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Connec$ng	hadron/nuclear	community	with	LaKce	QCD
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“LaKce	Forum”	(LatFor)	Ini$a$ve	(2001–2006)
• Procure	significant	compu$ng	resources	for	hadron	and	par$cle	physics	
in	Germany	

• Hardware	pla[orms	under	discussion:		QCDOC,	apeNEXT,	PC	clusters	
• Several	mee$ngs	involving	the	laKce,	hadron	and	nuclear	communi$es		
• Strong	link	to	FAIR:	PANDA,	CBM

©	Altro

Nucleon	Structure	in	LaKce	QCD		(1997	—	…)
• Structure	func$ons	
• Nucleon	spin	
• Strangeness	in	the	nucleon	
• Form	factors,	charges	
• Generalised	Parton	Distribu$ons	
• Large-momentum	Effec$ve	Theory	—	LaMET

EIC Physics
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Scahering	experiments	probe	interac$ons	of	 ,	DM	par$cles	with	nuclear	targetse−, p, ν′ s

Nucleon	structure	observables	and	BSM	physics	searches

3

DUNE	—	neutrino	oscilla$on	experiment:	(an$-)neutrino	beam	onto		 		targetsC, O, Ar

Neutrino-nucleus	cross	sec$on	dominates	uncertainty	
		 		precise	and	bias-free	theore$cal	predic$ons	for	axial	form	factor	 	required→ GA(Q2)
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Is	there	a	proton	radius	puzzle?
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Discrepant	measurements	of	 	in	muonic	/	electronic	hydrogen	and	 	scaheringr p
E ep

Signal	for	new	physics	or	poorly	understood	systema$c	effects?

			 			calls	for	ab	ini6o	calcula$on	of	the	proton	radius	from	QCD→

26Proton charge radius cont’d

• Comparison to recent measurements:
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– Ulf-G. Meißner, The Proton Radius and its Relatives A.D. 2023 – plenary talk, EFB25, Mainz, July 31stunzip figs-j , 2023 –

[Meißner,	talk	at	EFB25,	Mainz]
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P2	Experiment

Weak	charge	of	the	proton	and	the	running	of	sin2 θW
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New	par$cles	(e.g.	BSM	gauge	bosons)	modify	running	of	 	rela$ve	to	SM	predic$onsin2 θW

[J.	Erler,	2105.00217]

P2@MESA:		parity-viola$ng	 	scaheringep
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This	talk

Methodology:	The	noise	problem	and	excited	states

Pion-nucleon	 -termσ

Axial	form	factor	and	radius

Electromagne$c	form	factors	and	the	proton	radius	puzzle

Summary	and	Outlook
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Challenges	for	laKce	QCD:	The	noise	problem
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Signal	deteriorates	exponen$ally	in	baryonic	correlators:	

		 		Calcula$ons	of	baryonic	three-point	func$ons	limited	to	
									source-sink	separa$ons		 	

		 		Poten$al	bias	from	unsuppressed	excited-state	contribu$ons

→
ts ≲ 1.7 fm

→
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Nucleon	charges	from	ra$os	of	three-	and	two-point	func$ons:
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for J = 1/2 or 3/2. These can be reexpressed as

�(q) + �J,`=1(p) = n⇡ , (26)

where n is an arbitrary integer and

cot �(q) = F 11;11 = � 1

q⇡3/2
Z00(1, q2) . (27)

We comment that this has the same form as the s-wave,
scalar quantization condition. The quantity � is often
referred to as the pseudophase.

The fact that the J = 1/2 and J = 3/2 sectors decou-
ple can be explained by examining the symmetry group
of the finite-volume system. For the case of one scalar
and one spin-half particle in a finite cubic box with zero
total momentum, the symmetry group is 2O ⌦ S2 and
the irreps are G±

1 , G±
2 and H± [31]. If we neglect ` � 3

and thus also neglect J � 5/2, then we find a perfect
correspondence between finite- and infinite-volume irreps
G�

1 ⌘ (J = 1/2) and H� ⌘ (J = 3/2). This implies that,
within this approximation, the two partial-waves cannot
mix, as we have seen by explicit calculation.

B. Predicting the spectrum from the experimental
N⇡ phase shift

To predict the finite-volume spectrum of N⇡ states
we use experimental data made available by the
George Washington University Institute for Nuclear
Studies. Their data analysis center is available on-
line at http://gwdac.phys.gwu.edu/analysis/pin_
analysis.html. In this study we use their partial wave
analysis WI08 solution. The relevant phase shift data
are plotted in Fig. 2. For detailed information about
the experimental data set and the WI08 fit solution see
Refs. [32, 33].

Substituting this phase shift into Eq. (26) we reach the
prediction for the two-particle energies, shown in Fig. 3.
Note that, relative to the gap to the single nucleon state,
the shift is relatively small between free- and interacting
levels. This means that it makes little di↵erence whether
one uses the free or interacting finite-volume spectrum
for the values of �En that enter R(T, t).7 Also apparent
from Fig. 3 is that no avoided level crossing is visible.
This is because the Roper resonance is too broad to gen-
erate such an e↵ect. It follows that, near the physical
point, no direct association between LQCD energies and
the resonance can be made and a careful Lüscher based
analysis will be needed to extract resonance properties
from LQCD.

7 In this work we do not plot an explicit comparison but, as we
comment in Sec. V below, if one uses LO ChPT for the infinite-
volume matrix elements, then the e↵ect of interactions in the
energies and Lellouch-Lüscher factors a↵ects the prediction for
R(T, T/2) at the percent level.

FIG. 2. The experimental phase shift for N⇡ scattering with
I(JP ) = 1/2(1/2+). The slow rise through ⇡/2 is associated
with the broad Roper resonance.

FIG. 3. Interacting finite-volume N⇡ states with I(JP ) =
1/2(1/2+). The dashed, black curves show the non-interacting
energy levels.

To better understand these results consider the form of
the pseudophase curves, plotted together with the experi-
mental phase shift for M⇡L = 4 in Fig. 4. The interacting
energies, at this L value, are given by the intersections of
the curves. This shows that there are universal features
for the levels predicted by certain types of phase shifts.
In particular, for any phase shift that slowly rises from
0 to ⇡, the spectrum is given by a smooth deformation
of the free levels. When �(p) is near 0 or ⇡ the energies
coincide with free values. As one follows a given interact-
ing level from high energies to low (by increasing M⇡L)
it rises by one free level. This implies that, for any slowly
rising phase shift, interacting levels tend to be separated

Encounter	dense	spectrum	of		 	statesNπ, Nππ, … [Hansen	&	Meyer,	1610.03843]
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Challenges	for	laKce	QCD:	Quark-disconnected	diagrams
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Large	inherent	sta$s$cal	noise	

Contribute	to	isoscalar	quan$$es	and	sigma-terms	

Contribute	exclusively	to	strange	form	factors

0, !p, s ts, !p′, s′
t

γµ

∼ 〈N(p′, s′) |Vµ(x)|N(p, s)〉

0, !p, s ts, !p ′, s′
t

Vµ, Aµ

0, !p, s ts, !p ′, s′

t

Vµ, Aµ

2

[Bali,	Collins	&	Schäfer,	0910.3970;	Dinter	et	al.,	1202.1480;	
	Gülpers	et	al.,	1411.7592;	Stathopoulos	et	al.,	1302.4018;		Gius6	et	al.,	1903.10447]

• Stochas$c	sources	

• Hopping-parameter	expansion	

• Hierarchical	probing	/	Hadamard	vectors	

• “One-end	trick”	

• Frequency	spliKng	

• Stochas$c	noise	cancella$on	in	u + d − 2s

Computa$onal	techniques:
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Figh$ng	the	noise	problem
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Mul$-state	fits
Include	sub-leading	terms	in		 	or	in	individual	two-	and	three-point	func$ons	
with	or	without	priors	for	the	excita$on	spectrum

RΓ(t, ts)

<latexit sha1_base64="Sbh29mktjeeTuJuUTdBpzj+508A="></latexit>

S �(ts) ⌘
ts�aX

t=0

R�(t, ts) = K� + (ts � a) g� + (ts � a) e��ts d� + e��ts f� + . . .

Summed	operator	inser$ons	(“summa$on	method”)
Excited-state	contribu$ons	more	strongly	suppressed

Compute	correlator	matrices;	solve	GEVP;	op$mise	projec$on	on	ground	state
Varia$onal	approach
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Summa$on	method

10

<latexit sha1_base64="crWFLzlKZMyiuG0UUplhn7GX1yM="></latexit>

S �(ts) = K� + (ts � a) g� + (ts � a) e��ts d� + e��ts f� + . . .

Isovector	charges	including	sub-leading	terms

Fit	 	over	large	interval	in	 	including	
sub-leading	terms	

	 		Improve	sta$s$cal	precision

SΓ(ts) ts

→

Introduction Lattice setup Excited states CCF extrapolation & results

Single-state vs simultaneous two-state summation method (local NMEs)
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Simultaneous two-state summation method fits for local operator insertions on N451 ensemble (Mfi = 286 MeV, a ¥ 0.076 fm).

Data described well by two-state fit to much smaller tsep.

All six observables are fitted simultaneously.

8/13

[OSnad	et	al.,	2110.10500]

Isoscalar	electric	form	factor

[Djukanovic	et	al.,	2309.06590,	2309.07491]

Average	slope	over	smoothed	window	in	 	
	 		Reduce	human	bias

tmin
s

→



Hartmut	Wittig

The	Mainz	nucleon	structure	project
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Past	and	present	members:	
A.	Agadjanov,	S.	Capitani,	M.	Della	Morte,	D.	Djukanovic,	T.	Harris,	G.	von	Hippel,	J.	Hua,	B.	Jäger,	P.	Junnarkar,	
B.	Knippschild,	J.	Koponen,	H.B.	Meyer,	D.	Mohler,	K.	Ohnad,	T.D.	Rae,	M.	Salg,	T.	Schulz,	J.	Wilhelm,	H.	WiKg
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• Same	set	of	ensembles	used	by	RQCD

• Recent	publica$ons	based	on	CLS	ensembles	with	
	flavours	of	 	improved	Wilson	quarksNf = 2 + 1 O(a)

Strange form factors
[Djukanovic	et	al.,	Phys	Rev	LeS	123	(2019)	212001]

Nucleon charges
[Harris	et	al.,	Phys	Rev	D	100	(2019)	034513]

Axial form factors
[Djukanovic	et	al.,	Phys	Rev	D	106	(2022)	074503]

Nucleon sigma terms
[Agadjanov	et	al.,	arXiv:2303.08741]

Electromagnetic form factors
[Djukanovic	et	al.,	Phys	Rev	D	103	(2021)	094522;	2309.06590;	2309.07491]
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Defini$ons:

Sigma-terms
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	characterises	coupling	of	DM	par$cles	to	the	nucleonσπN

“direct” Feynman-Hellman

<latexit sha1_base64="DPadAJkphXOmhi/cfkKcaqSYbxM="></latexit>
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LaKce	calcula$on:	quark-disconnected	diagrams	contribute

	tension	with	results	from	 -scahering,	e.g.2.5σ Nπ
σπN = (58 ± 5) MeV [Ruiz	de	Elvira	et	al.,	1706.01465]

FLAG	5	average	for		Nf = 2 + 1 : σπN = (39.7 ± 3.6) MeV

  869 Page 210 of 296 Eur. Phys. J. C           (2022) 82:869 

Fig. 47 Lattice results and FLAG averages for the nucleon sigma term, σπN , for the N f = 2, 2 + 1, and 2 + 1 + 1 flavour calculations.
Determinations via the direct approach are indicated by squares and the Feynman–Hellmann method by triangles. Results from calculations which
analyze more than one lattice data set within the Feynman–Hellmann approach [1015,1021–1029] are shown for comparison (pentagons) along
with those from recent analyses of π -N scattering [1003–1005,1030] (circles)

individual quark fractions fTq = σq/MN for q = u, d for the proton and the neutron are also quoted in BMW 15, using
isospin relations.83

Regarding N f = 2+1+1, there is only one recent study. In ETM 14A [22], fits are performed to the nucleon mass utilizing
SU (2) χPT for data with Mπ ≥ 213 MeV as part of an analysis to set the lattice spacing. The expansion is considered to
O(p3) and O(p4), with two and three of the coefficients as free parameters, respectively. The difference between the two fits
is taken as the systematic error. No discernable discretization or finite-volume effects are observed where the lattice spacing is
varied over the range a = 0.06–0.09 fm and the spatial volumes cover Mπ L = 3.4 up to Mπ L > 5. The results are unchanged
when a near physical point N f = 2 ensemble is added to the analysis in Ref. [1015].

Since FLAG 19, BMW have performed a new N f = 1+1+1+1 study BMW 20A [1010]. A two step analysis is followed:
the dependence of the nucleon mass on the pion and kaon masses is determined on HEX-smeared clover ensembles with a =
0.06–0.1 fm and pion masses in the range Mπ = 195–420 MeV. The meson masses as a function of the quark masses are
evaluated on stout-staggered ensembles with a similar range in a and quark masses which bracket their physical values. As
[1010] is a preprint, the result is not considered for the average.

We note that the N f = 2 + 1 study by χQCD [1020] based on overlap valence fermions on four domain-wall fermion
ensembles with a = 0.08–0.14 fm and Mπ down to the physical point is also new. However, since σπN is determined from a
single fit and the systematic uncertainties are not estimated, we do not present the result in the table.

Other determinations of σπN in Table 74 receive one or more red tags. Walker-Loud 08 [1014], JLQCD 08B [888], PACS-
CS 09 [872] and QCDSF 11 [1012] are single lattice spacing studies. In addition, the volume for the minimum pion mass is
rather small for Walker-Loud 08, JLQCD 08B and PACS-CS 09, while QCDSF 11 is restricted to heavier pion masses.

We also consider publications that are based on results for baryon masses found in the literature. As different lattice
setups (in terms of N f , lattice actions, etc.) will lead to different systematics, we only include works in Table 74 which utilize
a single setup. These correspond to Shanahan 12 [1011] and Martin Camalich 10 [1013], which fit PACS-CS data [193] (the
PACS-CS 09 study is also based on these results). Note that Shanahan 12 avoids a red tag for the volume criterion as the
lightest pion mass ensemble is omitted. Recent studies which combine data from different setups/collaborations are displayed
for comparison in Figs. 47 and 48 in the next section.

Several of the above studies have also determined the strange quark sigma term. This quantity is difficult to access via
the Feynman–Hellmann method since in most simulations the physical point is approached by varying the light-quark mass,
keeping ms approximately constant. While additional ensembles can be generated, it is hard to resolve a small slope with
respect to ms . Such problems are illustrated by the large uncertainties in the results from BMW 11A and BMW 15. Alternative
approaches have been pursued in QCDSF 11, where the physical point is approached along a trajectory keeping the average

83 These isospin relations were also derived in Ref. [1019].

123

Value	depends	on	defini$on	of	isospin	limit
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Details	of	the	calcula$on

Sigma-terms

13

• 16	CLS	ensembles,	4	laKce	spacings:	 ;	Pion	masses:		a = 0.050 − 0.087 fm 128 − 350 MeV
[Agadjanov	et	al.,	2303.08741]

• Summa$on	method	/	window	average;	
cross-check	using	two-state	fits
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• Chiral	+	con$nuum	extrapola$on:	
ansatz	derived	from	chiral	expansion	of	
nucleon	mass	via	Feynman-Hellmann

• Final	results	from	model	average	over	
fit	varia$ons	/	AIC
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Sigma-terms:	Comparison	of	results
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[Agadjanov	et	al.,	2303.08741]
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Bias	from	excited-state	contribu$ons?

0

40

80

120

160

200

 0  0.03  0.06  0.09  0.12

61.6(6.4) [0.84]
40.3(4.7) [0.82]

σ
π

N
 [
M

e
V

]

M
π

2 [GeV2]

{4Nπ,3*}
{4,3*}

0

40

80

120

160

200

 0  0.03  0.06  0.09  0.12

Chiral fit {2, 3, 4} [Gupta	et	al.,	2105.12095]

Different	conven$ons	for	isospin	limit:		 	vs.	mπ± mπ0

	scahering:Nπ
<latexit sha1_base64="7GgK/8NT2/T70NuW4cZq9tw+8qA="></latexit>

�⇡N = (59.0 ± 3.5) MeV
[Hoferichter	et	al.,	2305.07045]

	 		apply	shiv	of	→ ΔσπN = (3.1 ± 0.5) MeV :
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Dirac	and	Pauli	form	factors:

Axial	and	induced	pseudoscalar	form	factors:
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Form	factors	computed	for	a	discrete	set	of	 -values,	at	a	given	value	of	 	at	non-zero	laKce	
spacing	and	finite	box	size

Q2 mπ

Nucleon	form	factors	in	LaKce	QCD

16

• Extrapolate	to	the	physical	point:	con$nuum	and	infinite-volume	limits,	physical	mπ

• Alterna$ve	1:	Direct	fits	to	the	dependence	of	form	factors	on	 	and	 supplemented	by	
																									terms	describing	the	 -dependence	and	finite-volume	correc$ons

Q2 mπ ,
a

[Bauer	et	al.,	PRC	86	(2012)	065206;	Capitani	et	al.,	1504.04628,	Djukanovic	et	al.,	2102.07460]

		Fits	yield	electric,	magne$c	and	axial	charge	radii,	magne$c	moment,	axial	charge→

• Alterna$ve	2:	Incorporate	 -expansion	into	fits	to	the	summa$on	method,	extrapolate	coefficients	
																									 	to	the	con$nuum	limit

z
ak [Djukanovic	et	al.,	2207.03440]

• Describe	the	 -dependence:		dipole	fits	or	 -expansionQ2 z [Hill	&	Paz,	PRD	82	(2010)	113005]

<latexit sha1_base64="EFl2DgWR/RhLwQJZD6rv+GxLiW0="></latexit>

G�(Q2) =
X

k

a�k z(Q2)k, z(Q2) =
p

tcut + Q2 � ptcutp
tcut + Q2 +

p
tcut



Hartmut	Wittig

Details	of	the	calcula$on

Axial	form	factor	and	radius

17

• 14	CLS	ensembles,	4	laKce	spacings:	 ;	Pion	masses:		a = 0.050 − 0.087 fm 128 − 350 MeV
[Djukanovic	et	al.,	2207.03440]
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Axial	form	factor	and	radius:	Results	and	comparison
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[Djukanovic	et	al.,	2207.03440]

the full uncertainty as the interval from the 16th to the 84th
percentile. The decomposition of the error into its statistical
and systematic components is achieved following the
prescription proposed in [43]. More details of the model
averaging procedure are given in Appendix C.

IV. RESULTS

Our results for the coefficients of the z expansion of the
nucleon axial form factor in the continuum and at the
physical pion mass are

a0 ¼ 1.225" 0.039ðstatÞ " 0.025ðsystÞ;
a1 ¼ −1.274" 0.237ðstatÞ " 0.070ðsystÞ;
a2 ¼ −0.379" 0.592ðstatÞ " 0.179ðsystÞ ð17Þ

with a correlation matrix

Mcorr ¼

0

B@
1.00000 −0.67758 0.61681

−0.67758 1.00000 −0.91219
0.61681 −0.91219 1.00000

1

CA: ð18Þ

These results, meant to be inserted into Eqs. (10) and (11)
with tcut ¼ ð3Mπ0Þ2, lead to the following mean square
radius:

hr2Ai ¼ ð0.370" 0.063ðstatÞ " 0.016ðsystÞÞ fm2: ð19Þ

The axial charge gA ¼ a0 is in good agreement with our
previous determination [33] based on forward nucleon
matrix elements only. Since the latter method tends to yield
more precise results for a given dataset, we do not view the
present determination of gA as superseding that of Ref. [33],
and merely perform the comparison as a consistency check.
To see how the corrections due to finite lattice spacing

and finite volume affect the form factor, we can compare
our final result to the form factor obtained on our physical
pion mass ensemble, E250. This is illustrated in Fig. 5. At
smallQ2 the corrections are clearly visible, whereas at large
Q2 the two results agree within a fraction of the error.
We compare our result to other lattice QCD determi-

nations of the mean square radius in Fig. 6, finding good
agreement within errors. The comparison features only
lattice calculations with a full error budget, including a
continuum extrapolation; see Refs. [12,14–16,44] for
further lattice results. The NME21 result is from [11],
and the RQCD20 result is from [13]. Both studies para-
metrize the Q2 dependence of the form factor using a z
expansion (RQCD also use a dipole Ansatz as an alternative
parametrization, but that result is not shown in the figure).
For comparison, we show the average of the values
obtained from z-expansion fits to neutrino scattering and

FIG. 4. Direct comparison of the data as a function of tmin
s and

the “smooth window” average of Eq. (13) on two of the
ensembles, H105 and N101. These ensembles have the same
lattice spacing and quark masses, but differ by their volume. The
data points show good agreement, which indicates that any finite
size effects are small.

FIG. 5. Comparing our final result for the axial form factor, in
the continuum and infinite volume limit at the physical pion mass,
to our result on the physical mass ensemble E250. Any difference
between the two error bands is due to finite lattice spacing and
finite volume, and the comparison shows how large these
corrections are as a function of Q2.

DALIBOR DJUKANOVIC et al. PHYS. REV. D 106, 074503 (2022)
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Details	of	the	calcula$on

• 11	CLS	ensembles,	4	laKce	spacings:	 ;	Pion	masses:		 	
• Quark-connected	and	disconnected	contribu$ons	—	up	to	400k	individual	measurements	
• Compute	isovector	 	and	isoscalar	 	electromagne$c	form	factors	
• “Direct”	chiral	and	con$nuum	fits	using	BChPT	expressions	+	laKce	artefacts,	FV-correc$ons	
• Final	results	from	model	average	using	AIC	weights

a = 0.050 − 0.087 fm 128 − 300 MeV

(u − d) (u + d − 2s)

[Djukanovic	et	al.,	2309.06590,	2309.07491]

Electromagne$c	form	factors	and	the	proton	radius

19

Proton:
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Details	of	the	calcula$on

• 11	CLS	ensembles,	4	laKce	spacings:	 ;	Pion	masses:		 	
• Quark-connected	and	disconnected	contribu$ons	—	up	to	400k	individual	measurements	
• Compute	isovector	 	and	isoscalar	 	electromagne$c	form	factors	
• “Direct”	chiral	and	con$nuum	fits	using	BChPT	expressions	+	laKce	artefacts,	FV-correc$ons	
• Final	results	from	model	average	using	AIC	weights

a = 0.050 − 0.087 fm 128 − 300 MeV

(u − d) (u + d − 2s)

[Djukanovic	et	al.,	2309.06590,	2309.07491]

Electromagne$c	form	factors	and	the	proton	radius

19

Neutron:
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• Complete	error	budget	
• Proton’s	electric	and	magne$c	radii	obtained	with	1.7%	and	1.1%,	respec$vely	
		 		Compe$$ve	with	 -scahering	experiments	

• LaKce	calcula$on	favours	low	value	of	the	proton	radius;	Magne$c	moments	reproduced
→ ep

[Djukanovic	et	al.,	2309.06590,	2309.07491]

Electromagne$c	form	factors	and	the	proton	radius

20
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Electromagne$c	structure	of	the	proton	affects	the	HFS	of	the	s-state	of	hydrogen

[M.	Salg	@	Laace	2023]

Hyperfine	spliKng	and	the	Zemach	radius

21

Relevant	parameter:	Zemach	radius
<latexit sha1_base64="gBBpnw85y0dVlcuY/s6i8qTUD6I="></latexit>
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Summary

LaKce	calcula$ons	of	nucleon	structural	proper$es	are	entering	the	precision	era

• Results	precise	enough	to	be	confronted	with	phenomenological	and	experimental	results:	
Pion-nucleon	 -term,	axial	&	electromagne$c	form	factorsσ

• Results	for	strangeness	form	factors	exceed	experimental	precision

• LaKce	QCD	contributes	to	resolving	the	proton	radius	puzzle:		rp
E, rp

M, rp
Z

Con$nue	towards	higher	precision:	improve	control	over	excited-state	contribu$ons


