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Motivation and plan )

@ Wormbholes in GR: main problem:
Necessity of exotic matter, NEC/WEC violation

Notion of a wormhole: spherical vs. cylindrical
Why GR? Observational status, interest in macroscopic size
Why cyl. symmetry? Attempt to circumvent “topol. censorship”

Static cylindrical wormholes

* A no-go theorem: (p < 0) for twice asympt. regular wormholes
x Example: Einstein-Maxwell fields

@ Rotation.

% Structure of the equations, favorable for WH construction

* Problem: Bad asymptotic behavior

x Examples: vacuum, scalar-vacuum solutions, anisotr. fluid etc.
* Problem: no flat infinity =- no observability

@ Thin shells: attempt to construct a potentially observable wormhole
by joining the throat region with flat space regions

@ Examples and concluding remarks
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Wormholes (spherical vs. cylindrical)

A wormhole as a “handle”, a shortcut
between remote parts of the Universe
(or a time machine if times at A and B
are essentially different). The topology
depends on that of the ambient world

Sph: twice asymptotically flat
wormhole (topology S? x R).
Cyl: topology S"xR xR

{111

A “hanging drop” wormhole.
Topology:
R3 for both Sph and Cyl

A “dumbbell” wormhole
Sph: topology S°
Cyl: topology S?x R
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Brief wormhole history

General relativity (A. Einstein, 1915-16): gravity = curvature
If space-time is curved, it can be very strongly curved !!!

K. Schwarzschild, 1916 - First exact solution, now termed a black hole
L. Flamm, 1916: the Schwarzschild space as a kind of tunnel

A. Einstein, N. Rosen, 1935: attempt to create a particle model
based on GR (Einstein-Rosen bridge)

J.A. Wheeler, 1955,... - quanta, space-time foam, charge without
charge, mass without mass, the term “wormhole”

1973 and so on, up to now (H. Ellis, K.B., G. Clement, ...) -
numerous exact wormhole solutions in different theories, analysis of
their properties, including stability

K. Thorne et al., 1988, V.P. Frolov, |.D. Novikov, 1989........:
beginning of a broad discussion of time machines, shortcuts etc,
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Wormbholes (spherical vs. cylindrical)

Static, spherically symmetric space-times:
ds* = Alu)dr* — B(u)du® — r*(u)(d6* + sin*0dd?)

A wormhole throat: aregular minimum of r(u): r=r,

A wormhole: a regular configuration where A(u)>0 and B(u)>0
everywhere (no horizons), and, far from the throat, on its both
sides, r>>r,.

The Universe may also contain structures infinitely extended
along a certain direction, like cosmic strings. While starlike
structures are, in the simplest case, described by spherical
symmetry, the simplest stringlike configurations are cylindrically
symmetric.
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Static, spherically symmetric wormholes: basic facts :

ds* = A(u)dr* — Blu)du* — r*(u)(d6* + sin*0ddb*)

At the throat. r’=0, r">0 =>
for matter of general form compatible with the symmetry, 1, = diag(g, —ps, —p1, —pu),
these conditions lead to

p+p <0 pr < 0.

(“Exotic™ matter, violation of the Null Energy Condition. But no restriction on sign p)
Flat asymptotic: at large r approx.Schwarzschild, with mass m.

. !
Mass function: mir) = JJ(;/ pridr, I =integration constant.
r

0 oc
o ; 27
At the throat, 2m(r) = r. Integrating from r, = r,,. we obtain "th = 2m ‘{/ predr,

Tth

This means: if p > 0, then r, < 2m = r (Schwarzschild).

a wormhole with a throat of a few meters will have huge gravity of, say, Jupiter I!

To avoid that, negative densities are necessary.
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Boundary conditions for cyl. wormholes: observability

’ 452 = AW g — 2o g _ 260 g2 _ 260 g 2 ‘

Consider the most natural situation that the wormhole is observed as a

stringlike source of gravity from an otherwise very weakly curved or
even flat environment.

We require: there is a spatial infinity, i.e., atsome u=u,,r=ef— = the
metric is either flat or corresponds to the gravitational field of a cosmic string.
This means: (1) y — const, E—const  as i — ly

(2)atlarge r, |B’

P —u, pw=const< 1 oas u— iy
(the parameter p is an angular defect). A flat asymptotic: u =0.

We say “a regular asympftotic’ in the sense “a flat or string asymptotic.”
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Static cyl. systems: Einstein equations )

‘ds2 — AR — WP _ e g2 _ 2B g2

Einstein equations: Gj = -7},  »=87G,
or

R, =—xTt,  Th=T,--o1T¢

ra] —

Wehave R =—c2[y'+y(y -a '+ )]
Rl ==y + ¢+ "+ y2 + ¢2 By + &+ Y]
R =—e [+ &y —a'+ §'+ )]
By ==+ By '+ B+ €
Gy=c ™y + gy + B,
The most general form of the stress-energy tensor:
Ty, =diag(p, =p,, =p.. = py).

where p = energy density,
P; = pressures of any physical origin in the respective directions.
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Static cyl. systems: Conditions on the throat

‘dsQ = 2 g _ oW g R 26w g2 2B g2
We use the harmonic radial coordinate: o = 8 + v + pu.
1. At a minimum of

r(u), due to B’=0 and B > 0, we have R7’<0,
and from the corresponding component of the Einstein eqs it follows that

Ty + T]] + Tg - Tf =p=p,—P.tpy<0

If 15 = T: ,thatis, p, = pgy. in particular, for Pascal isotropic fluids
we obtain P, > p,

violation of Dominant Energy Condition (if, as usual, p > 0).

In the general case of anisotropic pressures, none of the standard
energy conditions are necessarily violated.

However, if the throat is defined through the area function a(u) = exp(B+¢),
we have there '+ ¢ =0, B+ ¢ > 0, whence RR+Rc)—
2 3

=T =p-p <0
In addition, substituting B’ + £ =0 into the Einstein equation (}'}

xT]'. we find

7?"]1 = p, =0. Combining these two conditions, we see that

p<p,=0
on the throat, i.e.,

there is necessarily a region with negative energy density !!! ‘
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Example: linear and nonlinear electrodynamics (NED)

Electromagnetic fields with cyl. symmetry:

Radial (R): Forlu) (B2 = Fo F),  Fys(u) (B*=FyF%).

Azimuthal (A): Figlu) (E*=F3F), Fiolu) (B2 =FpF2).

Longitudinal (L): Folu) (B2 = FuF™),  Fi3(w) (B* = F;3F").

(E and B = abs. values of electric field strength and magnetic induction, resp.)
L, = -®F)/(167), Fi=FF,,  Maxwel:  O(F) = F

Solutions are known: for Maxwell fields [K.B., 1979]
and NED [K. B, G. N. Shikin, and E. N. Sibileva, 2003].

Wormhole solutions: easily obtained with A-fields only (Maxwell ED)
or preferably (NED) . Example (Maxwell ED):

cosh?(hu) -, ) Kh? ,
(h.z — L T[elaug2 — .,J.cl b) ud“ _ .,de 17 — d:._‘
Kh? [ ¢l cosh®(hu)
Fog =iy, = const; F2=i,e, i, = const,
K= |—(}'(i; + f’;”]]*', Wt =ab,a, b = const a >0, h>0
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Conclusion on static cyl. wormholes

o Cyl wormhole geometries (with r-throats) can exist
without WEC or NEC violation.

e At an a-throat, negative density is required.

o Significant difficulty (as always with cyl. symmetry):
obtaining desirable asymptotics.

e Twice asymptotically regular wormholes necessarily involve
negative density.

Can rotation help?
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Rotation: Ricci and Einstein tensors

] s = W [dt — Ee 2 dg]? — 2%di® — e2dz® — 2P d? \

In the comoving reference frame (arbitrary gauge):

Ri = _o¢ 2..";.jrr + _:'rr + “u i drz 4 A2 + '”r.? o (1’[‘_5' + _:: + ‘Hf)] n .2*,'2:

R = Oy

Ri=0Opy - 202 w=wye #T3 Wy = const.
where D]f — —{f_l :!L\,"ﬁqllf,r - _ (\—2._.Uw 1 f’l_-‘r” A '”.‘ —a 'I ‘

a2 .
sothat R — RV 4+ LRY, LR =’ diag(—2,2,0,2),
¥ v v 2 4. .
5= G+ 06y, WG, =w diag(—3,1,-1,1)
i and G, (each separately) satisfy the “conservation law”

VaG§ = 0 with respect to the static metric with F'=0

The rotational part of the Einstein tensor behaves in the Einstein equations as
an additional SET with very exotic properties:

the energy density is 323 < 0
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Wormhole geometry

‘ ds? = e2W[dt — Ee~2Vdy]? — e?dx? — e**dz? — e*Pdyp? ‘

Definitions of throats: the same as in the static case:

r-throat: a regular minimum of the circular radius r(x) = exp(5).
r-wormhole: a regular configuration with r > r,i, on both sides.

a-throat: a regular minimum of the area function a(x) = exp(5 + u).
a-wormhole: a regular configuration with a > an,i, on both sides.

Due to rotation, it is much easier to obtain wormholes than with w = 0.

Main problem: bad asymptotic behavior,
e.g., we do not have w — 0 where 7, u — const since

w=wge H2, wo = const,

at least in this comoving reference frame.
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Example 1. a massless scalar field

Wi i-‘r? LD

) Harmonic radial coordinate: x=u, o =73+~ +u
RI=0 = pu"=0. [t = —mu \with a certain choice of 2 scale],
Ri=0 = p"—2%e* =0, - 3+~ =2hu [with a certain choice of t scale],
Ri=0 = " 4+2.2e =0, B" — 4" = a2 e,
Solution: o2 e
Quwps(k,u)’ B g} : o2hu
b= Cu o = e"""s(k,u) [ du :
4 e = 2wys(k, u) e, / s(k,u)
pmu 2hu
© 2s(k,u)’ e = 7, E-'sinhku, k= ue Ry
s(kou) = ¢ u, k=0, ue R,
2 . 2 2 E~Lsin ku, k= 0<u=<nuflk
k?sign k = 4(h? — 2hm) — 23¢=C°. s . Il

Parameters: w;, C, h, m, k. (All inessential constants have been absorbed.)
Wormbhole solutions: all solutions with k < 0, and many with k 2 0.
Asymptotic behavior: in all cases, either exp(y) — 0, or exp(y) — =.
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Building asymptotically flat models

Trying to build a wormhole model with two flat asymptotics

X<x <0 X<X<X, | x>x_ >0

M- (flat, Q) M+ (flat, Q )

I+:
X=

r-throat  a-throat

+

Mstrics in M+ and M-:  ds}; = dt? —dX? — dz? — X?(dyp + Qdt)%.

X:’!

Relevant quantities: 2 =1-0%X2, e L—
g ¢ ¢ I —OZX2

Q

E =0x2 w=—""""
1 — 02X2

(arbitrary scales along the z and ¢ axes can be chosen)
Matching: i )
¥ g=0, =0 [l=0, [E]=0,
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Building asymptotically flat models 2

Next step:
find the surface stress-energy tensors on + and Z-

This is done in Darmois-Israel formalism in terms of the extrinsic curvature:

1

Se = f;.fi'ﬁ} Kbi=K—dlK, K=K [f]:=+)-1().
. L . \ 1 (o0 IGan
With natural parametrization of Z+ and Z- K, = —e®™T}, = :l*_’“"“'ﬁ,
& or
= j’:’oo — _0—,,—2-;/(ij e “1)1

- 1 ”
- 73“—.ny+ HL'._”LF"IIJ +'T! +”r11

,‘{,22 - P—L.+2p [Hr AT “;r‘]‘
Kaa = Py 4 u) 4+ D[EE — EXF + 29 + ).

9, is the surface density while -52, = p, and -&%, = p,, are pressures

in the respective directions.

(No need to adjust coordinates in different regions since all relevant
guantities are reparametrization-independent.)
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Building phantom-free models

Can both surface SETs be physically plausible and non-exotic
under some choice of the system parameters?

Criterion: the WEC (including the NEC):
So0/8o0 =0 >0, Sapé?€P > 0, (1)

where &2 is any null vector (£2¢, = 0) on X = X ; the second inequality
comprises the NEC as part of the WEC.

Instead of working with arbitrary &2, it is sufficient to find o and principal
pressures p,, p, as eigenvalues of the surface SET in local Minkowski

(tangent) space, or, equivalently, the quantities K. To do that, we can
use any orthonormal triad on X .
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Building phantom-free models 2

Let us find the tangent-space (triad) components of K using the following
orthonormal triad on ¥:

efyy = (e77,0,0); efyy = (0, e7#,0); elyy = (Ee #2,0,e7) (19)
(the parentheses mark triad indices). The triad components Ir{;(mm = ({m; 'mﬁﬂb

turn out to be surprisingly simple and may be represented by the matrix

- —e (B + ) 0 —w
(Kimny) = 0 e (B ++) 0 . (20)
—w 0 e (v + ')

The shell matter SET consists of discontinuities of these matrix elements divided
by . The matrix of these discontinuities has the same structure as (20):

B a 0 d
(‘[I\v[mn\]) = 0 b 0 3 (21)
d 0 ¢

As a result, the WEC requirements read atect+ia—0)?+4d >0,

a+c++v(a—c)?+4d2+2b >0,

a+ec>0.
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No-go theorem

Many internal wormhole solutions are unable to meet these
requirements, In particular, those in which

Tf - TI{

This includes, for example, field systems with
L = ¢"0,00,0 — 2V (¢) — P(¢)F*™ F,,,.

i.e., scalar fields with an arbitrary potential V{(¢) and an arbitrary function P(¢)
characterizing the scalar-electromagnetic interaction, assuming that ¢ = ¢(x)
and that the Maxwell tensor describes a stationary azimuthal magnetic field
(F,, = -F,,) orits electric analog.

It has been proven that for all such systems the NEC
is inevitably violated either on Z+ or on Z- or on both
[K.B., arXiv: 1509.06924].
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Equations for perfect fluids

For perfect fluids with p = wp, w = const, we have
T,, = pdiag(l, —w, —w, —w). The conservation law V, T,/ = 0 has the form

Pr+(p+p=0 = wp+({1+wh =0
(the same as in the static case). For w # 0 it gives
p=poe 1N/, po = const,

and, in terms of the harmonic coordinate x (o = 8 + 7 + u), the Einstein
equations for our metric read
e 2y 4+ 2w = L (3w + 1)5¢p,
e 2" = 3 (w = 1)xp,
e 2B —2u? = %(W — 1)3p,
e 2N (B + Bu A W) + WP = waep.
Also recall that w = wype *727,
These equations are completely analytically solved only for w = —1 (a

cosmological constant) - a case of no interest due to the above no-go theorem.
In other cases we can seek special solutions.
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Example 2: Stiff perfect fluid. Solution

Assume w = 1. Then there is a special exact wormhole solution:

k
p,y=const, e’ =-—-—— k=const >0, x¢&(—n/2,7/2),

/22 cos(kx)’

1 k?dx k
E=— | =7 = " tan(k
wo / cos?(kx)  wo tan(kx),

where the integration constants are chosen to make the system symmetric with
respect to the throat surface x = 0. Thus the metric is known completely.
In a more convenient radial variable, y = ktan(kx), the metric reads
2 2 2
Yy dy 2 2 2y dp
ds® = (dt — Z-dp | — 55— —dz° — (k .
(¢ 2090) ~ e 62z
The solution is regular in the whole range y € R, but at y? > k? we have
g33 > 0, hence the ¢-circles are timelike and violate causality.

To match this metric to the flat one at some y = yp identified with some
X = Xo in Minkowski space, we rescale time assuming

dt =+/Pdr, P =const < 1.

Then we can identify the time 7 on X4 with t from the external metric and
provide [y] = 0. Now we can implement matching and try to satisfy the WEC.
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Example 2: Stiff perfect fluid. The WEC

Consider X4 (y = £y >0, X = +Xo, Xo > 0).
The matching conditions [y] =0, [E] =0., [3] =0 give, respectively,
VP Ray X

P=1-Q%x2 ox2 = 2¥0
’ wo 2w P’

we assume wo > 0 and omit the index “zero” at X and y.

Independent parameters: P, k,wo, y (internal metric), Q, X (external).
These six parameters are connected by the above three equalities. We

choose as as independent parameters X = £Xj, y = +y, P <1, so that

q_ VI-P VPy s 14 P
- ) wO = T = k = y 1 P
X VI—PX 1-P
The quantities a, b, ¢, d from the above WEC conditions are expressed as
a_P3/2|y\—1 b_1—|y|\/ﬁ Pt d_\/ﬁyzpliP
- PIX| X - PIX|’ - XPY1I-P
2—P

It is directly verified that the WEC holds on both Xy if

= 5

Important: We have y¢ < k2, hence y? < k* in the whole internal region, and
there are no closed timelike curves.
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Example 3: Special anisotropic fluid. Solution

Consider an anisotropic fluid with
T/ =p diag(1,—1,1,—1) & T3 = —2pEe™ >

(similar to a z-directed magnetic field in the static case, not directly extended
to E #0). From V, T} = 0 it follows

p=poe 277 py=const >0,

The Einstein equations are solved using again the harmonic radial coordinate x:
2

2 _ 2 [0 2y 2.2 2
r:eﬁ:m, eV—Q(XO*X)a
e2;/, _ eme(XO _ X)lfx/xo(XO + X)1+></><07
r Xo + X w
E= 2—02 2x0x + (@ — x?)In 22 Xo 1= Q, Q? = xpord,
29%) Xo — X P01

The coordinate x ranges from —xp to xp. Integration constants: wo, po, fo, m,
plus introduced dimensionless.constants xp, Q.

The circular radius r — co as x — £xp, = wormhole nature of the geometry,
but x = 4xo are singularities: the Kretschmann invariant behaves as |xo — x| *.
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Example 3: Special anisotropic fluid. The WEC

Assume m = 0 (symmetry w.r.t. the throat x = 0). Matching at some
X = +xs < xo to Minkowski regions at X = +X; =

X =ry, Q°(x3 —x*)=1-Q’X*>=: P,
25¢V1 — P = 2xx0 + (5@ —xz)lnm, (x = xs).
Xo — X

For [u] = 0 we adjust the z scale = —g., = M?:= (<) from the internal
metric. Denoting y = xs/x0 and L(y) = In[(1 4+ y)/(1 — y)], we have

M= M(y) = (1 _y) (1- y/2(1+ ) (ler)/Z7
P=P(y)=(1-y)[1-yLly) - 11—y
Then the quantities a, b, ¢, d in the WEC requirements are

gy L M) 1
a= e (4 = s+ M (2 L),
b=[e (B +7)] =1,

T My 1
e= e ) =~y 11+ M (L Sugy)),
e _VI-PO) M(y)

e R =)
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Example 3: Special anisotropic fluid. The WEC — 2

Left: P(y). Middle: a(y) for xo =0.3, 0:4, 0:5,0: 75 (upside down).
Right: a(y) 4+ c(y) for xop = 0.3, 0.4, 0.5, 0:75 (upside down).

The expressions for a, b, c, d depend on two parameters, xo and y, and a, b, ¢
are the same on X and X_, while d does not affect the results. Actually, if
a>0and a+ c >0, then WEC holds. It can be found that (see the figures)

@ The condition 0 < P(y) < 1, required by construction, holds for
0 < y < 0.564 (all numerical estimates are approximate);

@ a > 0and a> c hold in a large range of xp and y, for example,
xo = 0.5, y € (0.15,0.47) and xo = 0.3, y € (0.05,0.53).

@ a+ ¢ > 0 in almost the same range of the parameters, e.g,
xo = 0.5, y € (0.15,0.38) and xo = 0.3, y € (0.05,0.51).

Thus in a significant range in the parameter space (xo, y) our asymptotically
flat wormhole model completely satisfies the WEC. Also, g,, < 0 between ¥ _
and X, hence the model does not contain closed timelike curves.
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Conclusion on rotating wormholes in GR &>
Stationary cylindrical configurations:

The vortex grav. field is singled out and behaves like matter with exotic
properties. Exact solutions have been found for scalar fields and some
kinds of anisotropic perfect fluid.

Is it possible to have WH geometry without exotic matter?
YES (a vortex gravitational field instead of WEC violating matter)

Can they have two flat (or string) asymptotic regions?
if we consider pure solutions with rotation
YES with Minkowski regions and rotating thin shells,
under a proper choice of matter in the internal region
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