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Introduction

In Phys.Rev.D 100 (2019) 3, 034506 we published

1010aHVP,LO
µ = 699(15)u,d(1)s,c,b

We have calculated the LO-HVP contribution with an error of
2.2%.

Our current target is for an error of 0.5%

As usual in physics the errors are a mixture of systematic and
statistical errors.

This talk will describe the various calculations in progress to reduce
the overall error.
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Why a target error of 0.5 % ?

An error of 0.5% will give an accuracy similar to the
phenomenological estimates.

Plot from arXiv:2006.04822
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Current status

Light quarks make by far the largest contribution compared
with s, c, and b quarks.

Quark 1010aHVP,LO
µ

Light 630.8(8.8)(13)
Strange 53.40(60)
Charm 14.40(40)
Bottom 0.270(40)

Total 699(15)

Second error of first line (13) is from estimate of strong
iso-spin breaking, electromagnetism, and quark-disconnected
diagrams. (See 1902.04223 for details.)
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Connected light-quark error budget

Error budget in percent for anomalous magnetic moment and
two Taylor coefficients

Top three contributions are dominant, but finite volume
effects become important for larger moments
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What needs to be done

To reduce the errors on the light connected contribution

Reduce the statistical errors

Reduce errors on the continuum extrapolation

Improve isospin breaking estimate

Scale setting (determine the lattice spacing)

We also need to explicitly calculate

Disconnected contribution

QCD+QED contributions
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Continnum limit of the connected contribution

Must fit results as a function of a2, taking quark-mass
mistuning into account.

allµ = allµ(cont)

1 + cs
∑

f =l ,l ,s,c

δmf

Λ
+ ca2

(aΛ)2

π2


This is only light-quark connected contribution

Λ = 500 MeV, and priors, cs = 0.0(3), ca2 = 0(1).
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Lattice Ensembles

The starting point of the calculation are the gauge configurations.

We use Nf=2+1+1 HISQ ensembles from the MILC
collaboration with physical light quark masses

Results from above ensembles appeared in arXiv:1902.04223

These use physical light quark masses.

One ensemble with 1+1+1+1 sea quarks at 0.15 fm with
5000 configurations (1710.11212).

We can reduce the statistical errors and error from the
continuum extrapolation by generating more configurations.
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Vector correlator at a ≈ 0.15 fm

Beyond about 2 fm the vector correlator gets very noisy.
Higher statistics help. Improved measurement techniques can
help as well.
We fit the propagator at shorter distance and use fit to extend
to t > t?.
We also investigated the bounding box method.
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Current status of lattice generation

Ensemble No. PRD paper No. now No. measurements

a=0.15 fm 9400 9400 9400
a=0.12 fm 1000 10000 5700
a=0.09 fm 1600 5400 5400
a=0.06 fm 1230 2000 1360

The computational cost of the generation of the lattices
increases as the lattice spacing decreases.

The generation of the lattices with lattice spacings 0.12 and
0.06 fm are ongoing.

Use the (TSM) truncated solver method for measurements.

Two-pion contributions to the hadronic vacuum polarization
with staggered quarks, Shaun Lahert, Thursday.
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Reducing the errors on the connected correlator

Connected vector correlator on the 0.09 fm ensemble.

On the left we have only 16 sloppy solves per configuration,
and on the right we have 48 sloppy solves

Note that 1% error goes from t=12 to t=14.
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Disconnected analysis
µ

f

µ

f f 0

1

Disconnected contribution is challenging to calculate.

a=0.15 fm (1690 lattices measured) Yamamoto et al.,
1811.06058 Lattice 2018

a=0.12 fm (780 lattices measured) DeTar et al., 1912.04382
Lattice 2019

a=0.09 fm (111 lattices measured) Ongoing

The runs on the 0.09 fm ensemble use deflation with 1000
eigenvectors. Low modes exactly and high modes via stochastic
method with TSM.
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Disconnected HVP

Beyond 2 fm, use fit to replace data to reduce noise

Fit includes omega-like and rho-like states

Figure: Disconnected correlator
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Disconnected HVP Summary

Preliminary summary of the disconnected results.

Corrections for taste-effects and finite volume between open
and closed red circles.

We also have results for isospin breaking effects in the
disconnected correlator, but the analysis is still in progress.
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Including QED with QCD

We are using two approaches:

1 Quenched QED with QCD. (Sea quarks are neutral).

2 Producing a dynamical QED+QCD ensemble.

15 / 24



Including quenched QED with QCD

Non-compact Aµ(k) generated in Feynman gauge for each QCD
gluon field configuration. Use the QEDL formulation to deal with
zero modes.

UQCD+QED
µ = exp(ieQAµ)UQCD

µ

We are currently computing connected QED+QCD
corrections.

The value of ZV has been computed including quenched QED
using the RI-SMOM scheme. (Hatton et al., HPQCD,
PhysRevD.100.114513)

We are developing techniques to estimate some of the QED effects
in the sea.
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QCD+QED for charmonium properties

D. Hatton, C. T. H. Davies, B. Galloway, J. Koponen, G. P.
Lepage, A. T. Lytle, HPQCD, arXiv:2005.01845.

Precision study of quenched QED effects on properties of ηc
and J/ψ

HISQ action with lattice spacings: 0.15, 0.12, 0.09, 0.06,
0.045, 0.03 fm.

Hyperfine mass splitting MJ/ψ - Mηc

QED contribution to decay constants of J/ψ.

QED contributions to mass of the charm quark mc .

Time-moments of the vector charmonium current-current
correlators.
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Continuum extrapolation of acµ (2005.01845)
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mc is tuned from the J/ψ mass both in pure QCD and in
QCD+QED.

acµ = 14.638(47)× 10−10, which is 2.5σ higher than the value
derived for the the c quark contribution using experimental
data on R(e+e− → hadrons).

The effect of QED δacµ = 0.0313(28)× 10−10.
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Comparison of acµ to other calculations (2005.01845)

Left plot is the HPQCD result for acµ compared with other
lattice results (QCD only).

Right plot is the HPQCD result for acµ compared with
estimates from phenomenology.
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Including QED with the QCD sea quarks

Just starting (noncompact) QED + QCD HMC simulations.

1+1+1+1 sea quarks with QED, lattice spacing a =0.15 fm

We are testing measurement strategies.
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Scale setting

Scale setting accounts for the largest error to the light connected
contribution.

To convert the results from lattice units to physical units,
such as GeV, requires the calculation of a “physical number”.

High precision results requires a careful choice of the number
to set the scale. For example, fπ (pion decay constant) has
been used in the past, but the extraction of the experimental
number depends on Vud , which has recently changed by 2σ.

Unphysical numbers such as the Wilson flow parameter w0 can be
used to determine the physical scale.

It has excellent statistical precision, and it doesn’t require a
sophisticated analysis to compute it from a simulation.

It does not depend on valence quark masses.

However, we need to compute the physical value of w0.
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Computing the mass of the Ω baryon

.
HISQ (QCD only) simulations at lattice spacing = 0.15, 0.12, and
0.09 fm Ciaran Hughes, Yin Lin, Aaron S. Meyer, 1912.00028
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Best fit: 2/dof=0.44
MOmega, phy 1672 MeV

MΩ = 1678(9) MeV (0.5 % error)
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Calibration of the w0 scale

.

D. Hatton et al., Calculates w0 by fixing the value of the mass
difference 0.5MJ/ψ −MDs to the experimental average.

Finite volume effects included.

Using QCD only (red) and QCD+quenched QED (blue).

Goal of 0.3% uncertainty in w0. The analysis is still in
progress.
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Conclusions

I have given an overview of the calculations in progress to reduce
the errors:

Additional running and measurements on the connected
correlators to reduce the statistics and continuum
extrapolation error.

Include two pion operators for connected contribution.

Improved determination of lattice spacing (used to set scale).

Computation of disconnected correlators.

Inclusion of electromagnetic effects

Improved estimate of isospin breaking
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