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Computational frontiers

• Lattice gauge theory:

• Bigger, faster, clever algorithms, …

• More fully controlled observables

• Higher precision
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Computational frontiers
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• Numerical holography

• Real-time dynamics: pre-hydrodynamic evolution in heavy ion collisions

• Better justified than alternative weak-coupling models

• Computationally challenging

• Large-N QCD

• Nested classical limits

• Requires decent truncation of infinite-dimensional phase space

• Worth the trouble?
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Heavy ion collisions
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Why is QGP interesting? 

07/23/2019 Rongrong Ma, Summer Student Lecture at BNL 5 

•  Big Bang vs. Little Bangs: t ~ 10-6s 

•  Similarities: 
–  Hubble-like expansion 
–  Hierarchy of decoupling processes 
–  Imprint initial fluctuations 

•  Differences: 
–  Pressure ingredient vs. gravity 
–  Time and dimension scales 
–  … 

 U. Heinz, Journal of Physics: Conference Series 455  (2013) 012044 

Shen & Heinz, 1507.01558
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Heavy ion collisions
• Accessible quark-gluon plasma:

• Low viscosity, 

• Effective temperatures  = few , not

• Effective coupling  not at all small!

• Substantial thermal masses, , not 

• Near-conformal,  small except very close to 

➡  Accessible QGP = strongly coupled plasma, not weakly coupled!

• Color-glass condensate (IP-Glasma) modeling of initial state:

• Beautiful picture of asymptopia: arbitrarily weak coupling, highly collinear gluon 
dynamics, elaborate hierarchy of scales, logarithmic evolution, … 

• Asymptopia is very, very far from accessible QGP!

➡ Instantaneous switch from weak-coupling to strong coupling (fluid) 
description is inherently inconsistent!

η/s ≈ 0.1

Teff × Tc ⋙ Tc

∝ 1/ln(Teff /Tc)

mth /T = O(1) ≪ 1

(ϵ − 3p)/ϵ Tc
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Holographic modeling
• Complementary model: 

Early-stage QGP = strongly coupled, near-conformal non-Abelian plasma  
strongly coupled, maximally supersymmetric ( ) Yang-Mills plasma

≈
( = 4

5

- non-Abelian plasma

- neutral fluid hydro

- weak dependence on 

- fixed, arbitrary coupling

- conformal

Nc

- non-Abelian plasma

- neutral fluid hydro

- weak dependence on 

- strongly coupled

- near-conformal prior to hadronization

Nc

hot QCD  SYM( = 4

• Use gauge/gravity duality to solve (honestly) pre-hydrodynamic evolution of 
initial states in strongly coupled  SYM which resemble real colliding nuclei( = 4
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• Large N, strong coupling dynamics of  SYM correctly described by 
classical 5D asymptically-AdS gravitational dynamics

• Solve gravitational dynamics to model early stage heavy-ion collisions:

• Incoming projectile energy density = realistic model of nuclear energy density, 
Lorentz contracted (γ = O(100)).  Uniquely determines bulk geometry 
corresponding to incident projectile.

• Superpose well-separated projectiles, transform to infalling coordinates ➨ 
gravitational initial data.

• Solve 5D Einstein equations with asymptotically-AdS boundary conditions & 
extract boundary stress-energy tensor .

• Evolve to onset of hydrodynamic regime, holographic  ➨ initial data for 
further hydrodynamic evolution.

• Earlier work: planar collisions, smooth projectiles, “pixel-by-pixel” phenomenology

( = 4

⟨Tμν⟩

⟨Tμν⟩

6

Holographic modeling

w. Paul Chesler, Berndt Müller, Andreas Schäfer, Sebastian Waeber
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Gravitational dynamics
• Einstein GR = complicated, coupled 5D PDEs!  But feasible:

• Infalling coordinates ➨ nested linear equations

• Spectral methods ➨ allow relatively coarse numerical grid

• Transverse derivative expansion ➨ simplifies equations, O(10) speed-up & memory reduction
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Figure 3: The energy density T 00 in units of [GeV4] as a function of the longitudinal

coordinate z and the transverse coordinate x, at y = 0 and at various times. From top

left to bottom right, the y = 0 slices are evaluated at t = �0.144 fm/c, t = 0 fm/c,

t = 0.068 fm/c and t = 0.144 fm/c.

from a solution to the Einstein equations and rescaling both the amplitude and the

transverse size, without changing the longitudinal size, does not in general generate a

valid solution of the Einstein equations. Therefore, a priori it was not clear whether the

results obtained in [1] can be used to approximate collisions with realistic aspect ratios

of the colliding projectiles, corresponding to Lorentz contractions at RHIC, without

showing that the disagreement between the first order in derivative approximation and

exact results is small [16]. After these operations both the projectiles in [1, 16] and in

this work have a similar overlap region, a similar longitudinal width and by construction

the same amplitude, making this comparison possible. The yellow curves in Fig 4
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Figure 5: The absolute value of the fluid three velocity |u/u0
| at time t = 0.1 fm/c.

The left plot shows |u/u0
| at a y = 0 slice, the right plot shows it at a z = 0 slice.

where the eigenvalue " is the proper energy density. The hydrodynamic approximation

bT µ⌫
hydro

= p gµ⌫ + ("+p) uµu⌫ + ⇧µ⌫ , (4.2)

with the viscous stress ⇧ given by

⇧µ⌫ = �2 ⌘
⇥
@(µu⌫) + u(µu

⇢@⇢u⌫) �
1

3
@↵u

↵(⌘µ⌫ + uµu⌫)
⇤
+O(@2) , (4.3)

is also expanded up to first order in transverse derivatives. Here p is the pressure and

⌘ the shear viscosity.

We show slices of the fluid velocity three vector’s absolute value |u/u0
| at time

t = 0.1 fm/c in Fig. 5. Next we compute the residual

� =
3

"

p
�T µ⌫�Tµ⌫ (4.4)

with �T µ⌫ = T µ⌫
� bT µ⌫

hydro
. Following earlier work [1, 2, 4], � < 0.15 is regarded

as the onset of approximate validity of hydrodynamics. As shown in [16], first order

corrections to the residual � are negligible. However, explicitly computing first order

in transverse derivative corrections of the fluid velocity from Eq. (4.1) is necessary for

determining the vorticity (up to first order in transverse gradients), which is discussed

in the next section.

We show the results for � in Fig. 6. As can be seen there, most of the low rapidity

(⇠ ⇡ 0) central region can be described by hydrodynamics at ⌧ = 0.1 fm/c, but only

a small subset of the plasma at mid-rapidity (|⇠| ⇡ 0.5) has hydrodynamized at this

– 13 –

0.05

0.10

0.15

0.20

-10 -5 0 5 10 15

-10

-5

0

5

10

15

y

fm

x fm

0.0056

0.0168

0.0280

0.0392

Figure 10: On the left: The absolute value of the vorticity three vector ~! at t = 0.1

fm/c, the spatial coordinates on the axes are given in units of [fm]. On the right we

show the vorticity at t = 0.1 fm/c at vanishing rapidity. The results are given in units

of [GeV]. Most of the initial (geometric) angular momentum is deposited far away from

the central region where the hydrodynamized quark gluon plasma is located.

of the early quark gluon plasma at the time when the majority of the central, low

rapidity region has hydrodynamized. In Fig. 10 we show the absolute value of the

vorticity three vector |~!|, with !↵ = (!0, ~!), at t = 0.1 fm/c. We find that almost none

of the large, initial spatial vorticity |~!| is deposited in the central, hydrodynamized

region of the quark gluon plasma. In other words, the plasma is only slowly rotating

despite the large, initial “geometric” angular momentum in the system arising from a

large impact parameter. In Fig. 11 we show the median vorticity in the central regions

|x?| < 1.5 fm and |x?| < 7.5 fm, the same regions for which we presented the averaged

hydro residual � in Fig. 7. Likewise, in analogy to Fig. 8 which shows the hydro

residual in the region R, we depict the average and median vorticity in the region R

in Fig. 12.

There has also been discussion about the relation between the mean spin vector,

and thus the polarization of emitted spin 1

2
particles, and the “thermal vorticity,”

defined as

!̄µ⌫ ⌘
1

2

⇣
@µ�⌫ � @µ�⌫

⌘
, (4.7)

where �µ = uµ/T with the (local) temperature T inferred from the local energy density.

The authors of [29] proposed a relation

Sµ(x, p) ⇠ (1� nF) ✏
µ⌫⇢� p⌫ !̄⇢� +O(!̄2) (4.8)
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fluid 3-velocity, t = 0.1 fm/c

vorticity, t = 0.1 fm/c

t = -0.144 fm/c t = 0

t = 0.068 fm/c t = 0.144 fm/c

work w. Sebastian Waeber
2206.01819, 2211.09190

energy density
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• Localized collisions, work to-date:

• Mathematica implementation on multi-core workstation w. 128 Gb memory & 
unified memory architecture

• Spectral methods ➨ long-range derivative discretizations, large matrices

• Running time  few weeks

• Needed improvements:

• Faster!  Plug-in module for use with hydro codes

• Coding in C++?

• Efficient implementation on distributed clusters?  GPUs?

• Great opportunity for someone with computational skills looking for new challenge! 

≈

8

Gravitational dynamics
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Large-N QCD

• Planar diagrams dominate

• Vanishing meson & glueball widths

• Scattering amplitudes 

• Baryons  solitons

• Factorization:  for suitable observables

• Volume independence in confining phase

• Closed algebraic equations for Wilson loop expectations

             

∼ (1/N )# particles − 2

∼

⟨AB⟩ → ⟨A⟩⟨B⟩

WΓ ≡ ⟨ 1
N tr / e ∮Γ A⋅dx⟩ WΓ = ∑

Γ′ 
aΓ′ 

Γ WΓ′ + ∑
Γ′ ,Γ′ ′ 

bΓ′ Γ′ ′ 
Γ WΓ′ WΓ′ ′ 

10

Migdal & Makeenko ‘79
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• Large-N limit = classical limit

• Large N coherent states  = coadjoint orbit of ∞-dim Lie group = 
classical phase space

• “Decent” quantum operators  classical observables:  

• Vanishing overlaps:   ➨ factorization

• Classical action: 

➡ ground state properties, spectrum, scattering amplitudes, ..

• Fundamental representation quarks ➨ nested classical limits

•  action = gluon dynamics, subleading  action = fermion dynamics

{ |u⟩}

→ a(u) = lim
N→∞

⟨u |A |u⟩

⟨u |u′ ⟩ ∼ e−N2 f(u,u′ )

lim
N→∞

⟨u |AB |u⟩ = ⟨u |A |u⟩⟨u |B |u⟩ = a(u) b(u)

Scl[u(t)] ≡ lim
N→∞

1
N2 ∫ dt ⟨u | i∂t − Ĥ |u⟩

O(N2) O(N )

11

Large-N QCD

LGY ‘82
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Numerical solution of  QCD?N = ∞
• Multiple approaches:

• Solve Euclidean loop equations ➨ Wilson loop expectation values

• Minimize Euclidean free energy  within restricted space of factorizing 
“coherent” density matrices  ➨ Wilson loop expectations & correlators

• Minimize classical Hamiltonian  ➨ equal time Wilson loop 
expectations, then:

• expand  about minimum, small oscillation frequencies ➨ glueball masses, …

• minimize  over fermion coherent states ➨ fermion 
bilinear expectations

• expand associated  fermion classical action ➨ meson masses, scattering 
amplitudes

• All approaches require truncation of infinite dimensional space to some finite 
dimensional approximation, e.g., 

F[ρ] ≡ E[ρ] − TS[ρ]
{ρ[{WΓ}]}

hglue(u) ≡ lim
N→∞

N−2⟨u | Ĥ |u⟩

Scl[u]
hquark[v; u] ≡ lim

N→∞
1
N ⟨u, v | Ĥquark |u, v⟩

N = ∞

Wbig complicated loop ≈ f [{Wsmaller loops}]

12
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• “Naive” truncation explored in mid 80’s: set all but selected loops to zero

• Better truncation schemes needed, e.g, factorization of self-intersecting 
loops, including loops with one or two electric field insertions

• Tricky programming to make efficient: loop decomposition, 
canonicalization, commutation of loops w. E-field insertions

• Is it worth the trouble?

• Just for large-N Wilson loop expectations — maybe not?

• But to do meson (& glueball) spectra, decay widths, …?

• Great opportunity for someone with excellent programming skills looking 
for new challenge!  
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Numerical solution of  QCD?N = ∞
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Conclusion

• Want to explore new directions?

• Don’t want to follow the crowd?

• Sign-up today !!!
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