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1. Motivation

Quark cores in compact stars

EoS of quark matter is required

Polyakov loop is (approximate) order
parameter of quark-hadron transition

Should be included to effective
approaches?

2M� limit for compact stars

Quark EoS should be stiffened

Figure from G. A. Contrera et al., arXiv:1612.09485 [nucl-th]
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2. Polyakov loop vs deconfinement

Polyakov loop:

Φ =
1

3
trcL, L = T exp

(
−g
∫ β

0

dτA0

)

Aµ – gluon field, β = 1
T ,. g – gauge coupling

Gauge transform under SU(3) center:

Φ→ Φ′ = exp

(
2πin

3

)
Φ, n = 0, 1, 2

Φ = Φ′ = 0 – restored center symmetry (confined phase = hadron matter)

Φ 6= Φ′ 6= 0 – broken center symmetry (deconfined phase = quark matter)

Pok Man Lo et al., Phys. Rev. D 88, 074502 (2013)

Polyakov loop – order parameter of deconfinement
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3. Polyakov loop and phase diagram

Figure from Xin-Nian Wang’s talk on ”HEP Frontier Summer Forum 2006”
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4. Polyakov-Nambu-Jona-Lasinio model

Proper chiral dynamics in NJL model:

Effective masses of chiral partners (σ and π)
get equal ⇒ restoration of chiral symmetry
S. P. Klevansky, Rev. Mod. Phys. 64, 649 (1992)

Effective scalar theory of Polyakov loop for
deconfinement in pure Yang-Mills:

Discontinuous change of minima of effective
potential U(Φ) ⇒ deconfinement transition
R. D. Pisarski, Phys. Rev. D 74, 121703 (2006)

Hybrid model: NJL + U = PNJL

L = q(i /D−m̂)q+
G

2

[
(qq)2 + (qiγ5~τq)2

]
−U(Φ,Φ∗)

U(Φ,Φ∗) – medium dependent Polyakov loop potential

C. Ratti, S. Roessner, M. A. Thaler and W. Weise, Eur. Phys. J. C 49, 213 (2007) and references therein
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5. Phase diagram of the PNJL model (chiral limit)

C. Sasaki, B. Friman, and K. Redlich, Phys. Rev. D 75, 074013 (2007)
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5. Phase diagram of the PNJL model (chiral limit)

C. Sasaki, B. Friman, and K. Redlich, Phys. Rev. D 75, 074013 (2007)
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6. Thermodynamic potential

Mean field approximation

Ω

V
= U(Φ,Φ∗) +

G

2
〈qq〉2 − 3

∫
f

(ω+
f + ω−f )θ(Λ2 − p2)

+ 2T

∫
f

[
trc ln

(
1 + Le−βω

+
f
)
+trc ln

(
1 + L+e−βω

−
f

)]
m∗f = mf − G 〈qq〉 – effective mass of quark flavour f

ω±f =
√

p2 + m∗2f − µf – single particle energy of quark flavour f

Λ – momentum cut off

Polyakov loop potential

U(Φ,Φ∗) = −b2(T )

2
Φ∗Φ + b4(T ) ln

[
1− 6Φ∗Φ + 4(Φ∗3 + Φ3)− 3(Φ∗Φ)2

]
b2(T ) = a0T

4 + a1T0T
3 + a2T

2
0 T

2, b4(T ) = a4T
3
0 T

a0, a1, a2, a4 and T0 – fitted to thermodynamics of pure glue

C. Ratti, S. Roessner, M. A. Thaler and W. Weise, Eur. Phys. J. C 49, 213 (2007) and references therein
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7. Polyakov loop at T = 0

Polyakov loop potential at T → 0

U ' b4(T ) ln(1− 6Φ∗Φ) ∼ O(TΦ∗Φ)

Polyakov loop expectation value

∂Ω

∂Φ
=

∂Ω

∂Φ∗
= 0 ⇒ Φ ' − T

b4(T )

∫
f

e−2βω+
f

1− e−3βω+
f

∼ O(e−β(µ−m))

Φ = 0 at T = 0 ⇒ Confinement at all baryonic densities?
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7. Polyakov loop at T = 0

Polyakov loop potential at T → 0

U ' b4(T ) ln(1− 6Φ∗Φ) ∼ O(TΦ∗Φ)

Polyakov loop expectation value

∂Ω

∂Φ
=

∂Ω

∂Φ∗
= 0 ⇒ Φ ' − T

b4(T )

∫
f

e−2βω+
f

1− e−3βω+
f

∼ O(e−β(µ−m))

Φ = 0 at T = 0 ⇒ Confinement at all baryonic densities?

No. Polyakov loop potential should depend on density
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8. Density dependent Polyakov loop potential

U(Φ,Φ∗) = −b2(T , nB)

2
Φ∗Φ+b4(T , nB) ln

[
1−6Φ∗Φ+4(Φ∗3+Φ3)−3(Φ∗Φ)2

]
bl(0, nB) = ãlT

4
0

(
nB
T 3

0

)κl

, l = 2, 4, ãl , κl − parameters

Effective chemical potential of quarks (more details later)

µ∗q = µq + BqV(Φ,Φ∗)

Zero temperature pressure

p = −6

∫
f

ω∗+f θ(−ω∗+f )− U(Φ,Φ∗)− G

2
〈qq〉2 + pe

ω∗f =
√

p2 + m∗2f − µ∗f , Φ, Φ∗ and 〈qq〉 minimize Ω, pe – pressure of electrons
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9. Relation between U and V

Baryonic density

nB = − 1

V

∂Ω

∂µB

= 6Bq

∫
f

θ(−ω∗+f )︸ ︷︷ ︸
single quark contribution

+

[
6Bq

∫
f

θ(−ω∗+f )
∂V
∂nB

− ∂U
∂nB

]
∂nB
∂µB︸ ︷︷ ︸

contribution of Polyakov loop

Contribution of Polyakov loop in absence of dynamical quarks

mq →∞ ⇒ nB = − ∂U
∂µB
6= 0 - baryonic charge of gluons?

Naive modification of U = assigning a baryonic charge to gluons

Contribution of Polyakov loop must be zero

nB
∂V
∂nB

− ∂U
∂nB

= 0, nB = 6Bq

∫
f

θ(−ω∗+f )
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9. Relation between U and V

Baryonic density

nB = − 1

V

∂Ω

∂µB

= 6Bq

∫
f

θ(−ω∗+f )︸ ︷︷ ︸
single quark contribution

+

[
((((

((((
((((

(hhhhhhhhhhhhh
6Bq

∫
f

θ(−ω∗+f )
∂V
∂nB

− ∂U
∂nB

]
∂nB
∂µB︸ ︷︷ ︸

contribution of Polyakov loop

Contribution of Polyakov loop in absence of dynamical quarks

mq →∞ ⇒ nB = − ∂U
∂µB
6= 0 - baryonic charge of gluons?

Naive modification of U = assigning a baryonic charge to gluons

Contribution of Polyakov loop must be zero

nB
∂V
∂nB

− ∂U
∂nB

= 0, nB = 6Bq

∫
f

θ(−ω∗+f )
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10. Values of κ2 and κ4

V(Φ,Φ∗) = −c2(T , nB)

2
Φ∗Φ+c4(T , nB) ln

[
1−6Φ∗Φ+4(Φ∗3+Φ3)−3(Φ∗Φ)2

]
cl(T , nB) =

κlbl(T , nB)

(κl − 1)nB
, bl(0, nB) = ãlT

4
0

(
nB
T 3

0

)κl

Quark-antiquark symmetry (effective chemical potential µ∗q = µq + BqV)

µ∗q(−nB) = −µ∗q(nB) ⇒ V(0) = 0 ⇒ κl = 0 or κl > 1

Quark-antiquark symmetry (pressure p = ...− U)

p(−nB) = p(nB) ⇒ U(−nB) = U(nB) ⇒ κl = 0,
4

3
,

6

3
,

8

3
, ...

Asymptotic of pressure

p|nB→∞ = const · n4/3
B︸ ︷︷ ︸

contribution
of quarks

+ const · nmax(κ2,κ4)
B︸ ︷︷ ︸

contribution
of Polyakov loop

∼ µ4
B ∼ n

4/3
B ⇒ κ2 =

4

3
, κ4 = 0
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11. Effective chemical potential of quarks at T = 0

µ∗q = µq + BqV(Φ,Φ∗), V(Φ,Φ∗) = −c2(0, nB)

2
Φ∗Φ

Quark-gluon interaction term from the QCD Lagrangian

q(µqγ
0 + g /A)q → q+(µq + gA0)q → q+(µq + g〈A0〉)q

Temporal gluon field and Polyakov loop operator

L = T exp

(
−g
∫ β

0

dτA0

)
⇒ gA0 = −L+ ∂

∂β
L

Ensemble average (can not be calculated directly due to complexity of QCD)

〈L〉 = Φ, ⇒ g〈A0〉 = −
〈
L+ ∂

∂β
L

〉
→ χ · 〈L+〉〈L〉 = χ · Φ∗Φ

Effective chemical potential of quarks

µ∗q = µq + g〈A0〉 = µq + χ · Φ∗Φ
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12. Determination of ã2

High density asymptotic

p =
���

���
���:

∼ n
4/3
B

−6

∫
f

ω∗+f θ(−ω+∗
f ) −���

��:
∼ n

4/3
B

U(Φ,Φ∗) −
�
�
��Z

Z
ZZ

G

2
〈qq〉2 +��ZZpe

nB→∞−→
[

1

4

( π2

Nf

)1/3(nB
Bq

)4/3

+
ã2

2

]
· n4/3

B =

[
1 + 2ã2B

4
3
q

(
Nf

π2

) 1
3

]−3

· pSB

pSB – Stefan-Boltzman pressure (free massless quarks), Nf – number of flavours

Perturbative calculations at O(α2
s ) and partial O(α3

s ln2 αs)

p
pSB

∣∣
µB→∞

= 0.8 ⇒ ã2 = 0.25 for Nf = 3

T. Gorda et al., Phys. Rev. Lett. 121, 202701 (2018).

The same p
pSB

at T →∞ is given by lQCD

F. Karsch, Nucl. Phys. A 698, 199 (2002)

p/
p S

B
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13. Hybrid EoS

Order parameter

Φ = 0 ⇒ hadron matter

Φ 6= 0 ⇒ quark matter

Gibbs criterion

µB < µc ⇒ ph(µB) > pq(µB) – hadron matter

µB > µc ⇒ ph(µB) < pq(µB) – quark matter

µB > µc ⇒ ph(µB) = pq(µB) – phase transition

Polyakov-Gibbs construction:

phase transition happens exactly when Φ attains
non zero value and phases are in equilibrium

ã4 is tuned to provide this

IST
APR4
SLy
PNJL-IST
PNJL-APR4
PNJL-SLy

p
 [M

eV
 fm

-3
]

200

250

300

350

400

μB [MeV]
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|Φ
|

0
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μB [MeV]
1400 1420 1440 1460 1480 1500

PNJL-IST
PNJL-APR4
PNJL-SLy
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14. EoS of hybrid star

Hadron matter: APR4 (A18+δv+UIX), SLy, IST models

A. Akmal V. R. Pandharipande and D. G. Ravenhall, Phys. Rev. C 58, 1804 (1998)
F. Douchin and P. Haensel, Astron. Astrophys. 380, 1 (2001)
V. V. Sagun, I. Lopes and A. I. Ivanytskyi, Astro. Phys. J. 871, 157 (2019).

Species of quark matter: u, d, s quarks and e− with physical masses and

µ∗f = Bf µB + Qf µQ

Electric neutrality: provided separately for each phase

hadron matter: nQ =
∑

hadrons

nhadronQ +
∑

leptons

nleptonQ = 0

quark matter: nQ =
∑

quarks

nquarkQ + ne = 0

Normalization of quark EoS: vacuum values of quark condensates
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15. EoS of hybrid star

p 
[M

eV
 fm

-3
]
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c s2
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nB [fm-3]
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MIT-APR4

Mixed phase at nB ∼ 4− 8n0

Stiffening of EoS

Causal behaviour of hadronic phase
Oleksii Ivanystkyi Second look to the PNJL model at finite baryonic density



16. Hybrid EoS: Glendenning construction

Gibbs construction

equilibrium of phases: ph(µc
B , µ

hc
Q ) = pq(µc

B , µ
qc
Q )

neutrality of hadron phase: nhQ(µc
B , µ

hc
Q ) = 0 ⇒ µc

B , µ
hc
Q 6= µqc

Q

neutrality of quark phase: nqQ(µc
B , µ

qc
Q ) = 0

Electric chemical potentials of two phases do not coincide

Glendenning construction

equilibrium of phases: ph(µc
B , µ

c
Q) = pq(µc

B , µ
c
Q)

neutrality of mixed phase: nQ = (1− λ)nhQ(µc
B , µ

c
Q) + λnqQ(µc

B , µ
c
Q) = 0

λ ∈ [0, 1] – volume fraction of quark matter

One electric chemical potential for two phases
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17. EoS of hybrid star: Glendenning construction

Widening of mixed phase to nB ∼ 4− 9n0

Stiffening of EoS

Causal behaviour of hadronic phase
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12. Conclusions

The Polyakov loop potential of the PNJL model is generalized to the case of
finite baryonic densities in order to incorporate to the model dynamics of the
Polyakov loop

Spurious contribution of gluons to the baryon charge density is removed
from the model by introducing the effective chemical potential of quarks

The model is applied to construct a hybrid quark-hadron EoS within the
Polyakov-Gibbs and Polyakov-Glendenning constructions

The Polyakov loop potential is shown to stiffen such an EoS
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Thank you for attention!
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M-R relation

M
/M

⊙

0

0.5

1

1.5

2

2.5

R [km]
8 9 10 11 12 13 14 15

BPS+DH+IST+PNJL a2=0.25, a3=0 (Rnucl=0.49)
BPS+DH+IST+PNJL a2=0.5, a3=60 (Rnucl=0.49)
BPS+DH+IST+PNJL a2=0.8, a3=0 (Rnucl=0.49)
BPS+DH+IST+PNJL a2=1.0, a3=0 (Rnucl=0.49)
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