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Introduction Theoretical framework

» Generalized parton observables (3D structure)

W(CIZ, kT, bT)
5D Wigner Distributions

Jd2by / \’fdsz

fTMD Z, kT fGPD Z bT)

Transverse Momentum Generalized Parton
Dependent (TMD) PDFs Distributions (GPDs)

non-forward kinematics
| d?kT\’ ‘/fd%T

1D Conventional PDFs
forward kinematics

Perturbative matching

Summary and outlook
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by denotes the impact parameter of the struck
quark with respect to the center of momentum of
the hadron



Introduction Theoretical framework Perturbative matching Summary and outlook

» Theoretically, the unpolarized quark GPDs are defined as

A2™ oot Tz z %
F y — — e WP 2 < " - = +L T At a >
(x g, t) 47’{' € p w( 2)/}/ ( 2 2) 2+=0,7, =0
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X AF = p”}u — p!,qu L= Az §= pt 4+t
momentum momentum momentum skewness
fraction transfer transfer squared

fepp(z,br) ) H(z,0,t), E(z,0,t) 45—0 H(z, &, 1) E (3,61

Impact Parameter FT
lfdw

Distributions lf_lldm"_l Mellin moments

Form Factors (FFs) Generalized form factors (GFFs)
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» Experimentally, GPDs can be accessed in exclusive processes

8 deeply virtual Compton scattering (DVCS)

&s deeply virtual meson production (DVM P) Armstrong et al, arxiv: 1708.00888

» Limitations in global fit

$ Only limited data, and they are indirectly related to GPD.
8 Complicated kinematic dependence and no reliable framework (QCD models) for
extracting 3D parton distributions.
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» Extracting nucleon GPDs using lattice QCD

8 Mellin moments of the GPDs (FFs and GFFs) constantinou et al, PPNP 121 (2021)
$# Large-momentum effective theory (LaMET)

Unpolarized GPDs H(x,¢,t) and E(x,¢,t) Helicity GPDs ﬁ(x,g,t) and E(x,g,t)
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ETMC collaboration, PRL 125 (2020)

P,={0.83, 1.25, 1.67} GeV, m, = 260 MeV, Q2 = 0.69 GeV?, RI/MOM scheme.
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Introduction

» Extracting nucleon GPDs using lattice QCD (LaMET)

Perturbative matching Summary and outlook

Lin, PRL 127 (2021) Lin, PLB 824 (2022)

Unpolarized GPDs H(x,¢,t) and E(x,¢,t) Helicity GPD H(x,¢,t)
3-0.'I'"I'"”"'I"'I"'I"'I' ] 5-| L L (L R L L L L L L
- i Q% = 0.39 GeV? : [ Q% = 0.39 GeV? ]
2.5¢ | B quasi-GPD - 4f B quasi-GPD ]

B matched GPD
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|
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X X
&=0, P,=2.2 GeV, m,, =135 MeV, Q2 = {0, 0.19, 0.39, 0.77, 0.97} GeV?, RI/MOM scheme.
For helicity operator I' = vy, s, E(X,E,t) couples with g, = (P, = P;),. .
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» Extracting nucleon GPDs using lattice QCD

Theoretical framework

Perturbative matching

Summary and outlook

8 Studying proton GPDs in asymmetric frames. Bhattacharya et al, PRD 106 (2022)

Unpolarized GPDs H(x,¢,t) and E(x,&t) Cichy et al, arXiv:2304.14970, See talks on the 26th
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6

£=0, P, = {0.83, 1.25, 1.67} GeV, m,, = 260 MeV, RI/MOM scheme.

-t=2.24 GeV?
-t=1.49 GeV?
-t=1.36 GeV2
4=1.22 GeV?
-t=0.79 GeV?
-t=0.64 GeV? I
-t=0.33 GeV?
=0.17 GeV? mmm

The lattice quasi-observables connect the light-cone observables via a perturbative matching
coefficient.
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Motivation and Goal

@ Only quark GPDs in flavor non-singlet case without mixing (isovector).

@ Renormalization and matching using RI/MOM scheme.

@ The flavor-singlet quark GPDs and gluon GPDs have been much less studied.

# To have a unified framework for perturbative matching including flavor non-

singlet and singlet case, both in coordinate and momentum space.

# |In a state-of-the-art scheme.

# Provide a manual for extracting all leading-twist GPDs, PDFs and DAs from
lattice QCD.
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» Spatial nonlocal operator

unpolarized
helicity

transversity

unpolarized
helicity

transversity

upper sign: non-singlet (ns)
lower sign: singlet (s)

quark operator

Oq,u(zla Z2)
Oq,h(zla Z2)

Oq,t(zla 22) — 1

2

2
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; :w(Z1)’Yt[Z1,z2]w(z2):|:(z1 s ZZ):I - n:SZ Q(«T)_(j(x)

5 [V(20)77 7521, 22)90(22) F (21 > 22)]

P(21)7 v 521, 2]t (22)+ (21 2 22)]

gluon operator

Ogu(z1,22) = ¢"F

Og,h(zl, 22) = iel_tyF,uV

Og,t (Zla Z2) —

2

1 |
[F,uz/‘l_Fy,u,]_ " Fa

d—291L

Fo = F.,u(z1)[21, 22| Fuz, (22) {u,v,a = 1,2}
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Belitsky and Radyushkin, Phys.Rept. 418 (2005), (3.38)-(3.43).
» The quasi-GPDs v.s light-cone GPDs (unpolarized quark operator)

Quasi-LF correlation

] z1—i{x— “Zo — Lo
(P151]|Og,u| P2S2) = / dp " TOF a1 @ OP 2y (P G)) [H(x, £, 1)y + E(z, &, 1) o :
—1

Ju(P2Sy) i = 1,2

LF correlation

1 _ o 3 oTHA
(PSIIOLIPaSe) = [ da e OP s e 0P 5 (P [H (s, €, 07" + Blo,€.0)" 7
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Ju(P»Ss)

where the light-cone quark operator is
1

Oy = 5 [d(zn- )y [z, 2lp(zen-) & (21 ¢ 22))

» They can be related by a factorization formula. The matching coefficients for the light-

cone unpolarized quark GPDs H(x,¢,t) and E(x,&,t) should be same. Liu et al, PRD 100 (2019),
Ji et al, PRD 92 (2015)

.t. stands for the leading-twist projection which acts as the generating function of leading-twist local operators.
11

P



Introduction Theoretical framework Perturbative matching Summary and outlook

» Factorization formula (non-singlet):

/da/ a8

» Factorization formula (singlet): Quark and gluon quasi-distributions can mix with each

(Oq) _ (qu ng) @ (Oét')
Oy Cgq Cgg Oé’t'

1 & i -
Oqy(21, 22) =/{; doz/o dp qu(oz,ﬁ,qué)O;'t'(zfz,zgl)-|—ng(a,ﬁ,quﬂ)Oé't'(z?Q,zgl)d

2 l.t.
Cre (o, B, 12 23,)O4 ™ (25, 251)

other,

1 a _ -
Oy (21, 22) =/0 da’/o dp _ng(oz,B,M2zfz)02't‘(z?2,z§1)+ng(a,ﬂ,uzz%Q)O;'t'(zf‘z,zzﬁl)-

.t. stands for the leading-twist projection which acts as the generating function of leading-twist local operators.
12
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» Sandwiched between quark or gluon external states (GPDs)

L.t .t
OQ/Oq Og/Og
Quark in quark (Non-singlet case) Gluon in quark
9) oo _ @OV — @Oz YD ) {alOld)™ — (9l Oy 1a)
qq <q‘Oé.t. /) (© 949 (q\Off' /) ©)
Quark in gluon Gluon in gluon
9w _ G0N — GOSN al0lg)® — (9105 lg)
qg9 g9

(9105+19)® 9105197

Quark in gluon: gluon matrix element of the quark quasi-GPD operator

* PDFs (forward) (q|O,|q) * DAs (qq'|04]0) or (0|04|qq)
13
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° ° d d . ~
» Fourier transformation P (1, & u22l,) = / o1 / 2 miletn)Pa—iEP R g (5 Py 11222,)

2,2
(fL‘ g} ) PQf dT]_/ dTg/ dzl /dZQ ‘E.Pz (35'1 T1)Z1—|—(:L'2 7'2)22]@ (7_1,7_2’ H.Pg )

FT

Eiuasi-LF correlations c’fé(zi, P, ;ﬁzfg}

lRadyushkin, PRD 100 (2019)

qu ng
o B i double FT
( Bs i 12) (ng Cyq [Pseudo-GPDs P (1, &, u2zfg)}
C,, C l
C (TlaTZ:ylayQ;y’zz%Q) — ( qq qg) . 2
Cgq Cyg Quasi-GPDs H (3:,5, P)
C <x1,x2,y1,yz; %) - (qu gqg)
< 99 g9

X, =¢6+X, Xo=£6-X (X =r,z,v)
14
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Belitsky and Radyushkin, Phys.Rept. 418 (2005)
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» Quark in quark Cqq (In coordinate space)

————— — — > — — Q > —p—

Can (0, B, 17225) = 8()3(8) + zascp{ (A2 + [a/al, 8(8) + [B/B], 6(e)) (L, — 1) + As

de—27E

I
=3

2.2
—H"Z79

—2[In(a) /], 0(8) — 2[In(B)/B], 5(04)} + 2a,Cr(—2L, + 2)d(x)d(5) , L,
A2,’u,:17 A2,h:17 A2,t:0
Az =2, Az p =4, Az + =10
The matching coefficients are consistent with Ref. [Radyushkin, PRD 100 (2019)].

8 Applicable both to quark flavor non-singlet case and to DA case (the difference lies

in the phase structure).
15
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» Quark in gluon Cqg (In coordinate space)

J» * C(l;;[—S(a7 67 /L22’%2) — 47’G’STFNf Z12 B3 Lz

)
<

/g %A;\ Bsu=aB+3af  Bsyn=aB—af

® Gluon in quark Cgq (In coordinate space)

12

E g C’MS(a B, u222,) = Q?SCF { (5(05)5(5) + D3) (Lz +1) + Dy — 2(5(04) + 5(5))}

>

/ \ D3y =2, Dsp = -2, Dy, =6, Dyp=4.

¢ Note that the operator defining the quark transversity is chiral-odd and thus does
not mix with gluons.

$# Mixing terms should ensure dimension consistency. 1o
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» Gluon in gluon Cgg (In coordinate space)

Caa (o B, 1 2F) =6(0)5(8) + zascA{ (Br + [a2/a] , 5(8) + [3°/8] , () (La = 1) + B

—2[In(a)/a], 6(B) — 2 [ln(B)/B]+ 6(05)} +2asC4 (—3L, 4+ 2) §(a)d(5),

El,u 24(1 —()[—6—{—30[6), El,h :4(]— —Cd—ﬁ), El,t :0:

5) 3
Egju =§ El,u -+ 60!6, EQ’h = § El,h ; Eg’t = 2(1 + o+ ,B — 20:)8).

The evolution kernels are all consistent with Ref. [Belitsky and Radyushkin, Phys.Rept. 418 (2005)].

17
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» Fourier transform to pseudo space

C(T1, T2, Y1, Y2; 12 215) =/0 da/O dB C(a, B, n*215) (11 — 1 — @BY2) i and Belitsky, NPB 894 (2015)

» Fourier transform to momentum space

d d 2 2
z

e.g. the matching coefficient of quark GPDs

CMS(w1,:€2,y1,y2,—) =5(z1 — y1) + asCr C (21, 72, Y1, ¥2; ;-,L)
Z
with
c(l)u:{( S S Y T )-ML }+cc(”,
1 yl(yl‘|‘y2)( ) (@10 2251 6 32) Y1y2 (bay = 1) ! P22
_ z1
C(l) C((}}I) +2{ |71 | n |4 B |z1 —y1|}’ L,=1n 2
q9:h - yi(yr +y2)  y2(yr + y2) Y12 P2y — )
1 Lyy =In—21 71
cc(”:{( 71 (g, — 1) 4 (21 0 22y )+(ﬂ+$—2)—1&$ —1}- ’ W
oot y1(y1—$1)( ) + (71 < T2,Y1 < Y2) o T |$1_y1|( y— 1)

Having same results in Ref. [Ma et al, JHEP 08 (2022)], they calculate directly in momentum space.
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» Fourier transform to pseudo space

C(T1, T2, Y1, Y2; 12 215) =/0 da/O dB C(a, B, n*215) (11 — 1 — @BY2) i and Belitsky, NPB 894 (2015)

» Fourier transform to momentum space

d d 2 +~2
C (mla T2, Y1, Yo, ) P2/ dTl/ dTg] 21 / 29 ?,P [(z1—71)z14+ (22 —T2)22] C (Th To, Y1, Y2; I'I‘Pz )
z

e.g. the matching coefficient of quark GPDs

C (z,y,8) = [Gl(w y,£)0(z < —£)8(x < y) + Ga(z,1,£)0(—¢ <z < £)f(z < y)
+ G3(—z,—y,§)0(—€ <z < §)0(z > y) + G3(z,y,§)0(z > £)0(z < y)
— Gi(z,y,8)0(z > §)b(z > y)

where the region 0(-§ < x < &) B(x > y) is missing in the kinematic setup in Refs. [Ji et al, PRD 92 (2015)],
[Xiong et al, PRD 92 (2015)], [Liu et al, PRD 100 (2019)] (switching to the notation of these references).

14
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Radyushkin, PRD 98 (2018) Ji et al, NPB 964 (2021)
MSbar scheme Ratio scheme Ratio-hybrid scheme
: hybrid 3%2 ratio 2_2
Cratlo(a7ﬁaﬂzz%2) C o )8 ’J‘ Z127 — | =C (CU,/B,,U/ 2’12)
: Z
Coordinate C (o, B 1222,) = CMS(q, B, 1223) — ZD (u2235)6()5(B) —T71n 125( )8(B) 0 (|z12] — 25)
space e : 5 : :
Z represents the same operator matrix where z, denotes a truncation point and T, is
element at zero momentum. anomalous dimension.
P GratiO(T T . ,,2.2 )
Seduo 1,72, Y1, Y25 b 219

C (11,72, Y1, y2; 17215)
space T2 Y15 Y23 1721 -
P =CM (1, 72, y1, Y23 pP2hy) — ZW (uP2dy) 6(m1 — 1)

rati M . .
Cratie (ﬂchxz,’yl,yz; F) chybrid (whxz,yl,yz; %) = Crete (931,932,?/1,3!2; %)
Momentum C( u) : z z
T1,T2,Y1,Y25 e 1 : _
space PZ :(CMS (-Tla Z2,Y1,Y2; i) - TL T - 17, [_ 1 aF 2Sl((X1 .Yl))\s)]
2, |z1 — 1 |z1 — 1| m(x1—y1) |,

Chou and Chen, PRD 106 (2022),
See Chen's talk

» Ratio scheme introduce undesired IR effects at large distances in LaMET. 20
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GPDs

Coordinate 5 5
space C (04753/1 312)
Momentum C ( W )

L1,Z2,Y1,Y2; F
space z

Theoretical framework

Perturbative matching

Summary and outlook

Radyushkin, PRD 98 (2018), Balitsky et al, PLB 808 (2020)

Reduction to PDFs (forward limit)

Factorization formula:
h(z12, P2y 1) = /0 do C(a, p?2,)h " (a, p)
Integrating one of Feynman parameters,
C(o, p*z1y)
= [, da [5 dB (o’ — a— B)C(a, B, 1?73)

Factorization formula:

q(z,P,) = /_1 dy F (:v,y;%) a(y, 1)

1 z

Taking the zero-skewness limit § — 0,

i (wayu %) =C (:Ba —Z, Y, ~Y; %)

Reduction to DAs

Factorization formula:
M(ziapia lJ’)

= fol do fo‘j‘ O(a7 /67 /'LQz%Z)Ml.t.(zhpi? ,LL)

The matching coefficient is same as the
GPDs.

Factorization formula:

1
¢ (z, P;) :/ dyV (w,y; %) ¢(y, 1)
0 Z
Taking limit,

V(@P:y;%> :C($71_$7y71_y7 %)

Complete matching for PDFs in MSbar scheme [Wang et al, EPJC 78 (2018)] and RI/MOM scheme [Liu et al, 100 (2019)].
Matching for non-singlet the meson DAs in Ref. [Liu et al, PRD 99 (2019)].

21
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® The discrepancy in gluon PDFs (unpolarized)

3 d d
zg (z, P,) = f |y11 F, (z gz)q(y ©) + f |yy|F (z j.i)yg(y,u)
Wang et al, EPJC 78 (2018)

2(t;til—1) In =1 1—|—2t2—t—|——+1 t>1
P, _ 2
Fyy) (t’ 7) = 2a5C' 4 z(tt—tfl) In e + ot _161§(-:311§2—15t+6 +3+1 0<t<1
L 2(82—t41)% g 1 2
B R R | t<0

# The discrepancy in Fy, affect the matching process, while that of F ; does not.
$# The contributions in unphysical region are completely determined by the evolution

kernel (ratio scheme),

— aa)? 1 1 — t£)2 —-1 11 1 11
g{gg(a)zzl%} ,/dawzz( ) 1t b - )4
o + Jo

t—« t—1 t 6t—1

There is similar discrepancy between Ref. [Balitsky et al, PLB 808 (2020)] and Ref. [Wang et al, PRD 100
(2019)], while our results in the ratio scheme are completely consistent with the former. 22
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X GPDs plays an important role in the detailed understanding of the inner 3D structure
of nucleon.
X Lattice QCD calculations can provide great help to extract GPDs.
X We provide a unified framework for perturbative matching connecting Euclidean to
lightcone correlations.

8 Both for non-singlet and singlet (GPDs, PDFs, DAs).

$ In coordinate and momentum space.

# In a state-of-the-art scheme (ratio and hybrid scheme).
X Follow-up:

$ Studying the discrepancy.

8 Two-loop level.
23
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Y Y
1 1 |
0, 17 ® 0,55 ®
0 1 18 L 0 1® 1 "0
(=2,0) d=2,0)

I Integration in ERBL (left) and DGLAP (right) regions: The
DVCS singularities are denoted by cross

Liu et al — PRD 100 (2019)
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» Extracting nucleon GPDs using lattice QCD (LaMET)

Lin, PRL 127 (2021) 18, 182001 Lin, PLB 824 (2022) 136821
Unpolarized nucleon GPD Helicity nucleon GPD
dz™ ixpt 2~ n| 7 / n dz~ —ixzpT 2z~ A /
Fa6t) = [ e (o [0 L2 2w D)) Fo6t)= [ e (0 [l -2 20| w)
1 " ’ —r ) +VAV / 1 ry — (1 / n — 1 75A+ /
= o | H(0 6 000" u) + E(o. 6. 000") T3 P4 ule) = o | (06006 u(p) + Bl 0) 2|
3.0_'|'i"I"I"I'['I'|'I'|'1'_ 5_'|'|']'I"l"l'|‘l'|’|'|'|'

F Q% = 0.39 GeV? ] : Q2 = 0.39 GeV*? :
2.5F B quasi-GPD E 4 M quasi-GPD ]
2.0 g l B matched GPD ] B matched GPD ]

O & B matched GPD extrap ] 3;‘ M matched GPD extrap -
1.5F - - : ]

. ; 5 f W 2F =
1.0F \ = : ;

F ] 1 .
0.5 ] I

: - 0=

Or = :
: 1 1 1 | 1 | 1 | -1 | A I | | |
0.2 04 0.6 0.8 1.0 -04 -0.2 0.2 0.4 0.6 0.8 1.0
X X
&=0, P,=2.2 GeV at the physical pion mass, Q2 € {0, 0.19, 0.39, 0.77, 0.97} GeV2. 8



