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Specificities of our setup

I Time-momentum representation [Bernecker, Meyer ’11 ’13]

ahvpµ =
(α
π

)2 ∫ ∞

0
dt K(t) G(t)

G(t) = −1

3

3∑

k=1

∑

~x

〈Vk(x)Vk(0)〉

Electromagnetic current : Vµ(x) = 2
3u(x)γµu(x)− 1

3d(x)γµd(x)− 1
3s(x)γµs(x) + · · ·

I Nf = 2 + 1 with Wilson fermions : O(a)-improved (action + currents)

→ one ensemble at the physical pion mass
→ all ensembles with mπL > 4

I Discretization errors : 4 lattice spacings in the range 0.050 - 0.085 fm � 0.1 fm !

J (l),a
µ (x) = ψ(x)γµ

λa

2
ψj(x) ,

J (c),a
µ (x) =

1

2

(
ψ(x+ aµ̂)(1 + γµ)U †µ(x)

λa

2
ψ(x)− ψ(x)(1− γµ)Uµ(x)

λa

2
ψ(x+ aµ̂)

)

→ two discretizations : combined continuum extrapolation
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Light, strange and charm quark contributions at the physical pion mass
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• Physical pion mass with a = 0.065 fm

• Flavor decomposition (iso-symmetric) :

G(t) = Gl(t) +Gs(t) +Gc(t) +Gdisc(t)

aHVP,f
µ =

(
α

π

)2 ∞∑

t=0

dt Gf (t) K(t;mµ)

Challenges for a high-precision calculation :

• Charm quark : large discretization effects

• Light contribution dominates → noise/signal increases exponentially with t

→ finite-size effects O(3%) at physical point (mπL = 4)

→ Scale setting : muon mass = external scale δahvpµ

ahvpµ
≈ 2 δa

a .

• Disconnected diagrams of the order of O(2%)

• Continuum and chiral extrapolation (interpolation)

• QED + strong isospin corrections : O(1%) (Talk by A. Risch on Wednesday)
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Published result in 2019

ahvpµ = (720.0± 12.4stat ± 9.9syst) · 10−10 [Phys.Rev. D100 (2019)]
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→ Precision of 2% (dominated by statistics)
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Update : strange and charm quark contributions

Strange quark Charm quark
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(54.30± 1.14stat ± 0.73chir ± 0.38cont)× 10−10 (14.62± 0.33stat ± 0.07syst ± 0.13cont)× 10−10

→ 0.20% → 0.05%

• ỹ ∼ m2
π

• Two new ensembles close to the physical point have been added

• Error dominated by the scale setting → will be reduced in the future

• Charm quark : large discretization effects for the local discretization of the vector current
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Light quark contribution
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• Physical pion mass
• Fine lattice spacing ∼ 0.065 fm
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Solution to the noise problem (mπ = 200 MeV)
• The vector correlator has a spectral decomposition :

Gl(t) =
∑

n

|An|2 e−Ent, En = 2
√
m2
π + k2

• En and An have been computed on the lattice using a dedicated spectroscopy analysis
→ stochastic LapH method
→ includes 2-pion interpolating operators [Andersen et al. ’19]
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Solution to the noise problem (mπ = 200 MeV)

• Bounding method : [BMW ’17] [RBC ’18]

0 ≤ Gl(t) ≤ Gl(tc) e
−E0(t−tc) , t ≥ tc

→ E0 : ground state (in finite volume)

ahvp,lµ = 602.54(6.39)× 10−10

• Improved bounding method :

G̃l(t) = Gl(t)−
N∑

n=0

|An|2
2En

e−Ent

0 ≤ G̃l(t) ≤ G̃(tc) e
−EN+1(t−tc) , t ≥ tc

ahvp,lµ = 602.41(3.34)× 10−10

→ Reduction of the error by a factor ∼ 2
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Correction for finite-size effects

Method proposed by H. Meyer in 2012

I The iso-vector correlator in infinite volume

GI=1(t,∞) =

∫ ∞

2mπ

dω ω2 ρ(ω2) e−ωt , ρ(ω2) =
1

48π2

(
1− 4m2

π

ω2

)3/2

|Fπ(ω)|2 (1)

I In finite volume the correlator is given by the spectral decomposition

GI=1(t, L) =
∑

i

|Ai|2 e−Eit , Ei = 2
√
m2
π + k2i (2)

→ Discrete energy levels ↔ ππ phase shift [Luescher ’91]
→ Overlaps Ai in finite volume ↔ timelike pion form factor [Meyer ’11]

|Fπ(E)|2 =
(
qφ′(q) + k

∂δ1
∂k

)
3πE2

2k5
|A|2

I Key ingredient : timelike pion form factor computed on the same ensembles

→ δ1 and Fπ have been computed on a large set of ensembles [Andersen et al. ’18]

Finite-size correction = (1)−(2)

Antoine Gérardin 9 HVP contribution to (g − 2)µ : status of the Mainz calculation



Correction for finite-size effects : check at mπ = 280 MeV
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I Our procedure works remarkably well at mπ = 280 MeV [PRD 100 (2019) 014510]

I For a subpercent precision, finite size effects are important at the physical pion mass !

mπL = 4 (L = 6.2 fm) ⇒ ∆aµ = 22.6× 10−10 (3%)

I In this case, the FF is obtained assuming a Gounaris-Sakurai model with parameters
obtained from a fit to the lattice data
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Extrapolation to the physical point

Fit 1 : ahvp,lµ (a, ỹ, d) = ahvp,lµ + δd a
2 + γ1 (ỹ − ỹexp) + γ2 (log ỹ − log ỹexp)

Fit 2 : ahvp,lµ (a, ỹ, d) = ahvp,lµ + δd a
2 + γ5 (ỹ − ỹexp) + γ6 (1/ỹ − 1/ỹexp)
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π/(16π2f 2π)

ahvp,lµ × 1010 =

665.1± 10.6stat± 3.6chir± 3.1cont

Cont. extrap : ∼ 15%

→ We are accumulating more statistics at the physical point

→ Two new ensembles close to the physical pion mass have been added

→ Dedicated spectroscopy analysis (GEVP) is ongoing on further ensembles
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Update : quark-disconnected contribution
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• Expensive calculation

• Physical pion mass (New)

• Signal is lost at ∼ 2.2 fm

I Isospin decomposition instead of flavor decomposition

G(t) = GI=1(t) +GI=0(t) with
GI=1(t) =

1

2
Gl(t)

GI=0(t) =
1

18
Gl(t) +

1

9
Gs(t) +

4

9
Gc(t) +Gdisc(t)

I Apply the bounding method to the isoscalar contribution (admits a spectral decomposition)

0 ≤ GI=0,c/(t) ≤ GI=0,c/(tc)e
−mρ(t−tc), t ≥ tc.

I Subtract the (precisely known) connected contribution
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Quark-disconnected contribution

• CLS ensembles : Tr[mu +md +ms] = const

• ∆2 ≡ m2
K −m2

π : vanishes if ms = ms

• Finite-size effects : − 1
10 ×∆aFSE,lightµ

• singular behavior of the light connected contribution in the isoscalar part must be compensated by the
disconnected contribution → systematic uncertainty

• Status in 2019 (published)
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Quark-disconnected contribution

• CLS ensembles : Tr[mu +md +ms] = const

• ∆2 ≡ m2
K −m2

π : vanishes if ms = ms

• Finite-size effects : − 1
10 ×∆aFSE,lightµ

• singular behavior of the light connected contribution in the isoscalar part must be compensated by the
disconnected contribution → systematic uncertainty

• Status in 2020 : ensemble at the physical point still in production
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ahvp, discµ × 1010 = (−14.8± 2.8) (PRELIMINARY) Discussion session on Tuesday
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Window quantities

awinµ =
(
α

π

)2∑

t

G(t) K̃(t) W (t; t0, t1) ,

• Short distances : W SD(t; t0, t1) = [1−Θ(t, t0,∆)]

• Intermediate distances : W ID(t; t0, t1) = [Θ(t, t0,∆)−Θ(t, t1,∆)]

• Long distances : WLD(t; t0, t1) = Θ(t, t1,∆)

Smooth step function : Θ(t, t′,∆) = [1 + tanh[(t− t′)/∆]] /2
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Window quantities : intermediate distances

aID,lightµ = (207.2± 4.5stat ± 0.4chir ± 1.2cont)× 10−10 → No fπ−rescaling

aID,lightµ = (201.8± 2.0stat ± 0.2chir ± 0.8cont)× 10−10 →With fπ−rescaling

aID,discµ = (−0.91± 0.07stat ± 0.03chir)× 10−10

• Finite-size effects are small
• No noise-problem at large Euclidean times
→ no sophisticated treatment of the tail needed
→ we use the bounding method

• Scale-setting and continuum extrapolation are still challenging for the light quark
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Window quantities : intermediate distances

aID,strangeµ = (27.51± 0.59stat ± 0.18chir ± 0.57cont)× 10−10

aID,charmµ = (2.85± 0.07stat ± 0.03chir ± 0.04cont)× 10−10
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Window quantities : short and long distances

I Short distances
• Finite-size effects are small
• No noise-problem at large Euclidean times
• Scale-setting and continuum extrapolation are challenging

aSD,lightµ = (48.84± 0.51stat ± 0.25chir ± 0.20cont × 10−10

I Long distances

• Finite-size effects are important
• Noise-problem at large Euclidean times is amplified
→ use the same methodology as for the (g − 2) HVP

• Continuum extrapolation less challenging

aLD,lightµ = (406.2± 10.7stat ± 3.55chir ± 6.7cont)× 10−10
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Window quantities : comparison
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Conclusion
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I Increase the statistical precision of the light quark contribution
→ Brute force is probably not the good option : spectroscopy helps a lot

→ We use a dedicated spectroscopy analysis to reconstruct the vector correlator

I Sophisticated formalism available to correct for finite-size effects

I New results for the disconnected contribution

I Isospin-breaking corrections : in progress [A. Risch this Wednesday]

I Strange and charm quark contribution under control

I Improved scale setting : in progress

I Running of alpha / weak mixing angle [K. Miura & T. San José Pérez this Friday]
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Conclusion

Thank you.
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CLS ensembles used in this work
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Chiral extrapolation : the light contribution

• Standard kernel : scale-setting uncertainty [M. Della Morte et al. ’17]
δahvpµ

ahvpµ

≈ 2
δa

a
→ solution : work with mµ/fπ = const.

→ idea first proposed by ETMC to get a milder chiral extrapolation [with mµ/mρ = const.]

ahvpµ =
(α
π

)2 ∫ ∞

0
d

(
t

a

) (
fphysπ

mphys
µ

)2
1

(afπ)2
K̃

(
t

a
· m

phys
µ

fphysπ

· afπ
)
a3G

(
t

a

)

• Massless pions : G(t) = 1/(24π2|t|3) and the QED kernel reduces to K̃(t) ∼ 2π2t2

→ generates a logarithmic divergence [Golterman ’17]

ahvpµ ∼
α2

24π2
log

m2
µ

4m2
π

, mπ → 0, mµ fixed.

→ not so relevant at our pion masses (mπ ∈ [130 - 420] MeV)

• mµ � mπ and both are small compared to the ρ meson mass

ahvpµ ∼
α2

90π2
m2
µ

4m2
π

, mµ � mπ � mρ.

→ the overall magnitude is enhanced by the (squared) timelike pion form factor
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Quark-disconnected contribution : chiral extrapolation

• Vanishes exactly when ml = ms → extrapolation with ∆2 ≡ m2
K −m2

π

• Remember the isovector contribution is singular when mπ → 0

→ singular behavior of the light connected contribution in the isoscalar part must be
compensated by the disconnected contribution

→ Enforce this behavior in our fit Ansatz (we have M̂ 2 ≡ 1
2m

2
π +m2

K = const.)

ahvp,discµ (∆2) = γ8∆
2
2 −

α2m2
µ

3240π2
· 3

2

[ 1

M̂ 2 −∆2

− ∆2

M̂ 4
− 1

M̂ 2

]
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• Finite-size effects : − 1
10×∆aFSE,lightµ

ahvp,discµ = (−23.2± 2.2± 4.5)× 10−10

→ more statistics needed
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