Vo) = |n/d3r17 . By exp [uz(rij)]

o “Power-series expansion method”:
Let p(r) =e"2(® —1 50 for r— o

G = In/d3r1,...d3rN TT 0+ n(ri)]

i<j

1 n
o gon In/d3r1,...d3rN [T 12+ an(rip)]

i; i<j
> (a6

a=0

>
o
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Cluster expansions coming from statistical physics

..Diagrammatics makes life easier ...(Ursell-Mayer expansions)

o Circles depict particle I
coordinates (“external points”),
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Cluster expansions coming from statistical physics

..Diagrammatics makes life easier ...(Ursell-Mayer expansions)

o Circles depict particle I
coordinates (“external points”),
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Cluster expansions coming from statistical physics

..Diagrammatics makes life easier ...(Ursell-Mayer expansions)

o Circles depict particle I
coordinates (“external points”),

@ Lines connectig circles i and j
depict “correlation lines” 7(rjj), Oo——>0

o Filled circles indicate a density
factor and integration over that
coordinate pfd3ri (“internal
points™). L

e Example: This diagram
represents the integral
,02 fd3r1d3r277(r12)
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Cluster expansions:

..More Diagrammatics ...

Diagrams may be

e “Connected”. Only connected A

diagrams are O(N)
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..More Diagrammatics ...

Diagrams may be

e “Connected”. Only connected A

diagrams are O(N)
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Cluster expansions:

..More Diagrammatics ...

Diagrams may be

@ “Connected”. Only connected
diagrams are O(N)

@ or “disconnected”. These
diagrams can be O(N?), O(N3),

@ “reducible”

@ or “irreducible”

Ik

Methods  Variational wave functions and optimization



Back to the generating functional

Diagrammatic representation

1 i ]

Theorem (Morita)

1 (The sum of all topologically
(AG), = —x(<distinct irreducible n-point dia-
ni . J
grams without external points.
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Pair distribution function:

Diagrammatic representation

Recall the generating functional

G = |n/d3r1...d3rN exp [Z Uz(rij)]

i<j

Then: 2-body density

2
pz(rl,rz;ﬂ) = N(Nfl)/d3r3...d3rN|1/)(2)(r1,...,rN)| =
0G
2
rh—r =
p°g(|rL —r2|) (e 0)
Doing this is practice: Let
_ pz 3, 43 uz(ry;r2)
(AG), = ?/d r,d°r, [e —l]
5(AG)1 — ﬂzeuz(rl;rz)
5u2(r1,r2) 2
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Pair distribution function:

Diagrammatic expansion

Write
g(r) = e2OC(r), C(r) =1+ (AC)(r)

and derive a diagrammatic expansion of C(r).

The sum of all topologically
AC _ 1 distinct irreducible n-point
(AC)n(r) = m diagrams with two external
' points.
O O

N|P-

N T
N D] 25
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Diagrams:

Establishing order (“Nodal diagrams™)

A 1-2 diagram is said to be nodal if it contains
one or more nodes, a node being an internal point
through which all paths from point 1 to point 2
must pass.

AR
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Diagrams:

Establishing order (“Composite diagrams™)

A 1-2 diagram is called composite if its contribu-
tion can be factored into two or more independent
functions of r; and r».

P
o~

%

G <
God Gl
Gl O
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Diagrams:

Establishing order (“Elementary diagrams™)

A 1-2 diagram is called elementary if it is neither
nodal nor composite. A 1-2 diagram is called basic
if its only 1-2 subdiagram is the single bond.

P & b
v VW
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Diagrams:
Summing nodal diagrams

Let X(r) be any (or the sum of all) non-nodal diagrams. Sum the series:

O e EXE> (XPeEXDeEXBO
N(rl, r2) = p/d3l’2X(r1 — r3)X(r3 — r2)
+ pz/d3r3d3r4X(r1 —r3)X(rz — rg)X(r3 — r2) + ...

Let
f(k) = p/d3re"“f(r)

Then

Methods  Variational wave functions and optimization




Diagrams:
Summing composite diagrams

Let N(r) be some (or the sum of all) nodal diagrams. Sum the series:

N 1
S(ri—r2) = 5 N*(r—r2)+ oN*(r —rz) +.

= exp[N(r1 —r2)]—=N(rp1 —rp) -1

Methods  Variational wave functions and optimization



The “Hypernetted Chain” equations:

Summing all diagrams

exp [uz(r) + N(r) + E(r)]

exp [uz(r) + N(r) + E(r)] = N(r) — 1
X2(K)

1 — X(k)

1+,o/d3re"”[g(r) 1= 1_;(@

e E(r) is the sum of all “elementary” diagrams in terms of the bond
n(r), or the sum of all “basic” diagrams in terms of the bond

h(r) =g(r) — 1.

e The equations can used to eliminate the correlation function uy(r)
and express the energy in terms of the physical observable g(r).

uz(r) =Ing(r) — N(r) — E(r)

Methods  Variational wave functions and optimization



Energy:
An explicit functional of g(r):

e We have an explicit relationship between uy(r) and g(r);

uz(r) = Ing(r) — N(r) — E(r).
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Energy:
An explicit functional of g(r):

e We have an explicit relationship between uy(r) and g(r);
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e That relationship can be used to express the energy as a
functional of the physical observable g(r) alone;
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Energy:
An explicit functional of g(r):

e We have an explicit relationship between uy(r) and g(r);
uz(r) =Ing(r) — N(r) — E(r).

e That relationship can be used to express the energy as a
functional of the physical observable g(r) alone;

e Minimize the energy by functional variation

[6E/6g] (r) = 0.
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Energy:
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e We have an explicit relationship between uy(r) and g(r);
uz(r) =Ing(r) — N(r) — E(r).

e That relationship can be used to express the energy as a
functional of the physical observable g(r) alone;

e Minimize the energy by functional variation
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e The “elementary diagram” contribution remains an infnite series
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Energy:
An explicit functional of g(r):

e We have an explicit relationship between uy(r) and g(r);
uz(r) =Ing(r) — N(r) — E(r).

e That relationship can be used to express the energy as a
functional of the physical observable g(r) alone;

e Minimize the energy by functional variation
[0E/dg] (r) =0.

e The “elementary diagram” contribution remains an infnite series

e Question 1: Which approximation permits an unconstrained
minimization ?

Methods  Variational wave functions and optimization



Energy:
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e We have an explicit relationship between uy(r) and g(r);
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e That relationship can be used to express the energy as a
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e Minimize the energy by functional variation
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Energy:
An explicit functional of g(r):

e We have an explicit relationship between uy(r) and g(r);
uz(r) =Ing(r) — N(r) — E(r).

e That relationship can be used to express the energy as a
functional of the physical observable g(r) alone;

e Minimize the energy by functional variation
[0E/dg] (r) =0.

e The “elementary diagram” contribution remains an infnite series

e Question 1: Which approximation permits an unconstrained
minimization ?

e Question 2: What do the equations tell us ?

e Question 3: Is the variational problem generic ?

Methods  Variational wave functions and optimization



The two-body Euler equation: [ E= g])r)

The “Bethe-Goldstone face”

@ The “Bethe-Goldstone” face:
L. J. Lantto and P. J. Siemens,
Phys. Lett. B 68, 308 (1977)
The short-ranged structure is determined by

a(n)

a 2-body Schrédinger equation. Z
h? s,
EVZ\/@ = [v(r) +w(r)] vg(r) .
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The two-body Euler equation: [ E= g])r)

The “Bethe-Goldstone face”

@ The “Bethe-Goldstone” face:
L. J. Lantto and P. J. Siemens,
Phys. Lett. B 68, 308 (1977)
The short-ranged structure is determined by

a(n)

a 2-body Schrédinger equation. Z
h? s,
EVZ\/@ = [v(r) +w(r)] vg(r) .

e w(r)“induced interaction”: Guarantees that
g(r) = 14+0(r )asr— oo

Methods  Variational wave functions and optimization



Two-body Euler equation: E=g=0

The “RPA face”

o “RPA” (or Bogoljubov) face:
C. E. Campbell and E. Feenberg, Phys. Rev. 188, 396 (1969).

S(q) = [L+4mVp n(a)/K2e?]
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Two-body Euler equation: E=g=0

The “RPA face”

o “RPA” (or Bogoljubov) face:
C. E. Campbell and E. Feenberg, Phys. Rev. 188, 396 (1969).

S(q) = [L+4mVp n(a)/K2e?]
@ To remember:
(RPA) (¢ ) — ~XO(Q,W)
L) = T @@
S@w) = —;9ma(@w) 8@ = [ d)s(a.w)
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Two-body Euler equation: E=g=0

The “RPA face”

o “RPA” (or Bogoljubov) face:
C. E. Campbell and E. Feenberg, Phys. Rev. 188, 396 (1969).

~ 1=2
S(q) = [1+4mVy n(a)/h*q7]
@ To remember:
X(RPA)(q7w) _ _ xo(9, w) ’
1 —Vpn(@)xo(g,w)
1
S@w) = —;9ma(@w) 8@ = [ d)s(a.w)
e For bosons: Free response function
__ 2t(q) n2g?
xo(Q,w) = W20 — 2(q)’ t(q) = >m
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Two-body Euler equations: E= g=0

Summarizing its two faces:

o “RPA” view:

S(Q) = [1+4mV, n(q)/R2q?]

The physics of Vi n(r)

2 .y
%VZ g(r) _ [V(I‘)+W(r)] \/@ tential )

e “particle-hole interaction”

2
Ve n(n) = o)+ v /e[
£ w(r) [o(r) ~ 1]
@ “induced interaction”

) = 2K 15 20 st + 1
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Two-body Euler equations: E= g=0

Summarizing its two faces:

o “RPA” view:

(@) = [1+4mV, n(q)/R?q?]

The physics of Vi n(r)

2 © 1y
VRV = ) +w) Vam o)

o Vp h(0)=mc? >0 is
@ “particle-hole interaction” necessary to have a

2 , solution;
Vo n() = gD+ [VV/a(0)]
+ w(r) [o(r) — 1]

@ “induced interaction”

) = 2K 15 20 st + 1
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Two-body Euler equations: E= g=0

Summarizing its two faces:

o “RPA” view:

S(Q) = [1+4mV, n(q)/R2q?]

The physics of Vi n(r)

2 © 1y
VRV = ) +w) Vam )

o Vp n(0) =mc? >0 is

@ “particle-hole interaction” necessary to have a
2 i solution;
Vo n(r) = g(nv(n) + — ’V\/g(r)’ e Short-ranged
+ W(r) [g(r) _ 1] screening;

@ “induced interaction”

) = 2K 15 20 st + 1
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Two-body Euler equations: E= g=0

Summarizing its two faces:

o “RPA” view:

S(Q) = [1+4mV, n(q)/R2q?]

The physics of Vi n(r)

2 © 1y
VRV = ) +w) Vam )

o Vp n(0) =mc? >0 is

@ “particle-hole interaction” necessary to have a
2 , solution;
Vp n(r) = g(rv(r) + lﬁ )V\/g(r)‘ e Short-ranged
+ow(r)[g(r) — 1] screening;
e Cost in kinetic
@ “induced interaction” energy,
h?k?

W(k) = [1-$ L(k)]% [28(K) + 1]
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Two-body Euler equations: E= g=0

Summarizing its two faces:

e “RPA” view:
S(q) = [1+4mVy n(a)/m?e?]
The physics of Vi n(r)
o “Bethe-Goldstone” view: (David Pines’ “pseudopo-
h? tential”
TV2 /50 = [v(r) + w(r)] Vo ) .
m ® Vp h(0)=mc” >0is
@ “particle-hole interaction” necessary to have a
2 , solution;
Ve n(r) = g(nv(n) + — ’V\/g(r)’ e Short-ranged
+ w(n)[g(r) — 1] screening;
e Cost in kinetic
@ “induced interaction” energy,
H2K2 e Many-Body efects.
W(k) = ‘4m [1-5 1(k)]*[28(K) + 1]
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Two-body Euler equations: E= g=0

Summarizing its two faces:

o “RPA” view:

S(Q) = [1+4mV, n(q)/R2q?]

e “Bethe-Goldstone” view:
B2 “..It appears that the opti-
EVZ g(r) = [v(r) +w(r)] va(r) mized Jastrow function is ca-
pable of summing all rings
e “particle-hole interaction” and ladders, and partially all
2 , other”diagrams, to infnite
Vo n(r) = g(nv(rn) + m ’V v g(r)’ OHr.(?llir..Sim, C.-W. Woo and J.
+ w(r)[g(r) —1] R. Buchler, Phys. Rev. A2,
2024 (1970).
@ “induced interaction”
21,2
w(k) = 2 1 0% 2506) + 1)

Methods  Variational wave functions and optimization



Is the variational principle E= g = 0 generic ?

A pair—density—functional theory

Need:
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Need:
e A Hohenberg-Kohn theorem for the pair density;
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Is the variational principle E= g = 0 generic ?

A pair—density—functional theory

Need:
e A Hohenberg-Kohn theorem for the pair density;
e A practical way to get the “pair energy functional.”
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Is the variational principle E= g = 0 generic ?

A pair—density—functional theory

Need:
e A Hohenberg-Kohn theorem for the pair density;
e A practical way to get the “pair energy functional.”

An Existence Theorem:

e The energy per particle can be written as

E=T+V, V= g/d3rv(r)g(r).
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Is the variational principle E= g = 0 generic ?

A pair—density—functional theory

Need:
e A Hohenberg-Kohn theorem for the pair density;
e A practical way to get the “pair energy functional.”

An Existence Theorem:

e The energy per particle can be written as
_ _P 3
E=T+V, Vz/d rv(r)g(r).

e The kinetic energy T depends only on g(r) and not on v(r),
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Is the variational principle E= g = 0 generic ?

A pair—density—functional theory

Need:
e A Hohenberg-Kohn theorem for the pair density;
e A practical way to get the “pair energy functional.”

An Existence Theorem:

e The energy per particle can be written as
_ _P 3
E=T+V, Vz/d rv(r)g(r).

e The kinetic energy T depends only on g(r) and not on v(r),

e The exact total energy has a minimum equal to the ground state
energy at the physical ground state distribution function, in other
words the ground state distribution function can be obtained by
the variational principle.
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Is the variational principle E= g = 0 generic ?

A pair—density—functional theory

Need:
e A Hohenberg-Kohn theorem for the pair density;
e A practical way to get the “pair energy functional.”

An Existence Theorem:

e The energy per particle can be written as
_ _P 3
E=T+V, Vz/d rv(r)g(r).

e The kinetic energy T depends only on g(r) and not on v(r),

e The exact total energy has a minimum equal to the ground state
energy at the physical ground state distribution function, in other
words the ground state distribution function can be obtained by
the variational principle.

e The proof is identical to that of the Hohenberg-Kohn theorem.



Constructing the functional

A formal argument

Assume we have some prescription
o) =g(r;Av(r)) 0<A<1
Then (Feynman-Hellman):
p 1
E=Eo+ 2/d3rv(r) / dAgy(r)
0
Because

° gr=1(r) = g(r, v(r))
e HK-II = the mapping can be inverted

o gx(r) = gx(r; A\, ga=1(r))
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Constructing the functional

A formal argument

Assume we have some prescription
o) =g(r;Av(r)) 0<A<1

Then (Feynman-Hellman):

1
E=Eo+ g/d3rv(r) / dAga(r)
0

Because
o gr=1(r) = g(r,v(r))
e HK-II = the mapping can be inverted
o ga(r) = ax(r; A, 9x=1(r))
and hence for the exact ground state:
E = E[v(r),9(n)] = Tlg(n] + 5 [ d®rv(r)g(r).

Methods Pair density functional theory



Reverse statement: Assume we have a variational principle

SEV(. o] _
)

dg(r
Then dE p 3 " 3. OE dgx(r)
I Z/d rv(r)gA(r)+/d régA(r) N
— g/d?’rv(r)gA(r).
and hence

1
E=Eo+ g/d3rv(r) / dAga(r)
0
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Reverse statement: Assume we have a variational principle

SEV(. o] _
)

dg(r
Then dE p 3 " 3. OE dgx(r)
I 2/d rv(r)gA(r)+/d régA(r) N
— g/d?’rv(r)gA(r).
and hence

1
E=Eo+ g/d3rv(r) / dAga(r)
0

e The Feynman-Hellman-Theorem leads to a E[v(r), g(r)];

e Any variational principle leads to a
Feynman-Hellman-Theorem;

e The Feynman-Hellman-Theorem is more general than
originally formulated.

Methods Pair density functional theory




Constructing the functional

“Small amplitude hand-waving”

e In coordinate space, a Bethe-Goldstone equation:

—VZF Vo p(N)V/9(r)

Vp p(r) is some“particle—particle” interaction, V, o(r) ~ v(r) as
r— O0+.

@ In momentum space, a “linear response” equation

" _ XO(q7w)
x(a, w) 1—Vp n(q)xo(d,w)

dw
s@ = [ 5ooma.

Vp n(r) is some*“particle-hole” interaction,
@ Demand consistency

3 .
a(r) =1+ [ e Is() -1

Methods Pair density functional theory




The equations of the variational theory ! ... with v(r) — v(r) + V,(r).

E=K+V+ EQ+E| = EHNC+EI-
Kinetic energy due to the curvature of the wave function at short

distances: )
I 2
K:pZm/d3r‘V\/g(r)’ .
“Ring-diagrams™:

Eq =

_hz/ d*q »(S(q) —1)°
sm/ (2r)%"  S(q)

E, is a functional of the pair distribution function g(r) which generates
the irreducible interaction through

V.(r) = 2559?:_)

Analog of the “exchange-correlation energy”, but at most a 15% efect !

Methods Pair density functional theory



Local parquet diagrams

Jackson, Lande, Smith: Physics Reports 86, 55 (1982)

Recall this conjecture:
“..it appears that the optimized Jastrow function is capable of summing all

rings and ladders, and partially all other diagrams, to infnite order.”
. and make it quantitative:

Methods Parquet diagram summations



Local parquet diagrams: making parquet practical

Summarizing 100 pages Physics Reports
e Begin with a local particle-hole interaction, sum the ring diagrams

x(9,w) = x0(a, ) /(1 = Vpn(a)x0(0, w))
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Local parquet diagrams: making parquet practical

Summarizing 100 pages Physics Reports

e Begin with a local particle-hole interaction, sum the ring diagrams

x(9,w) = x0(a, ) /(1 = Vpn(a)x0(0, w))

e Defne an energy-dependent particle-hole reducible interaction

Wi(d,w) = Vpn(a)/(1 = Vpn(d)xo(a,w))
X(qaw) = XO(qaw)+X0(q7w)wl(q7W)X0(q7W)
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Local parquet diagrams: making parquet practical

Summarizing 100 pages Physics Reports

e Begin with a local particle-hole interaction, sum the ring diagrams

x(9,w) = x0(a, ) /(1 = Vpn(a)x0(0, w))

e Defne an energy-dependent particle-hole reducible interaction

Wi(d,w) = Vpn(a)/(1 = Vpn(d)xo(a,w))
X(qaw) = XO(qaw)+X0(q7w)wl(q7W)X0(q7W)

e Defne an energy-independent particle-hole reducible interaction
by demanding that it gives the same observable S(q):

a1
/O dwSm [xo(a, w)W (g, w)xo(d, w)]

a1
_ /O dwSm [xo (0, )W (4, &(q)) xo (0, w)]
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Parquet diagrams: Ladder diagram summation

Jackson, Lande, Smith: Physics Reports 86, 55 (1982)

e Sum the ladder diagrams with this local interaction

—V2ih(r) = (v(r) +w(r,&(q)))(r)
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Parquet diagrams: Ladder diagram summation

Jackson, Lande, Smith: Physics Reports 86, 55 (1982)

e Sum the ladder diagrams with this local interaction

2
%v2¢(r) = (v(r) + wi(r, &(a)))(r)
o Note that
3 .
o(r) = [(I° =1+ / (z‘fr)kap SORRES
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Parquet diagrams: Ladder diagram summation

Jackson, Lande, Smith: Physics Reports 86, 55 (1982)

e Sum the ladder diagrams with this local interaction

2
%v2¢(r) = (v(r) + wi(r, &(a)))(r)
o Note that
3 .
mozhmm2=1+/};§mﬁw>””k

e Construct a local particle-hole irreducible interaction such that

1
S0 =~ [ amx0(a.)/(1 - Vpn(@) (@)
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Parquet diagrams: Ladder diagram summation

Jackson, Lande, Smith: Physics Reports 86, 55 (1982)

e Sum the ladder diagrams with this local interaction

2
%v2¢(r) = (v(r) + wi(r, &(a)))(r)
o Note that
3 .
mozhmm2=1+/};§mﬁw>””k

e Construct a local particle-hole irreducible interaction such that

1
S0 =~ [ amx0(a.)/(1 - Vpn(@) (@)

e Repeat the process to convergence
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Parquet diagrams: Ladder diagram summation

Jackson, Lande, Smith: Physics Reports 86, 55 (1982)

e Sum the ladder diagrams with this local interaction

2
%v2¢(r) = (v(r) + wi(r, &(a)))(r)
o Note that
3 .
mozhmm2=1+/};§%ﬁw>””k

e Construct a local particle-hole irreducible interaction such that

1
S0 =~ [ amx0(a.)/(1 - Vpn(@) (@)

e Repeat the process to convergence

At the end of all of this:

The local parquet-diagram summation leads, for
bosons, to equations that are identical to the
Euler equations of Jastrow—Feenberg theory.

Methods Parquet diagram summations



Summarizing
Boson theory

e There are by now 4 diferent ways to derive the same equations:

Variational method
Local parquet

Pair-DFT
“Super-SUB2” version of Coupled Cluster theory

It appears that the development of the
many-body problem has reached a point
where diferent version difer in language
but not in substance. (A. D. Jackson)
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Summarizing
Boson theory

e There are by now 4 diferent ways to derive the same equations:

Variational method

Local parquet

Pair-DFT

“Super-SUB2” version of Coupled Cluster theory
It appears that the development of the
many-body problem has reached a point
where diferent version difer in language
but not in substance. (A. D. Jackson)

e If HNC-EL is not enough, include triplets
3-body Jastrow-Feenberg correlations us(r;, rj, r)
Chang and Campbell, PRB 15, 4238 (1977)
Parquet: Include leading totally irreducible diagrams and relax the
local approximation
Jackson, Lande, Guitink, Smith PRB 31, 403 (1985)
Lead again to the same equations.
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The Fermion problem:

Back to cluster expansions and HNC equations

\Uo(l,...,N) = F(I’l,...,rN)(Do(l,...,N)

N
1
F(ri,...,rn) = exp 5 Zuz(ri,rj) +...
i<j
®o(L,...,N) = det[ai(rj)x(i)]
®o(1,...,N): Slater—determinant of model orbitals
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The Fermion problem:
Back to cluster expansions and HNC equations
\Uo(l, e N) = F(I’l, e rN)(Do(l, e N)

N
1
F(ri,...,rn) = exp 5 Zuz(ri,rj)Jr...

i<j
®o(L,...,N) = det[ai(rj)x(i)]
®o(1,...,N): Slater—determinant of model orbitals

e The wave function is not exact;

e Expectation values can be verifed by Monte Carlo methods;

e Improved wave functions might contain “backfow” or liear
combinations of Slater determinants.
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The Fermion problem:
Back to cluster expansions and HNC equations
\Uo(l, Ceey N) = F(I’l, ey rN)(Do(l, Ceey N)

N
1
F(ri,...,rn) = exp 5 Zuz(ri,rj)Jr...

i<j
®o(L,...,N) = det[ai(rj)x(i)]
®o(1,...,N): Slater—determinant of model orbitals

e The wave function is not exact;
e Expectation values can be verifed by Monte Carlo methods;
e Improved wave functions might contain “backfow” or liear
combinations of Slater determinants.
Strategy:

o ldentify the approximation leading from Jastrow-Feenberg to
parquet. Justify, as far as possible, by Monte Carlo.

e Jastrow-Feenberg may be too tedious or even wrong, then use
parquet diagrams with the same approximations.
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The Fermion problem:
Back to cluster expansions and HNC equations

Requirements:
e Must contain right physics,
e Must be optimizable,
e Must be efcient.
Need:
e Diagram expansions,
o (Hierarchy of) Euler—equation(s),
o ldentify connection to parquet

Methods Parquet diagram summations



Cluster expansions of the generating functional

Diagrammatic elements

G=In <¢0

Graphical elements:

exp {Z u(ri, rj)]

i<j

1
¢0> => (AG)s.
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Cluster expansions of the generating functional

Diagrammatic elements

G=In <¢0

Graphical elements:

exp {Z u(ri, rj)]

i<j

1
¢0> => (AG)s.

e Open and flled circles
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Cluster expansions of the generating functional

Diagrammatic elements

G=In <¢0

Graphical elements:

exp {Z u(ri, rj)]

i<j

1
¢0> => (AG)s.

e Open and flled circles

e “correlation lines” connectig
circles i and j depict 7(rjj),
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Cluster expansions of the generating functional

Diagrammatic elements

G=In <¢0

Graphical elements:

exp {Z u(ri, rj)]

i<j

1
¢0> => (AG)s.

e Open and flled circles

e “correlation lines” connectig
circles i and j depict 7(rjj),
e NEW: “exchange lines” O O @ ®
connectig circles i and j : ]
depict
ik O O @ o
Urig) = § Xk ke . i i
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Cluster expansions of the generating functional

Diagrammatic rules

e Each n-body diagram has a counting factor 1/n!.

e Each point is attached by at least one correlation line 7(rj, rj).
Two diferent points may be connected by at most one correlation
factor.

e Each point is attached by exactly one incoming and one outgoing
exchange line (Don’t display exchanges lines returning into
themselves).

e Exchange lines occur always in closed polygons and carry a factor
(—v)* ", where n is the number of points connected by the
exchange loop and v is the degree of degeneracy of the single
particle states.

Methods Parquet diagram summations



Expansion for G

o
S @ ° 7% > .;_b. + 7%
@ (b) (z) (g) (e)
L 1 1SN 1
Y2 L Ta e e 2e——e *5
.%. @ () 0] 0]

Methods

Parquet diagram summations



Local parquet diagram for fermions
(1) Ring diagrams

1 1
S(q) = _/ dﬂgm X(RPA)(q,w) _ _/ di%m Nxo(q,w)
o7 o 7 1~ Vp-n(a)xo(9, w)
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Local parquet diagram for fermions
(1) Ring diagrams

e Simplify if you care (this leads to JF)

w) ~ xPMNq,w) = 24a)
Xo(qyl) X0 (9,w) (hw+in}_2—(t(q)/SF(Q))2
—om [T Eeaw) = am [T a0 = Se(a)
a1 a1
—om [T Eogtaw = —om [ L) - 1@,

12

2
ZSF(q)\”/p_h(q)

t(a)

S(@) = Sk(a) [1 +

Methods Parquet diagram summations



Local parquet diagram for fermions

(2) Ladder diagrams

e Bethe-Goldstone equation for the pair correlation function:
(k,K[p|h, b = (k,K'|h,h"
B n(k)n(k’)
e(k) +e(k’) —e(h) — e(h?)

(K, K'|vip|h, ).
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Local parquet diagram for fermions

(2) Ladder diagrams

e Bethe-Goldstone equation for the pair correlation function:
(k,K[p|h, b = (k,K'|h,h"
B n(k)n(k’)
e(k) +e(k’) —e(h) — e(h?)

(K, K'|vip|h, ).

e Simplify (if your care) by localization:
If ¥ is a local function +(r) then (k,k!|¢|h, h’) = 4 (k — h) = 9(q)
and (k, K'|ve|h, h) = [v(r)¢(n)]" (q)
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Local parquet diagram for fermions

(2) Ladder diagrams

e Bethe-Goldstone equation for the pair correlation function:

(k,K[v|h,h" = (k,K|h, R

k, K'|vep|h, h') .

“e(k) +e(k) —e e(h°)<

e Simplify (if your care) by localization:
If ¥ is a local function +(r) then (k,k!|¢|h, h’) = 4 (k — h) = 9(q)
and (k,K'|vi|h, h") = [v(r)y(r)]" (q)

e =Energy coefcient must be somehow approximated by a function
of momentum transfer
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Local parquet diagram for fermions

(2) Ladder diagrams

e Bethe-Goldstone equation for the pair correlation function:

(k,K[p|h, b = (k,K'|h,h"
A(k)A(K")
~ o) T oK) — e(h) — ey KoK VY

h,h).

e Simplify (if your care) by localization:
If ¥ is a local function +(r) then (k,k!|¢|h, h’) = 4 (k — h) = 9(q)
and (k,K'|vi|h, h") = [v(r)y(r)]" (q)

e =Energy coefcient must be somehow approximated by a function
of momentum transfer

e Averaging procedure leading to JF:

_ 2nNth+g)n(h)fth +g,h)
2_n A(h +a)n(h)

Methods Parquet diagram summations

(f(p, h)) (a)




Local parquet diagram for fermions

(3) Ladder rungs

e Just like for bosons: Efective interaction

oV W) = \N/p—h(q)
M) = 179, @@ o)

Particle-hole reducible part

Wi (g, w) = W(g,w) — Von(a) = 1 Yi”lh(:g)o)ijiau) )
p- , W
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Local parquet diagram for fermions

(3) Ladder rungs

e Just like for bosons: Efective interaction

oV W) = \N/p—h(q)
M) = 179, @@ o)

Particle-hole reducible part

Wi (g, w) = W(g,w) — Von(a) = 1 Yi”lh(:g)o)ijiau) )
p- , W

e Localization procedure

a1 —
S@ =~ [ S2om [xo(a.) + v(@)W(a S@)o(a. )]

™

—~ 1 w
— S,:(q)—W(q,o'J(q))/O OI7Sm><5(0|,W)-
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Local parquet diagram for fermions

(3) Ladder rungs

e Just like for bosons: Efective interaction

oV W) = \N/p—h(q)
M) = 179, @@ o)

Particle-hole reducible part

Wi (g, w) = W(g,w) — Von(a) = 1 Yi”lh(:g)o)ijis) )
p- , W

e Localization procedure

a1 —
S@ =~ [ S2om [xo(a.) + v(@)W(a S@)o(a. )]

—~ 1 w
— sp(q)—W(q,aJ(q))/0 OI7Smx5(0|,W)-

e Carry this out for the full or the collective Lindhard function



Summarizing:

..connection of Jastrow-FHNC

“Localization” of the energy demoninator

eq+h —en — &(0) = 2 ﬁ(zh::ﬁq()hnle()?&g —en)
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Summarizing:

..connection of Jastrow-FHNC

“Localization” of the energy demoninator

eq+h —en — &(0) = 2 ﬁ(zh::ﬁq()hnle()?&g —en)

e FHNC-EL or local parquet equations
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Summarizing:

..connection of Jastrow-FHNC

“Localization” of the energy demoninator

eq+h —en — &(0) = 2 ﬁ(zh::ﬁq()hnle()?&g —en)

e FHNC-EL or local parquet equations
e Of course, many more fermion diagrams due to exchange structure
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Summarizing:

..connection of Jastrow-FHNC

“Localization” of the energy demoninator

eq+h —en — &(0) = 2 ﬁ(zh::ﬁq()hnle()?&g —en)

e FHNC-EL or local parquet equations
e Of course, many more fermion diagrams due to exchange structure

e The variational feature makes sure that the approximations are
the best one can do for the price.
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Summarizing:

..connection of Jastrow-FHNC

“Localization” of the energy demoninator

eq+h —en — &(0) = 2 ﬁ(Xh::ﬁq()hnE:%()?&h) —en)

e FHNC-EL or local parquet equations

e Of course, many more fermion diagrams due to exchange structure

e The variational feature makes sure that the approximations are
the best one can do for the price.

The CBF strategy to do better:

e Sum all parquet diagrams (and, if you care, add fully irreducible)
in local approximation
e Correct specifc sets of diagrams if needed.

Methods Parquet diagram summations




Two-body Euler or local parquet equations for fermions
Summarizing its two faces

(Collective) “RPA” face

SF(q)
2 -
V1t IO ()

S(q) =

Methods Parquet diagram summations



Two-body Euler or local parquet equations for fermions
Summarizing its two faces

(Collective) “RPA” face

Se(9)
2
1+ DG, ()

(Collective) “Bethe-Goldstone” face

h2q? F
s | (P90 = Voal)0(0)

S(q) =
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Two-body Euler or local parquet equations for fermions

Summarizing its two faces

(Collective) “RPA” face

S(q) = Sk(a)

4mSZ(q)
Vit TV a(a)

(Collective) “Bethe-Goldstone” face

h2q? F
s | (P90 = Voal)0(0)

“Parquet” face

Consistency between S(q) and 1 (r)

Methods Parquet diagram summations



Self-energy diagram summation

..for fermions

o If you care to: Add self-energy
diagrams
They are called “cyclic chain”

diagrams in the language of
variational theory

Methods Parquet diagram summations



Self-energy diagram summation

..for fermions

o If you care to: Add self-energy
diagrams
They are called “cyclic chain”

diagrams in the language of
variational theory

e If so, please include exchange
diagrams
They are included in variational

=5

Methods Parquet diagram summations




Self-energy diagram summation

..for fermions

o If you care to: Add self-energy
diagrams
They are called “cyclic chain”

diagrams in the language of
variational theory

e If so, please include exchange
diagrams
They are included in variational

theory
e and mind \&\ Z Z
Coester’s Commandment:

Thou shalt not split small quantities
into large pieces !

Methods Parquet diagram summations




Verifcation: Why look at the helium liquids ?

Worst case scenario

e 3He at saturation:
Saturation density: ke = 0.78 A 1, pg = 0.0166 A 3.
core size o = 2.556A.
po = 0.2750 8.
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Verifcation: Why look at the helium liquids ?

Worst case scenario

e 3He at saturation:
Saturation density: ke = 0.78 A 1, pg = 0.0166 A 3.
core size o = 2.556A.
po = 0.2750 8.
o “He at saturation:
Saturation density pg = 0.0218 A 3.
core size o = 2.556A.
po = 0.3640 3.
o Nuclear matter at saturation:
Saturation density: kg = 1.4fm 1, pg = 0.185fm 3.
Core size 0 =0.7...1.0fm.
po=006...018¢0 3.
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Verifcation: Why look at the helium liquids ?

Worst case scenario

e 3He at saturation:
Saturation density: ke = 0.78 A 1, pg = 0.0166 A 3.
core size o = 2.556A.
po = 0.2750 8.
o “He at saturation:
Saturation density pg = 0.0218 A 3.
core size o = 2.556A.
po = 0.3645 3.
o Nuclear matter at saturation:
Saturation density: ke = 1.4fm 1, po = 0.185fm 3,
Core size 0 =0.7...1.0fm.
po=006...018¢0 3.
o Low density neutron matter:
Saturation density: ke = 1.0fm 1, po = 0.034fm 3.
Core size 0 =0.7...1.0fm.
po=0.011...0.034¢0 2.

Testing the method Model quantum fuids



Verifcation I: Lennard-Jones and square-well fuids

How well it works (Bragbook)

e A family of Lennard-Jones and

square-well interactions
o 12 o\ 6 \

V() = 4V (7) —(f) N ——

o = avo|(5)7 - (5 N
K2 o\ 12 o\ 6 5 free e o

= g [()"- (]
2mo r r ol e
VSC(r) — —E@(O’ _ r) 0.0 0.5 1.0 3/55 2.0 25 3.0
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Verifcation I: Lennard-Jones and square-well fuids

How well it works (Bragbook)

e A family of Lennard-Jones and
square-well interactions

V() = 4V [(

V(ils)

—e0(0 —7)

e Adjust ¢ to obtain the desired
scattering lenght ap (the cold gas

people want it that way);

&0 o v oa @

L —
SW——

Testing the method Model quantum fuids
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Verifcation I: Lennard-Jones and square-well fuids

How well it works (Bragbook)

e A family of Lennard-Jones and
square-well interactions

VL(n) = 4\/0[(?)12_((:)6] A
e (0] L

VSC(r) — —6@(0’ _ r) 0.0 05 1.0 }5 2.0 25 3.0

V(rls)

e Adjust ¢ to obtain the desired
scattering lenght ap (the cold gas e
people want it that way);

e First bound state appears at Bes A Sw—
¢ =11.18 (4.33) = Divergence of oo n e
the vacuum scattering length.

&0 o v oa @

Testing the method Model quantum fuids



Verifcation I: The Lennard-Jones liquid

How well it works (Bragbook)

e Equation of state for Bosons

20 | HNC-EL/5+T
40 | HNCELO oo

PIGS-MC . L
6.0
0.00 0.10 0.20 0.30 0.40
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Verifcation I: The Lennard-Jones liquid

How well it works (Bragbook)

- 10.0
o Equation of state for Bosons e
e Equation of state for Fermions &0
4.0
E 2.0
0.0
20 | HNCELSST —
4.0 HNC-EL/O - .<
PIGS-MC ~ e
76.00.00 0.10 0.20 0.30 0.40
neutron maggélear matter He
12.0 ¥ ¢
10.0

FHNC-EL//O
8.0 | FHNC-EL/5+T —

- 0.00 0.10 0.20 0.30 0.40
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Verifcation I: The Lennard-Jones liquid

How well it works (Bragbook)

o Equation of state for Bosons o

e Equation of state for Fermions &0

R R R 4.0

e “Quick and dirty” version has z 4,
percent accuracy below 00 :

. . 2.0 _EL/5+
0.25*(saturation density). No ol ineere | e T
new physics is learned from oo LM ———
doing a better calculation. oo mater 0

oV ¥ v v
10.0

FHNC-EL//O
8.0 | FHNC-EL/5+T —

0.00 0.10 0.20 0.30 0.40
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Verifcation I: The Lennard-Jones liquid

How well it works (Bragbook)

o Equation of state for Bosons o
e Equation of state for Fermions &0
R R R 4.0

e “Quick and dirty” version has z 4,
percent accuracy below 00 :
0.25*(saturation density). No IR T
new physics is learned from o LioSME - ]
doing a better calculation. oo mater 0

. % nuclear mat E& ¢
e Works the same in 2D iz

FHNC-EL//O
8.0 | FHNC-EL/5+T —

0.00 0.10 0.20 0.30 0.40
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Verifcation I: The Lennard-Jones liquid

How well it works (Bragbook)

e Equation of state for Bosons

e Equation of state for Fermions

e “Quick and dirty” version has
percent accuracy below
0.25*(saturation density). No
new physics is learned from
doing a better calculation.

e Works the same in 2D

e FHNC-EL (or parquet) has no
solutions if “mother nature”
cannot make the system: The
equation of state ends at the
spinodal points.

Testing the method

10.0
8.0
6.0
4.0
20

E/N

0.0
-2.0
-4.0
-6.

HNC-EL/5+T — ™
HNC-EL/O
PIGS-MC

.0
0.00 0.10

neutron matter
nuclear mane&

0.20

12.0
10.0
8.0
6.0
£40
20
00
-2.0

FHNC-EL/0
FHNC-EL/5+T —

4.0

0.00 0.10

Model quantum fuids

0.30 0.40




Verifcation Il: Nuclear interactions

Argonne and Reid V4

e Equation of state for Neutron
matter interacting via Argonne
and Reid V4 potentials "

Reid V; -- FHNC-EL ——
15| AV, FHNC-EL —_—

AFDMC

BHF
10

EIN (MeV)

5

0
00 02 04 06 08 10 12 14 16 18
ke ()
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Verifcation Il; Nuclear interactions

Argonne and Reid V4

e Equation of state for Neutron
matter interacting via Argonne
and Reid V4 potentials "

. . . Reid ;- FHNC-EL ——

e “Quick and dirty” version has o] R
percent accuracy below A
0.2*(nuclear matter density)..

BHF
10

EIN (MeV)

0
00 02 04 06 08 10 12 14 16 18
ke ()
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Verifcation Il; Nuclear interactions

Argonne and Reid V4

e Equation of state for Neutron
matter interacting via Argonne
and Reid V4 potentials

20

Reid V; -- FHNC-EL  ——

e “Quick and dirty” version has ] A Ece
percent accuracy below A

BHF

S
0.2*(nuclear matter density).. § w©
e This contains only central .
correlations. “Twisted chain® ,
diagrams (beyond parquet) 00 02 04 08 08 15 12 14 16 18

may be very important !

Testing the method Model quantum fuids



Low-density calculations

— the many-body efects

e Three (not two) range regimes
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Low-density calculations

— the many-body efects

e Three-{iot two) range regimes
e Short-ranged correlations

Lennard-Jones

0 <r < Ao determined by PN
interaction g ™
- . . & 001
(Ao a typical interaction range)
» 1 10 100 IO;J;:' 10000
/s
Square-well
B N =0.001 —
1 ke=0.010
_ o - ke=0.040
E 0.01
0.001
0.0001 "
1 10 100 1000 ) 10000

tls
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Low-density calculations

— the many-body efects

e Three (not two) range regimes

e Short-ranged correlations
0 <r < Ao determined by
interactio

Ao < r < 1/kge determined b
vaccum properties, ¢ (r) o agp/r

&)
&

Lennard-Jones

100
/s

Square-well

1000 000

k=0.001 ——

ke=0.010
ke=0.040

100
tls

1000 10000
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Low-density calculations

— the many-body efects

e Three (not two) range regimes

e Short-ranged correlations
0 <r < Ao determined by
interaction
(Ao a typical interaction range)

Gufr)

Lennard-Jones

e Long-ranged correlations
1/ke <r < oo determined by
many-body properties:

W(r) oc Fy/(r?kg)

1 10 100 1000
s
Square-well

kr=0.001 ——
ke=0.010
ke=0.040

10000

1 10 100 1000
tls

10000
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Summarizing the Lennard-Jones Liquid

Include exchanges and parquet

Consistency check:

. d ,dE
2 _ 2 -
mc? = me +Vp n(0+) = me2(1+F5) = a; dp N
c,: 312]?1 speed of sound of the non-interacting Fermi gas with

efective mass m (Never an exact relationship !)

Equation of state Fermi liquid paramater

6.0 2.00
V=100 —— V,=6.83 —— f
50} Vp=200 —— Vg=7.00 —— 150
Vo =3.00 Vo=7.25 —— : /
40} Vo=4.00 Vo=751 /
Vo= 5.00 Vo=7.75 1.00
20 Vg=6.00 —— v% 8.01
Vo= 6.50 <T>IN % 050

E/N

10 -1.00 -
0.0 05 10 15 20 00 05 10 15 20

Kes Kes
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Divergence of parquet-summations

What it means

e We get the low-density spinodal point

Fermi liquid parameter

2.00

,//
1.50 /
1.00 /
/
° 050 -
—— —— / /
P —— /
I~ a
0.50 /s
—
1.00
0.0 05 1.0 15 2.0
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Divergence of parquet-summations

What it means

e We get the low-density spinodal point
o It is easy to get to the high-density spinodal point

Fermi liquid parameter

2.00

o
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Divergence of parquet-summations

What it means

e We get the low-density spinodal point
o It is easy to get to the high-density spinodal point
e Improved calculations of F§ do not change this

Fermi liquid parameter

Fo

) 01 0.2 03 04 05
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Divergence of parquet-summations

What it means

e We get the low-density spinodal point
o It is easy to get to the high-density spinodal point
e Improved calculations of F§ do not change this

Fermi liquid parameter In-medium scattering length

Fo

0. 1.00 L=
0.0 0.1 0.2 0.3 0.4 0.5 0.00

Testing the method Model quantum fuids



Realistic nucleon-nucleon Interactions

...and variational wave functions

Recall the non-relativistic nuclear Hamiltonian:

Z%vz Zvext )+ > V(i)

i<j

ZV NO.(i,j)
Operator Basis Interactions in operator basis

O1(i,j;f) = Oc= ,

Os(i.iit) = (i j), ; ¥

Os(i,j;f) = S(i,);: P) =
= 3NN e

Oon(i,jif) = O2n 2(i,Jif) i+ - 00

00 05 10 15 20 25 30 35 40
r (fm)
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Realistic nucleon-nucleon Interactions

...and variational wave functions

Recall the non-relativistic nuclear Hamiltonian:

vaz—i-zvext +ZV|J

i<j

= Zva(r)Pa( J)
«
Projector Basis Interactions in projector basis

1 100 S Tprmeton
P, = Z (1— 1 2) ) T, poeston—
1 g
IDt+ = 6(3+ 1° 2+812(r)) i 0
1 T e
Pt = 7 3+ 1 2—2S15(F))

-100
00 05 10 15 20 25 30 35 40
r (fm)

Realistic nuclear interactions  The problem of variational wave functions



Realistic nucleon-nucleon Interactions
... Try to formulate a variational wave function

Correlated wave function

Wo(1,...,N) = F(1,...,N)do(1,...,N) =
®o(1,...,N) “Model wave function” (determinant/permanent)
F(1,...,N) “Correlation operator” (symmetric in 1,...,N)

e A rough idea of the short-ranged
structure:

O v (1) = A ()

150

S - projection
T, - projection
T. - projection

100

50

Va()

-50

i

-100 4 0.0
00 05 10 15 20 25 3.0 35 4.0
r (fm)
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Realistic nucleon-nucleon Interactions
... Try to formulate a variational wave function

Correlated wave function

Wo(1,...,N) = F(1,...,N)do(1,...,N) =
®o(1,...,N) “Model wave function” (determinant/permanent)
F(1,...,N) “Correlation operator” (symmetric in 1,...,N)

e A rough idea of the short-ranged
structure:

i R
100 TT»Ero}ectiun 20 _Evzw(a)(r)+v(y(r)w(@)(r) — A(yw((l)(r)
7 o) e 10> o The correlations depend on the
50 0s spin-channel
x/

-100 4 0.0
00 05 10 15 20 25 3.0 35 4.0
r (fm)
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Realistic nucleon-nucleon Interactions

... Try to formulate a variational wave function

Correlated wave function

Wo(l,...,N) = F(1,...,N)dg(1,...,N)=

®o(1,...,N) “Model wave function” (determinant/permanent)
F(1,...,N) “Correlation operator” (symmetric in 1,...,N)
e A rough idea of the short-ranged
structure:
7. projecon ' W 2 @) @(r) — y (@)
100 T. - projection 20 _EV 1/} (r)+vrx(r)1/} (r) - /\ﬂﬁ (r)
T S 10> o The correlations depend on the
50 / 0s spin-channel
/ o0 @ The correlation operator F(1,...,N)

-100 4 .
00 05 1.0 15 20 25 3.0 35 4.0

() must be symmetric
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Realistic nucleon-nucleon interactions

...The dead end of variational wave functions

e The correlation operator F(1,...,N) must be symmetric in all
particle variables;
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Realistic nucleon-nucleon interactions

...The dead end of variational wave functions

e The correlation operator F(1,...,N) must be symmetric in all
particle variables;

e The correlations depend on the relative spin/isospin/angular
momentum of the pairs of particles. Hence, try

H Zﬁ Y(ri)O (i,J) H lZﬁ ) (rij) Pl j)]

I<j I<J

(S stands for symmetrization)
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Realistic nucleon-nucleon interactions

...The dead end of variational wave functions

e The correlation operator F(1,...,N) must be symmetric in all
particle variables;

e The correlations depend on the relative spin/isospin/angular
momentum of the pairs of particles. Hence, try

=s[] [Z f(k)(fij)FA’k(i’J')]
k

i<j

F(L,...,N)=S]]

i<j

> OO (i)

(S stands for symmetrization)
e Note that O(i, j) and the P(i, ) do not commute !
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Realistic nucleon-nucleon interactions

...The dead end of variational wave functions

e The correlation operator F(1,...,N) must be symmetric in all
particle variables;

e The correlations depend on the relative spin/isospin/angular
momentum of the pairs of particles. Hence, try

=s[] [Z f(k)(fij)FA’k(i’J')]
k

i<j

F(L,...,N)=S]]

i<j

> OO (i)

(S stands for symmetrization)
e Note that O(i, j) and the P(i, ) do not commute !
e Calculate the pair distribution operator

SR ———

oy =
gk(r —r") p2<\|/o‘\|/o> )

Realistic nuclear interactions  The problem of variational wave functions



Realistic nucleon-nucleon interactions

...The dead end of variational wave functions

o Note that the potential energy is

(V) = % /dnggk(r)vk(r)
k

Realistic nuclear interactions  The problem of variational wave functions



Realistic nucleon-nucleon interactions

...The dead end of variational wave functions

o Note that the potential energy is
Np [ 3
V) =2 [ ¢ ()

o Note that, when the symmetrization is carried out, the
components of the pair distribution operator have the form
1 ..
g(r =) = ———(Wo| 3 o(r — m)Pu(i,i)o(r" - ;)| wo)
PZ<W0“U0> i&j

= > O =D (r — ) Cij(r — ')

ij
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Realistic nucleon-nucleon interactions

...The dead end of variational wave functions

o Note that the potential energy is
Np [ 3
V) =2 [ ¢ ()

o Note that, when the symmetrization is carried out, the
components of the pair distribution operator have the form

1 ..
g(r =) = ———(Wo| 3 o(r — m)Pu(i,i)o(r" - ;)| wo)
PZ<W0“U0> i&j
= > O =D (r — ) Cij(r — ')
ij
e The singlet interaction is, for example, multiplied with triplet
correlations and vice versa.
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Realistic nucleon-nucleon interactions

...The dead end of variational wave functions

o Note that the potential energy is
Np [ 3
V) =2 [ ¢ ()

o Note that, when the symmetrization is carried out, the
components of the pair distribution operator have the form

1 ..
g(r =) = ———(Wo| 3 o(r — m)Pu(i,i)o(r" - ;)| wo)
PZ<W0“U0> i&j
i
= > O =D (r — ) Cij(r — ')
ij
e The singlet interaction is, for example, multiplied with triplet
correlations and vice versa.
e We do not know the Cjj(r — r’) before calculation has been done,
hence we do not know what the correlation functions should be !

Realistic nuclear interactions  The problem of variational wave functions



Realistic nucleon-nucleon interactions

... Way out (?)

e Ignore the problem and tacitly omit the commutators = LOCV
works (FHNC-SOC).

Realistic nuclear interactions = Parguet-diagram summation



Realistic nucleon-nucleon interactions

... Way out (?)

e Ignore the problem and tacitly omit the commutators = LOCV
works (FHNC-SOC).
@ Successively symmetrize larger classes of contributions:
(Done only for bosons, extremely tedious !)
I. Lagaris, Annales de Fisica 85, 39 (1985),
EK, Nucl. Phys. 482, 617 (1988).
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Realistic nucleon-nucleon interactions

... Way out (?)

e Ignore the problem and tacitly omit the commutators = LOCV
works (FHNC-SOC).

@ Successively symmetrize larger classes of contributions:
(Done only for bosons, extremely tedious !)
I. Lagaris, Annales de Fisica 85, 39 (1985),
EK, Nucl. Phys. 482, 617 (1988).

e Parquet for “bosons with spin and tensor forces”
(R. A. Smith and A. D. Jackson, Nucl. Phys. 476, 488 (1988).)
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Realistic nucleon-nucleon interactions

... Way out (?)

e Ignore the problem and tacitly omit the commutators = LOCV
works (FHNC-SOC).

@ Successively symmetrize larger classes of contributions:
(Done only for bosons, extremely tedious !)
I. Lagaris, Annales de Fisica 85, 39 (1985),
EK, Nucl. Phys. 482, 617 (1988).

e Parquet for “bosons with spin and tensor forces”
(R. A. Smith and A. D. Jackson, Nucl. Phys. 476, 488 (1988).)

e Local parquet for Fermions:
E. K. and J. Wang, arXiv:1912.05685 (2019).

Realistic nuclear interactions = Parguet-diagram summation



Realistic nucleon-nucleon interactions

Parquet for fermions

e Sum the rings: Rings

decouple in the operator space "7 jr ST
{ ’( i J)vS(IaJ)}

Realistic nuclear interactions = Parguet-diagram summation



Realistic nucleon-nucleon interactions

Parquet for fermions

e Sum the rings: Rings

decouple in the operator space "7 jr ST
{ ’( i J)vS(IaJ)}
o Localize the rings: W(q,w):>\7V(q,w(q))

Realistic nuclear interactions = Parguet-diagram summation



Realistic nucleon-nucleon interactions

Parquet for fermions

e Sum the rings: Rings
decouple in the operator space
{ ’( i J)vS(IaJ)}

o Localize the rings:

e Sum the ladders: Ladders

decouple in the projector G= M m ngggj -

space {Ps, Pt+, Pt }.
Rungs are v(q) + W(q,@(q))

Realistic nuclear interactions = Parguet-diagram summation



Realistic nucleon-nucleon interactions

Parquet for fermions

e Sum the rings: Rings
decouple in the operator space
{ ’( i J)vS(IaJ)}

o Localize the rings:

e Sum the ladders: Ladders

decouple in the projector G= M m ngggj -

space {Ps, P+, Pt }.
o lterate Rungs are v(q) +W(q,o(q))

Realistic nuclear interactions = Parguet-diagram summation



Realistic nucleon-nucleon interactions

Parquet for fermions

e Sum the rings: Rings

decouple in the operator space "7 jr ST
{.Ci- 5,800}
o Localize the rings: V"\/(q,w)jv”\/(q,@(q))
e Sum the ladders: Ladders

decouple in the projector G= M M m o

space {Ps, Pt+, Pt }.

o Iterate Rungs are v(q) + W(q,&(q))
Questions:

o What is the efect ?

Realistic nuclear interactions = Parguet-diagram summation



Realistic nucleon-nucleon interactions

Parquet for fermions

e Sum the rings: Rings

decouple in the operator space "7 jr ST
{.Ci- 5,800}
o Localize the rings: V"\/(q,w)jv”\/(q,@(q))
e Sum the ladders: Ladders

decouple in the projector G= M M m o

space {Ps, Pt+, Pt }.

o Iterate Rungs are v(q) + W(q,&(q))
Questions:

e What is the efect ?
e Where did the commutators go ?

Realistic nuclear interactions = Parguet-diagram summation



Local parquet for fermions

Energetics and efective interactions

. Reid v
e Energetics: 2 :
central correlations only ~——
- 20
Central correlations only

§ 15
% 10
5
0

0.0 0.5 1.0 15 20

ke (™)

Realistic nuclear interactions Parquet-diagram summation



Local parquet for fermions

Energetics and efective interactions

Reid v
e Energetics: » ,
central correlations only ~——
- 20
Central correlations only -
Parquet makes not much e
change g w
5
0
0.0 0.5 1.0 15 20
ke (f"fl)
Reid
25
central correlations only ——
20 | central and spin correlations——
central, spin, and tensor —— P
% 15 | Argonne y o
=
£ 10
5
0
0.0 0.5 1.0 15 20

ke (™)

Realistic nuclear interactions Parquet-diagram summation



Local parquet for fermions

Energetics and efective interactions

e Energetics:

Central correlations only
Parquet makes not much
change

e Particle-hole interactions:
Central correlations only

c-channel

central correlations only —_—

Vo cile:
Pooococoor
_O»Nom.bmmo

Realistic nuclear interactions = Parguet-diagram summation



Local parquet for fermions

Energetics and efective interactions

e Energetics:

Central correlations only
Parquet makes not much
change

e Particle-hole interactions:

Central correlations only
Parquet makes drastic
change

Realistic nuclear interactions

Vo cile:

c-channel

central correlations only —_—

Pooococoor
obmomhmmo

4
0.6,
0819
11214
ke (fm™) 716,80

c-channel

central correlations only —
central, spin, and tensor correlations—

Parquet-diagram summation



Local parquet for fermions

Energetics and efective interactions

e Energetics:
central correlations only _

Central correlations only
Parquet makes not much

change
e Particle-hole interactions:

Central correlations only
Parquet makes drastic

change
e Pairing interaction:
Central correlations only

Ware:

Parquet-diagram summation

Realistic nuclear interactions




Local parquet for fermions

Energetics and efective interactions

e Energetics:
Central correlations only convalcoelatons oy
Parquet makes not much
change

e Particle-hole interactions:

Central correlations only
Parquet makes drastic
central correlations only —_—

Change central, spin, and tensor correlations——
e Pairing interaction:

Central correlations only
Parquet makes drastic

change

Wape-

Wayq-

Parquet-diagram summation

Realistic nuclear interactions




Local parquet for fermions

Where did the commutators go ?
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Local parquet for fermions

Where did the commutators go ?

e These are the ladders we have

kept G= M MR

e These are the ladders we have
ignored !

e Crossing excitation may carry M W W
spin/isospin !

Much work needs to be done !

Realistic nuclear interactions = Where did the problems go ?
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