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The QCD phase diagram
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Low UB: Tfreeze—out ~ TC(/},B) [Braun-Munzinger, Stachel, Wetterich, nucl-th/0311005]
ngh UB: Tfreeze—out < Tc(/_LB) [Floerchinger, Wetterich 1202.1671]



The width of the transition extrapolated

To accurately obtain the width we use a proxy: o(ug)

(P)(Te £ 0/2) = (D) £ Aly) /2
The width is basically independent of Im{fig in our data.
We extrapolate using a cubic polynomial.
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Baryon fluctuations in two scenarios

Stephanov [os09 3450110416277 : Non-monotonic high order fluctuations near a critical end point.

Here : fourth cumulant <B4>C, normalized to the second cumulant <B2>C

FRG-Lattice assisted LEFT
Pawlowski et al. [2101.06035]

CEP = (93 MeV, 672 MeV)

QVdW gas
Vovchenko et al [1906.01954]

Liquid-Gas CEP = (19.7 MeV, 922 MeV)
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Taylor coefficients
Taylor coefficients of the pressure

pus) _ p(0) , 1 4% g 1 ug s 1ug s
= :7+2|T2X2(T) 4|T4X4(T)+6IT6X6(T)+"'

These Taylor coefficients are equal to the Grand Canonical fluctuations

1 82 |OgZ(V7 TaMB?MQaMS)

B%) — (B)’ = —— =x5
< > < > VT a/,LB2 XZ
Higher fluctuations are the Taylor coefficients of lower fluctuations
B(t)* B( )_|_1ﬂB B( ) ]-:U‘B B( 0)+
X2 \HB) = X2 (1B 2|T2X4M 4'T4X6'u

Taylor coefficients can be used to reveal analytic structure of the thermodynamic potential

m Repulsive interactions beyond ideal HRG
m Searching the critical end point

Hints for chiral O(4) universality



Taylor method

i TA 0 —XB
T+ = nl (Ous)" <= n!
Sixth and eight order baryon fluctuations = O(u%) and O(u%) coefficients
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Staggered actions are not equally good

New in Wuppertal: 4HEX staggered action with strongly reduced taste breaking.

Continuum extrapolation T = 145 MeV
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Wouppertal-Budapest (2013-2023) 4stout results: (wuppertal-Budapest [1507.04627]]
BNL-Bielefeld (2011— . ) HISQ results: (Hotaco 10710011
Wuppertal-Budapest (2022—. . ) 4HEX results: wuppertal- Budapest Qm2022]

Results are at a lattice size of LT = 4. The label "small volume” is LT = 3 in the plot, we will use LT = 2 for high order fluctuations.
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Extrapolation approaches to u3 > 0

()
=) Imaginary g simulations  ®
> . .
e
% Zero |y 51mulat10121 .
) leading order in ug~ — —
N
A next-to-leading order in u32 - - -
= Reweighting —a—

Imaginary pg: numerical derivatives with some lever arm.
Taylor from g = 0: exact derivatives based on the tails of a distribution.



Can we use lattice QCD to perform simulations at finite ug directly?
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Using physical quark masses, 2 4+ 1 flavors, Ny = 4 [Fodor&Katz hep-lat/0402006]



The overlap problem

Reweighting: Simulalate with parameters A and try to transform the distribution as if you
simulated with parameters B.

Simulated distribution ——

Distribution of interest: Reweighting can work ———
Distribution of interest: Reweighting is hopeless

104 configurations ———

108 configurations ———

Volume=(L)®

\




The overlap problem

Reweighting: Costs explode with volume.

Simulated distribution ——

Distribution of interest: Reweighting is hopeless ——
Distribution of interest: Reweighting is hopeless

104 configurations ———

108 configurations ———

Volume=(2L)®




The sign problem

integrand at real g

phase quenched action
sign quenched action

Sign problem: Large cancellations between positive and negative contributions of
Re[det M[U]].

Overlap problem: Problem solved.



How strong is the sign problem?

The complex phase of the fermion determinant is linked to a physical observable, the light
quark density. [(See formula 5.2 of Allton et al hep-lat/0501030)]

Oln detM
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Sign problem in the practice

Idea: sign quenched simulations: Ree’® = £+ | cos()|
N

[Budapest 2004.10800] reweighting simulation
For a concrete case:

— 2-stout-staggered action,

— physical quarks with 241 flavors,

- 163 x 6 lattice.
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Direct (reweighted) simulations at pg > 0

How far can we go in the chemical potential?

We compare in these plots for 140 MeV
m Taylor expansion from imaginary g
m Fugacity expansion from imaginary up
m Direct finite density simulations at 0 < pug < 380 MeV
Direct = reweigting from sign quenched
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Direct simulations at ug > 0

Simulation in two steps:
Simulate the real (sign quenched) action
Reweight each configuartion with the correct sign
Feasible as long as the sign problem is not too severe.
The earlier, tighter constraint of the overlap problem was removed.
Drawback: the simulation algorithm is more expensive (subject to research)

The chiral condensate (left) and the real quark density(right).
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The plots show the matching imaginary ug results for comparison.



# configurations

What are the limits of the direct simulations
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m The most important limiting factor is volume and pg.
(The same is true for the ug = 0 Taylor method.)

m This is bad news for the CEP search
(finite volume scaling is very difficult)

m Below pup/T < 1 the sign problem is weak.

m Deeper temperature and g scans are feasible:



What do we learn from “direct” simulations?

m Simulations are limited to small volumes.
— Explore phase diagram in a small volume
(1st step in a finite size scaling)

m Extrapolations are available on larger volumes, too.
Extrapolations are susceptible to a bias with respect to scheme

Strategy:

m Perform extrapolations in small volumes
m Perform “direct” simulations

m Check which scheme works



Comparison at fixed T > T,

Let's look at the light quark density as a function of ug.
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Full result vs. Taylor at T < T,

Staggered simulations with three different reweighting schemes.

1.2
i
1k ) 4
4
08 B
T
£ o6
=
<
04
02 —
8th order Taylor +—e—
Reweighting from =0 +—e—
Sign reweighting
o ) ) ) Phase rewei‘ghlmg ——
0 20 40 60 80 100 120

gy =hg [MeV]

[Wuppertal-Budapest 2308.06105]



Golterman's argument

Golterman, Shamir, Svetitsky: [hep-lat/0602026]
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The spectrum of the 4D staggered operator

At pug = 0 we have A = m+ ix, with x € R.
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The eigenvalues reach the cut at pg = m,/2.



Reweigted result vs. Taylor at T < T,

Let’s vary the pion mass.
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Reweigted result vs. Taylor at T < T,

Phase Quenched = Isospin chemical potential: 2nd order transition

[Son&Stephanov hep-ph/0005225, Brand&Endrdi 1712.08190]
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The radius of convergence estimators clearly display this for the phase quenched case, but not
for the case of the baryo-chemical potential.

[Attila Pasztor, Preliminary]



Reweigted result vs. Taylor at T < T,

Let’s try the 4 flavor theory
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This is a cut-off effect

Reweighted result - Taylor result

< 07 ‘ : :

I 4hex, 20° X 10

S o6 4hex, 163X 8

- 4nhex, 122X 6

= 05¢ 2stout, 16° X 8

5 . o AT/

S o4l FITS:Ap%e

K

€ 03

o

ey

B o02f

2 o1

5

G_.) 0 |

=

[l

g 0.1 L L L L L L L L L L
0 10 20 30 40 50 60 70 80 90 100

g[MeV]

— The unphysical effect diminises with decreasing lattice spacing
— The effect hints for an essential singularity: ~ exp(—C/u?)



Can we combine eigenvaules?

Golterman et al: combine quartets once quartets are formed

[2003.04355]

Budapest group: Geometric matching of doublets
2
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The unphysical behaviour is eliminated.

But this changes the definition of the chemical potential
(can modify the theory away from the continuum).



What is the problem with real density simulations?

m Expansion schemes

m Great progress
m Taylor, Im g have limitations : extrapolations have unknown systematics

m A two-step reweighting procedure exists for simulating at real ug
Expensive, not impossible
overlap problem has been mitigated

m Staggered fermions are ill-defined at pig < m;/2and T < T,
Remedies:

m Non-trivial continuum limit
m Matching eigenvalues
m Non-staggered action
Candidate: minimally doubled fermions
Two flavor simulations with staggered-like chiral symmetry. Light quarks are not rooted.
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Higher order xg from imaginary ug

“Numerical derivatives” from ,u% < 0 simulations: [ws 1805.04445]
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This structure is already known from chiral effecive models. [riman et ai 11033511



Higher order x5 in the simple model

Input: x5(T, = 0) from Wuppertal-Budapest, and & = 0.02 (e 1505 07500):
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Higher order x5 in the simple model

Comparing the simple model with our lattice result:

0.3
0.25
0.2
0.15
0.1
0.05

0
120 140 160 180 200 220 240

0.1
0.05
0
-0.05

-0

B
X 2

T‘[Mevj

T [MeV]

A
120 1

40 160 180 200 220 240

0.1
0.08
0.06
0.04
0.02

0
120 140 160 180 200 220 240

0.2
0.1
0
-0.1
-0.2
-0.3

T [MeV]

T‘[MeV]i

Simple model describes lattice result surprisingly well.
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How to calculate the severity of the sign problem

Simplification: The distribution of the phase of the determinant shall be Gaussian.

1 -
p(0) = e 207w

V2mo?

Im 03

Small pi: o®(p) = — X35 (T)(LT) i

Large 11 advantage of the sign quenched approach: o = =

DA



Staggered fermions at finite chemical potential

The staggered rooting is ill-defined at ug > 0.

Z(T,p) = /DU[detM/DURe{[det M(U, mug, 12)]2 Hdet M(U, mq,0)] e 5V

We can calculate the determinant up to a sign: v/ det M
To reinsert the missing sign is the whole point of the reweighting.
Let A; be the eigenvalues of the reduced matrix;

det M(p)

6V ~ R
Njel/2 — e=i/2
detM(y) = /detM(0)[] ,‘C/%
i=1 P

This way {/det M(pu?) is analytically connected to the real function det M(—pu?).
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Thermodynamics with the 4HEX action

m 4 steps of HEX smearing + DBW?2 gauge action

m Physical point defined by m, /f; = 1.0337, ms/miigny = 27.63

B Mijghe tuned in the a range: 0.22...0.072 fm

m Thermodynamics runs: cca 80000 configurations / ensemble

10 Temperatures 130...175 MeV
3 lattice spacings 163 x 8, 203 x 10, 243 x 12 ¢

N, used for T=145 MeV
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