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The connected light quark contribution
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Fig. 45. Comparisons of lattice results for flavor-specific contributions to aHVP, LO
µ (! 2). (Upper-Left) Light-quark connected contribution aHVP, LO

µ (ud).

(Upper-Right) Strange-quark connected contribution aHVP, LO
µ (s). (Lower-Left) Charm-quark connected contribution aHVP, LO

µ (s). (Lower-Right) Quark-

disconnected contribution aHVP, LO
µ, disc . The lattice results in each panel are grouped by the number of sea quarks in the gauge ensembles employed in

the underlying calculations, where ÔÔNf = 2 + 1 + 1ÕÕ (circles) labels ensembles with up, down, strange, and charm quarks in the sea, for ÔÔNf = 2 + 1ÕÕ
(squares) charm quarks are not included in the sea, while for ÔÔ Nf = 2ÕÕ, (up triangles) strange quarks are also omitted in the sea. Filled symbols
indicate results included in the lattice averages of Section 3.5.1, which are shown here as light blue bands. Open symbols indicate results that have
been updated or superseded, see Table 9 for further details.
Source: Adapted from Ref. [ 443].

for aHVP, LO
µ (s) is in 1 " tension with the other lattice results while for aHVP, LO

µ (c) it is in almost 2 " tension with the
rest. The strange- and charm-quark connected contributions, while insensitive to FVEs and StN problems from large
Euclidean times, suffer from larger discretization effects. This is especially true for aHVP, LO

µ (c), and we note that the PACS-19
calculation has O(a) artifacts, which are not present in the other lattice results.

As explained in Section 3.2.4, the calculation of the quark-disconnected contribution aHVP, LO
µ, disc is an especially challenging

part of the lattice-QCD calculation of aHVP, LO
µ . In fact, as shown in Fig. 45 (lower-right panel) the results for aHVP, LO

µ, disc exhibit
the second-largest tension among the individual contributions to aHVP, LO

µ . While the BMW-17 [ 10] and RBCC/UKQCD-
18 [11] results are nicely consistent with each other, they disagree with the Mainz/CLS-19 [ 15] result. Unlike BMW-17
and RBCC/UKQCD-18, the lattice calculation in Mainz/CLS-19 employs ensembles at unphysically large pion masses and
therefore requires a chiral extrapolation to the physical point. One of the fit ansŠtze employed in the chiral extrapolation
takes the 1 / M2

# singularity into account, which leads to a significantly lower value for aHVP, LO
µ, disc at the physical point.

Finally, the challenging nonperturbative calculation of the subleading IB contributions $aHVP, LO
µ has been performed

by only a few collaborations so far, as can be seen in Table 10 where we have collected the current lattice evaluations
(see Section 3.2.5 for a detailed discussion of calculations). Of the five results listed in Table 10 only FHM-17 [ 9],
RBC/UKQCD-18 [11,403], and ETM-19 [ 12] are based on actual lattice calculations that are precise enough to quote results.
While none of the three collaborations provide a complete lattice computation of all the contributions to $aHVP, LO

µ , the
omitted contributions are estimated phenomenologically in all cases. In Ref. [ 9] (FHM-17) a result for the connected
SIB correction is presented, while Refs. [ 11,12,403] (RBC/UKQCD-18 and ETM-19) present a calculation of the connected
SIB and QED corrections. No disconnected contributions are included in the lattice calculations of Refs. [ 9,12], while
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aµHVP, ll = 650.2 (11.6) x 10-10
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Time - momentum representation [Bernecker and Meyer]
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with

! 0 = ! (0) = �
1

2
G2 , ! n =

(�1)n+1

(2n + 2)!
G2n+2 . (3.20)

A PadŽ approximation to ! (and ˆ! ) can be constructed from the lowest few time moments of the correlator [ 358,366].
The time moments extend to infinitely large x0; however, the lattices are of finite extent, so one usually models the

long-time behavior of the current correlator C (x0) to extend the moment integral (or sum) to infinity. The same issue
also arises in the related time-momentum method (see Section 3.1.4), where it is discussed in more detail. For the time
moments, this issue clearly becomes more important for higher moments. The achievable precision was discussed in
Refs. [358,363], for example.

Time moments can also be used as input to a collection of approximants put forward in Refs. [ 367,368]. These arise
from the use of MellinÐBarnes techniques and, in the cases analyzed in Ref. [ 367], are shown to converge to the full
result very rapidly with the number of moments used. They have the advantage, over PadŽ approximants, of allowing for
a systematic matching to perturbation theory at short distance, though this advantage is of more formal than practical
relevance, given the very small size of perturbative contributions to aHVP, LO

µ (see Section 3.1.2).
The Taylor coefficients themselves are also useful as intermediate quantities enabling detailed comparisons between

independent lattice calculations. In particular, the ! n for different n have different sensitivities to the short- and long-
distance systematic effects in lattice calculations (see Section 3.3). Finally, since the Taylor coefficients can also be
evaluated using the data-driven methods discussed in Section 2, they can be used to provide valuable tests of the lattice
methods.

3.1.4. Coordinate-space representation
An alternative way to write the subtracted VP in terms of the current correlator is given by [ 348]

ˆ! (Q 2) = 4" 2
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0
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2
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. (3.21)

Inserting this formulation of ˆ! (Q 2) into Eq. (3.4) for aHVP, LO
µ , one finds that

aHVP, LO
µ =
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"

' 2
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0
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where the kernel function
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can be written explicitly in terms of a modified Bessel function of the second kind and MeijerÕs G function [ 369] as
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, (3.24)

where t̂ = mµ x0; numerically convenient series expansions for (f are given in Appendix B of Ref. [ 369]. Alternatively, (f (x0)
is evaluated numerically (e.g., as in Ref. [ 10]).

While the main difficulty in the determination of aHVP, LO
µ via ˆ! (Q 2) lies in getting an accurate estimate of ! (Q 2) in

the low- Q 2 region, the main difficulty in determining aHVP, LO
µ via Eq. (3.22) lies in controlling the large- x0 behavior of the

integrand. The main issues are the exponential growth of the relative statistical error of C (x0) at large time separations,
the presence of finite-volume (and potentially finite-temperature) effects in this regime, and the need to extend the x0

integration beyond the region where lattice data are available.
To address the latter issue, it becomes necessary to split the integration range at some point xcut

0 , where for x0  xcut
0

the correlator C (x0) is estimated by a local interpolation of the lattice data (with cubic splines working well in practice),
while for x0 > xcut

0 a suitable extension derived from the lattice data supplemented with additional information is used
instead.

The value chosen for xcut
0 impacts the overall error on aHVP, LO

µ in two ways: if xcut
0 is chosen too large, the statistical

accuracy deteriorates quickly due to the rapidly decaying signal-to-noise (StN 24) ratio of the correlator data; if xcut
0 is

chosen smaller, the systematic error due to the model dependence of the extension of the correlator grows. In practice, at
least for pion masses above the physical one, the effect is found to be negligible for the strange and charm-quark [ 358,375]
contributions as long as xcut

0 � 1.2 fm, whereas for the light-quark contribution [ 12,376,377] a window can be found within
which the value of aHVP, LO

µ is not significantly impacted by the precise choice of xcut
0 at least for pion masses larger than

200 MeV.

24 StN problems in lattice QCD have been studied since the pioneering works of Parisi [ 370] and Lepage [371] and arise when there are states
contributing to a variance correlation function with less than twice the energy of the ground state of the correlation function. A possible solution
to this problem can be found in the framework of multi-level Monte Carlo integration techniques for fermionic systems [ 372Ð374].
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3. Lattice QCD calculations of HVP

T. Blum, M. Bruno, M. Cè, C.T.H. Davies, M. Della Morte, A.X. El-Khadra, D. Giusti, Steven Gottlieb, V. Gülpers, G. Herdoíza,
T. Izubuchi, C. Lehner, L. Lellouch, M.K. Marinkovi¢, A.S. Meyer, K. Miura, A. Portelli, S. Simula, R. Van de Water, G. von
Hippel, H. Wittig

3.1. Introduction

In this section we review the status of lattice QCD calculations of the HVP contribution to the muon’s anomalous
magnetic moment. Our discussion is organized as follows: Section 3.1 provides a general introduction followed by
Section 3.2, which details the strategies employed in the various calculations. In Section 3.3 we compare recent lattice
results and in Section 3.4 we discuss connections of HVP calculations with the MUonE experiment, with ⌧ decays, and
with the running of the electroweak coupling constants ↵ and sin2 ✓W. Finally, in Section 3.5 we conclude with a summary
of the current status and prospects for the future.

Within this subsection, we first discuss some of the basic ideas and formulae in Section 3.1.1. Then in Section 3.1.2,
we discuss the calculation of HVP as a function of momentum, its integration over momenta, and which techniques for
calculating VP are most useful in different momentum ranges. In Section 3.1.3, we discuss the time moments method,
which is followed by a discussion of the coordinate space representation in Section 3.1.4. Finally, in Section 3.1.6, we
provide a brief discussion of some of the issues common to all the methods.

3.1.1. Hadronic vacuum polarization
Any lattice approach aiming to determine the leading hadronic contribution to the anomalous magnetic moment of

the muon starts from the correlator of the electromagnetic current

C (Nf )
µ⌫ (x) =

D
j(Nf )
µ (x)j(Nf )

⌫ (0)
E

, (3.1)

where j(Nf )
µ (x) =

PNf
f=1 Qf  ̄f (x)�µ f (x), the index f labeling quark flavors, and Qf being the corresponding electric charge

in units of the electron charge. Traditionally, one performs a Fourier transform and introduces the VP tensor,

⇧
(Nf )
µ⌫ (Q ) =

Z
d4x eiQ ·x C (Nf )

µ⌫ (x) . (3.2)

In the continuum and in infinite volume, Euclidean invariance and current conservation allow one to rewrite the tensor
as

⇧
(Nf )
µ⌫ (Q ) = (�µ⌫Q 2

� QµQ⌫)⇧ (Nf )(Q 2) . (3.3)

In finite volume and at finite lattice spacing, the tensor decomposition of HVP is more complicated, because SO(4) sym-
metry is explicitly broken to the finite hypercubic group through space–time discretization and boundary conditions [348,
349]. The relation above is, however, recovered in the continuum and infinite-volume limits.

In order to obtain the leading hadronic contribution to the anomalous magnetic moment of the muon (aHVP, LOµ ), one
performs an integration over Q 2. Specifically, (and suppressing the index Nf )

aHVP, LOµ =

⇣ ↵
⇡

⌘2
Z

1

0
dQ 2 f (Q 2)⇧̂ (Q 2) , (3.4)

where ⇧̂ (Q 2) ⌘ 4⇡2
⇥
⇧ (0) �⇧ (Q 2)

⇤
and

f (Q 2) =
m2

µQ 2Z3(1 � Q 2Z)
1 + m2

µQ 2Z2 , Z = �

Q 2 �

q
Q 4 + 4m2

µQ 2

2m2
µQ 2 , (3.5)

as derived in Refs. [350–353] for spacelike momenta.
We see that in going from Eq. (3.1) to Eq. (3.4) one needs to perform a Fourier transform (which implies a volume

integral in coordinate space) and a weighted integral over momenta, with a weight function (or kernel) f (Q 2). One has
the flexibility of performing these operations in different orders, which produces the different approaches described
in the following. While the final quantity is always aHVP, LOµ , intermediate expressions (e.g., concerning kernels) differ
substantially and in practical implementations each approach has its own virtues and drawbacks.

3.1.2. Calculating and integrating ⇧ (Q 2) to obtain aHVP, LOµ

Let us first consider the case where the VP tensor, ⇧µ⌫(Q ), has been computed for a number of lattice momenta,
perhaps including the use of twisted boundary conditions [354,355] in order to obtain a finer momentum resolution. What
is usually computed is the zero-mode-subtracted VP tensor (obtained by replacing eiQ ·x with eiQ ·x � 1 in Eq. (3.2)), as
proposed in Ref. [348]. This reduces contamination from finite-volume effects [349,356], and also removes contact terms,
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The interval 0–Q 2
low in Eq. (3.8) is obviously the most important one and obtaining a reliable description of ⇧̂ (Q 2)

in this region is therefore crucial. The authors of Refs. [363,364] start from the observation that ⇧̂ (Q 2) is related to a
Stieltjes function, whose mathematical properties are well studied [365], in particular concerning the convergence of
representations via Padé approximants. They proposed, in fact, to use Padé functions of the form

⇧[N,M](Q 2) = ⇧ (0) +

! N
i=1 ai Q

2i

1 +
! M

i=1 bi Q 2i
, (3.11)

to model the VP in the low-Q 2 regime. Mathematical theorems guarantee that asymptotically in M and N one obtains a
model-independent description of the data and the convergence of the Padé sequence provides rigorous lower and upper
bounds to the exact function ⇧̂ (Q 2) of the form

⇧[N�1,N](Q 2)  ⇧[N,N+1](Q 2)  ⇧̂ (Q 2)  ⇧[N,N](Q 2)  ⇧[N�1,N�1](Q 2) . (3.12)

However, in practical applications M and N are chosen to be equal to 2 or 3 at most. Another approach put forward in
Ref. [363] relies on a conformal change of variables in order to improve the radius of convergence of a simple Taylor
expansion. In detail, the proposal consists of adopting the following fit model

⇧N (Q 2) = ⇧ (0) +

N"

i=1

piwi , w =
1 �

p
1 + z

1 +
p
1 + z

, z = Q 2/ 4M2
⇡ . (3.13)

In both cases (Padé functions or conformal polynomials) the stability of the fits can be improved by supplementing them
with estimates of the derivatives of ⇧ (Q 2) at zero momentum either through numerical differentiation or from the time
moments, as we discuss in the following subsection.

Finally, we note that the hybrid method can naturally be adapted to include information on ⇧̂ (Q 2) from experimental
data at low Q 2. Indeed, the proposed MUonE experiment [291] aims to provide a measurement of the VP function at
spacelike Q 2 in exactly the low-Q 2 region that is problematic for lattice calculations. Here the split into three Q 2 regions
as in Eqs. (3.7)–(3.10) is an integral part of the MUonE experiment’s strategy, see Section 3.4.1 for more details.

3.1.3. Time moments
The method of time moments was introduced in Ref. [358] as a way to calculate the VP for small Q 2. Starting from

Eq. (3.3), we can look at the VP tensor with two identical spatial indices with Q having only a time-component, i.e.,
Q µ = (!, 0, 0, 0). Again dropping the superscript (Nf ), we have

⇧kk(Q ) = Q 2⇧ (Q 2) = !2⇧ (!2) . (3.14)

Using Eq. (3.2), we can reexpress the right-hand side (RHS) in terms of the Fourier transform of the vector-current
correlator:

!2⇧ (!2) =

#
d4x eiQ ·xCkk(x) . (3.15)

Recognizing that we can pick any spatial index k, we can increase statistics by averaging over all three spatial directions.
Further, since Q · x = !x0, we can define

C(x0) = �
1
3

3"

k=1

#
d3x Ckk(x) , (3.16)

and write the RHS of Eq. (3.15) as

�

#
dx0 ei!x0C(x0) . (3.17)

At this point, we may either consider the coefficients resulting from an expansion of the exponential in a power series
or successively differentiate the RHS with respect to ! to Taylor expand around ! = 0. In either case, the integrals with
odd powers of x0 vanish because C(x0) is an even function. The time moments are given by

G2n ⌘

#
1

�1

dx0 x2n0 C(x0) = (�1)n+1 @2n

@!2n

$
!2⇧ (!2)

%
!=0 . (3.18)

Reverting to Q 2 rather than ! as the kinematic variable, we may write a power series for ⇧ (Q 2),

⇧ (Q 2) = ⇧0 +

1"

n=1

⇧nQ 2n , (3.19)
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FIG. 4. Comparison of wtC(t) obtained using R-ratio data
[1] and lattice data on our 64I ensemble.

lation presented here, we only include diagram M. For
the meson masses this corresponds to neglecting the sea
quark mass correction, which we have previously [17] de-
termined to be an O(2%) and O(14%) e↵ect for the pi-
ons and kaons, respectively. This estimate is based on
the analytic Þts of (H7) and (H9) of Ref. [17] with ratios
C

m⇡, K

2 /C
m⇡, K

1 given in Tab. XVII of the same reference.
For the hadronic vacuum polarization the contribution of
diagram R is negligible since�mup ⇡ ��mdown and di-
agram O is SU(3) and 1/Nc suppressed. We therefore
assign a corresponding 10% uncertainty to the SIB cor-
rection.

We also compute theO(↵) correction to the vector
current renormalization factor ZV used in C(0) [17, 18]
and Þnd a small correction of approximately 0.05% for
the light quarks.

We perform the calculation of C(0) on the 48I and 64I
ensembles described in Ref. [17] for the up, down, and
strange quark-connected contributions. For the charm
contribution we also perform a global Þt using additional
ensembles described in Ref. [22]. The quark-disconnected
contribution as well as QED and SIB corrections are com-
puted only on ensemble 48I.

For the noisy light quark connected contribution, we
employ a multi-step approximation scheme with low-
mode averaging [23] over the entire volume and two levels
of approximations in a truncated deßated solver (AMA)
[24Ð27] of randomly positioned point sources. The low-
mode space is generated using a new Lanczos method
working on multiple grids [28]. Our improved statisti-
cal estimator for the quark disconnected diagrams is de-
scribed in Ref. [29] and our strategy for the strange quark
is published in Ref. [30]. For diagram F, we re-use point-
source propagators generated in Ref. [31].

The correlator C(t) is related to the R-ratio data
[11] by C(t) = 1

12⇡2

R1
0 d(

p
s)R(s)se�

p
st with R(s) =

3s
4⇡↵2�(s, e+e� ! had). In Fig. 4 we compare a lattice
and R-ratio evaluation of wtC(t) and note that the R-
ratio data is most precise at very short and long dis-
tances, while the lattice data is most precise at interme-
diate distances. We are therefore led to also investigate
a position-space Òwindow methodÓ [11, 32] and write

aµ = aSDµ + aWµ + aLDµ (6)

with aSDµ =
P

t C(t)wt[1 � ⇥(t, t0,�)], aWµ =P
t C(t)wt[⇥(t, t0,�) � ⇥(t, t1,�)], and aLDµ =P
t C(t)wt⇥(t, t1,�), where each contribution is

accessible from both lattice and R-ratio data. We deÞne
⇥(t, t0,�) = [1 + tanh [( t� t0)/�]] /2 which we Þnd to
be helpful to control the e↵ect of discretization errors
by the smearing parameter�. We then take aSDµ and
aLDµ from the R-ratio data and aWµ from the lattice.
In this work we use � = 0 .15 fm, which we Þnd to
provide a su�ciently sharp transition without increasing
discretization errors noticeably. This method takes the
most precise regions of both datasets and therefore may
be a promising alternative to the proposal of Ref. [33].

ANALYSIS AND RESULTS

In Tab. I we show our results for the individual as well
as summed contributions to aµ for the window method
as well as a pure lattice determination. We quote sta-
tistical uncertainties for the lattice data (S) and the R-
ratio data (RST) separately. For the quark-connected
up, down, and strange contributions, the computation is
performed on two ensembles with inverse lattice spacing
a�1 = 1 .730(4) GeV (48I) as well asa�1 = 2 .359(7) GeV
(64I) and a continuum limit is taken. The discretization
error (C) is estimated by taking the maximum of the
squared measuredO(a2) correction as well as a simple
(a⇤)4 estimate, where we take⇤ = 400 MeV. We Þnd
the results on the 48I ensemble to di↵er only a few per-
cent from the continuum limit. This holds for the full
lattice contribution as well as the window contributions
considered in this work. For the quark-connected charm
contribution additional ensembles described in Ref. [22]
are used and the maximum of the above and a (amc)4

estimate is taken as discretization error. The remain-
ing contributions are small and only computed on the
48I ensemble for which we take (a⇤)2 as estimate of dis-
cretization errors.

For the up and down quark-connected and discon-
nected contributions, we correct Þnite-volume e↵ects to
leading order in Þnite-volume position-space chiral per-
turbation theory [34]. Note that in our previous pub-
lication of the quark-disconnected contribution [29], we
added this Þnite-volume correction as an uncertainty but
did not shift the central value. We take the largest ratio
of p6 to p4 corrections of Tab. 1 of Ref. [35] as systematic
error estimate of neglected Þnite-volume errors (V). For
the SIB correction we also include the sizeable di↵erence
of the corresponding Þnite and inÞnite-volume chiral per-
turbation theory calculation as Þnite-volume uncertainty.
For the QED correction, we repeat the computation us-
ing an inÞnite-volume photon (QED1 [36]) and include
the di↵erence to the QEDL result as a Þnite-volume er-
ror. Further details of the QED 1 procedure are provided
as supplementary material.

RBC/UKQCD 2018

Jegerlehner 2018

statistical error mainly from tail dominated by two pion states
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Low Mode Average: RBC/UKQCD-18, Aubin, et al.-19, BMW-20
(! (t) averaged over all EM current source-sink pairs) 

Correlator reconstruction: Mainz, RBC/UKQCD
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Fig. 41. The integrand of Eq. (3.22) for the evaluation of the light-quark contribution to aHVP, LO
µ in the time-momentum representation on Nf = 2+1

lattice ensembles with pion masses of M! = 280MeV (left panel) and M! = 200MeV (right panel). Also shown are the results from reconstructing
the correlator using nmax = 1, . . . , 4 states in Eq. (3.25) and the reconstruction of the long-time tail using a single-exponential extension. Left panel
from Ref. [382], right panel adapted from Ref. [383].

The basic form of the extension of the correlator is given by the spectral representation in a finite volume,

C(x0) =

1X

n=1

Ane�Enx0 , (3.25)

where En is the energy of an energy eigenstate |ni belonging to the representation T1 of the cubic group, and An is
the associated matrix element of the electromagnetic current. Ideally, the low-lying finite-volume spectrum is known
explicitly from a dedicated spectroscopic study, permitting the use of a truncated spectral sum for C(x0) beyond xcut0 [378].
Alternatively, the large-time behavior of the correlator can be modeled in various ways. The simplest model is a single-
exponential extension, i.e., taking only one term in the series of Eq. (3.25) and fixing E1 and A1 from a fit to data at
shorter time separations (using a smeared version of the vector correlator, where available, to extract E1 with better
precision) [369,377]. This model (which is essentially vector-meson dominance) is of course overly simplistic, and while
it tends to describe the data well at heavy pion masses, it becomes a poor description of the very-long-time tail at light
pion mass, where the two-pion channel opens (cf. Fig. 41). A more sophisticated approach in the absence of detailed
spectroscopic information is to model the finite-volume spectrum via the Lüscher formalism [379,380] applied to the
Gounaris–Sakurai parameterization [189] of the timelike pion form factor with parameters " # , M# fixed via a fit to the
lattice data [369,377]. The latter procedure also allows for correcting the leading finite-size effects by calculating the
vector correlator in infinite volume from the timelike pion form factor and calculating aHVP, LOµ from there [377,380,381].
Future studies, however, should perform a dedicated spectroscopic companion study.

A third possibility is to implement rigorous upper and lower bounds on the correlation function [10,11]. These can then
be used to replace the correlation function, at large x0 where noise takes over, by a statistically more precise representation
in terms of these bounds (see below).

We note that the coordinate space representation described in this section is related to the method of time moments
(cf. Section 3.1.3) in that the Taylor expansion of f̃ (x0) in the integrand of Eq. (3.22) yields the sum over time moments
that gives aHVP, LOµ in that method. For a discussion of other related methods see Ref. [384].

3.1.5. Windows in euclidean time
In the aµ integral in Eq. (3.22), it is useful to consider different time regions in order to separate the short- and

long-distance systematic lattice effects (discretization, finite volume, etc.). To this end, the RBC/UKQCD collaboration has
proposed the window method [11], which breaks the time integral into three parts:

aHVP, LOµ = aSDµ + aWµ + aLDµ ,

aSDµ =

⇣ $
!

⌘2
Z

1

0
dx0 C(x0)ef (x0)[1 � %(x0, t0, & )] ,

aWµ =

⇣ $
!

⌘2
Z

1

0
dx0 C(x0)ef (x0)[%(x0, t0, & ) � %(x0, t1, & )] ,

aLDµ =

⇣ $
!

⌘2
Z

1

0
dx0 C(x0)ef (x0)%(x0, t1, & ) , (3.26)
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EHF- 19 Qdbnmrsqtbshnm ne sgd SLQ bnqqdk‘snq ‘s knmf chrs‘mbdr trhmf ‘ cdchb‘sdc rodbsqnrbnox
‘m‘kxrhr nm dmrdlakd C1//- Sgd r‘ld f‘tfd bnmffftq‘shnmr ‘qd trdc enq sgd rodbsqnrbnox ‘mc enq
sgd SLQ bnqqdk‘snq b‘kbtk‘shnm-

bnqqdronmchmf sn svn mnm,hmsdq‘bshmf ohnmr+ Deqdd
, ± 1Z’1µ<K(1 )k1

ν“
0<1- S‘akd UH bnms‘hmr

ntq qdrtksr enq sgd bnmmdbsdc bnmsqhatshnmr ne sgd khfgs pt‘qjr-
=r chrbtrrdc hm cds‘hk hm sgd mdws rtardbshnm+ sgd hloqnudc rs‘shrshb‘k oqdbhrhnm f‘hmdc

ax dwoknhshmf rodbsqnrbnohb hmenql‘shnm b‘m ad pthsd rhfmhffb‘ms enq khfgs ohnm l‘rrdr+ kν �
1//LdU- Hmcddc vd ffmc sg‘s nm sgd ogxrhb‘k l‘rr dmrdlakd D14/+ nm vghbg vd cn mns g‘ud
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‘mc rxrsdl‘shb dqqnq vhsg sgd rhlokdrs u‘qh‘ms ne sgd antmchmf ldsgnc- Sgdqdenqd vd
oqnbddc ‘r enkknvr- Sgd hrnudbsnq udbsnq dmdqfx kdudkr bnlotsdc nm dmrdlakdr M1/2+ M1//
‘mc C1// ‘kknv tr sn cdsdqlhmd sgd rb‘ssdqhmf og‘rd hm sgd G ; Z ; 0 µµ bg‘mmdk Z18“ enq
dmdqfhdr to sn sgd entq,ohnm sgqdrgnkc uh‘ sgd Kt̃rbgdq enql‘khrl Z07“5- Sgd rb‘ssdqhmf og‘rd
hr vdkk cdrbqhadc ax sgd dΣdbshud q‘mfd enqltk‘+

g2

D
bns γ00 ;

3g4π
k1

π�π

)
0� g1

g1π

(
. ’08(

vhsg g ± 0
1

]
D1 � 3k1

ν ‘mc gπ adhmf sgd u‘ktd ne g enq D ; kπ- Sgd o‘q‘ldsdqr kπ ‘mc
�π bnqqdronmc sn sgd π ldrnm l‘rr ‘mc vhcsg- Etqsgdqlnqd+ hs g‘r addm nardqudc hm k‘sshbd
rhltk‘shnmr sg‘s o‘q‘ldsdqhyhmf sgd vhcsg ax

�π ;
f1πνν
5µ

g2π
k1

π

. ’1/(

sgd bntokhmf fπνν nmkx g‘r ‘ vd‘j ohnm,l‘rr cdodmcdmbd- Sgdqdenqd+ vd dwsq‘onk‘sd sgd
o‘q‘ldsdqr ’kπ. fπνν( cdsdqlhmdc nm sgd dmrdlakdr M1/2+ M1// ‘mc C1// ’rdd S‘akd UHHH(

5 Rdd Z38z42“ enq nsgdq qdbdms b‘kbtk‘shnmr ne sgd rb‘ssdqhmf og‘rd hm sgd π bg‘mmdk-

Mainz-19

" p =200 MeV
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A. Meyer, et al.

Mainz-19, RBC/UKQCD: Improved method 
using long distance correlator reconstruction

Original method: BMW-17,20,  RBC/UKQCD-18

t/# t/#

replace data beyond t*

with mulit-exponential, 
multi-operator fit



Finite volume corrections

• Finite volume (FV) effects dominated by long distance effects from two pion states

• Difference of ! (t) computed in FV and ! volume using cPT and/or model

• For 5.5 fm box and physical pion mass, NLO cPT estimates about 20 x 10-10

and the NNLO correction is roughly ½ as large

• Direct lattice calculations suggest NLO ChiPT underestimates by about  1.5-2 x

• Several groups using Lellouch-L "#scher-Gounaris-Sakurai for ! (t)  to estimate FV effects

• PACS-19 and BMW-20 use $= 10 fm lattices 
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Finite volume corrections
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Collaboration error on aµ   (x 1010) comments

RBC/UKQCD-18 3.7     
higher order  cPT

NLO chiral perturbation theory, 
$%$ 5.5 fm

BMW-20 18.7(2.0)(1.4)(…)
statistical, CL, … 

Lattice, NNLO cPT, LLGS, 
$ref = 6.272 fm, $big = 10.752 fm

Mainz/CLS-19 Lattice, LLGS
$%$ 2.8 - 4.1 fm

Aubin-20 4  
higher order cPT

NNLO cPT
$%$ 5.5 fm (MILC)

ETM ’18/19 6.2 Lattice, dual-pp model (qH duality + LLGS)
$%$ 2-3.5 fm

PACs ‘19 Lattice, NLO cPT
$%= 5 and 10 fm boxes

FHM-19 0.6 %  
higher order cPT

NLO cPT + higher order model
$%$ 5.5 fm (MILC)
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Zϵ%Kahf . Sahf (� Zϵ%Kqde. Sqde( 00!5 04!6 06!7 �
Zϵ%Kahf .↔(� Zϵ%Kqde.↔( 00!1 04!2 06!3 05!2

?r vd l dmshnmdc adenqd+ sgd KKFR ] ooqn] bg v ] r mns t rdc hmsgd k] qf d anw- Sgd KKFR mt l adqr hm
sgd s] akd ] qd ] bst ] kkx ] ch� dqdmbd nesgd KKFR oqdchbshnmenqZϵ%↔.↔( � Zϵ%Kqde. Sqde( ] mc sgd qdrhct ] k
ffmhsd,rhyd d� dbsr nesgd ahf k] sshbd s] j dmeqnl MMKN WOS- V d ] krn f hud qdrt ksr enq sgd b] rd nehmffmhsd
shl d dwsdms- V d rdd sg] s+] bbnqchmf sn sgd l ncdkr+sgd ffmhsd,S d� dbs hr l t bg rl ] kkdqsg] msgd ffmhsd,K
d� dbs-

Sgdch� dqdmsl ncdkr f hud] ffmhsd,rhydd� dbsnerhl hk] qrhydsg] s] f qddr vdkkv hsg sgdk] sshbdcdsdql hm] shnm
neDpt ] shnmÕ02/ (- Nmkx sgd MKN qdrt ks ch� dqr ax ] ant s 2" &r- Sgd e] bs sg] s MKN bghq] kodqst qa] shnm
sgdnqx t mcdqdrshl ] sdr sgd ffmhsd,rhyd d� dbs v ] r ] kqd] cx rgnv mhmZ73Ò+] s ] mnm,ogxrhb] kohnml ] rr- Trhmf
ogxrhb] kohnml ] rr+] cdchb] sdc ffmhsd,unkt l d rst cx v ] r b] qqhdc nt shmZ74Ò- Hsqd] bgdr sgd r] l d bnmbkt rhnm
] r vd cn+] kadhs v hsg k] qf dqdqqnqr-

Sgd f nnc ] f qddl dmsenqsgd ffmhsd,rhyd d� dbsnesgd qdedqdmbd anw+adsvddmsgd l ncdkr ] mc sgd k] sshbd+
f hudr t r bnmffcdmbd sg] s sgd l ncdkr b] mad t rdc sn qdkh] akx bnl ot sd sgd udqx rl ] kk+qdrhct ] k+ffmhsd,rhyd
d� dbs nesgd k] qf d anw- V d f ds9

MKN WOS MMKN WOS GO
Zϵ%↔.↔(� Zϵ%Kahf . Sahf ( +!2 +!5 �
Zϵ%↔.↔(� Zϵ%Kahf .↔( 0!1 0!3 0!3

Enq] mhmffmhsd,shl d dwsdms sgd MMKN WOS ] mc GO ] ooqn] bgdr ] f qdd mhbdkx- ?r ] ffm] ku] kt d enqsgd k] qf d
anwffmhsd,rhyd d� dbs vd s] j d sgd MMKN WOS qdrt ks hmbkt chmf sgd ffmhsd,S d� dbsr9

Zϵ%↔.↔(� Zϵ%Kahf . Sahf ( ; +!5%+!2(ahf . Õ020(

qdmnql]khydc l]rr trhmf sgd LR oqdrbqhoshnm Z75“+ ]mc vd ffmc lL P%d( ; +ϕ13+0-

1- Vd ]krn odqenql rhltk]shnmr vhsgnts PDC+ vghbg hr itrs sgd eqdd rb]k]q ffdkc sgdnqx+ hm sgd r]ld anw
rhydr ]mc ]s svn a]qd u]ktdr ne sgd l]rr+ l+ ; +ϕ13+4 ]mc +ϕ1304- Vd trd sgdrd svn u]ktdr sn
odqenql sgd hmsdqonk]shnmr sg]s ]qd mdbdrr]qx enq sgd ch�dqdms l]sbghmf bnmchshnmr- Mnsd sg]s dudm
hm sgd eqdd b]rd+ sgd onkd l]rr hr rkhfgskx ch�dqdms eqnl sgd a]qd l]rr ctd sn k]sshbd ]qsde]bsr Z76“-
Vd trd lL P%+( ; lol eV%+(-

Vd bgnnrd ] rhlokd nardqu]akd+ sgd rknod ne sgd u]bttl onk]qhy]shnm etmbshnm Θ0%K. d( • c∆¯P1(
cP1

〉〉〉
P1;+

-

Sghr hr athks eqnl sgd bnmrdqudc btqqdms ne sgd rb]k]q ffdkc sgdnqx+ vghbg hr fhudm ]r

iϵ.w<h ; τ√
w)ϵd

gd∂βχvτw � τ√
wd
�gd∂βχvτw)ϵ ϕ ’021(

Eqnl sgd ld]rtqdc Θ0+ vd athkc sgd ch�dqdmbd ΓΘ0%K. d( • Θ0%21. d( � Θ0%K. d( ]mc hmudrshf]sd hsr K
cdodmcdmbd- Sn cdffmd sgd PDC o]qs+ vd bnlotsd sgd ch�dqdmbd adsvddm ΓΘ0%K. d( ]mc ΓΘ0%K.+(- Sghr
b]m ad cnmd hm ch�dqdms v]xr+ cdodmchmf nm gnv sgd svn sgdnqhdr+ vhsg ]mc vhsgnts PDC+ ]qd l]sbgdc-
Nmd v]x hr sn trd lol eV sn l]sbg sgd sgdnqhdr+ ]mnsgdq hr sn cn sgd r]ld vhsg sgd lL P- Sgd qdrtksr
]qd rgnvm hm Ehftqd 03- ?r nmd b]m rdd+ sgd LR l]sbghmf kd]cr sn sgd dwodbsdc �<%lK(2 adg]uhnq+ ats
onkd,l]rr l]sbghmf kd]udr sgd dkdbsqnl]fmdshb o]qs vhsg ] ltbg k]qfdq ffmhsd,rhyd d�dbs-

Hm PBC*PDC vd b]m cdffmd l]sbghmf rbgdldr rhlhk]q sn sgd onkd ]mc LR l]rr l]sbghmfr ne rb]k]q
PDC- Sgd onkd l]rr hr sgd ld]rtqdc l]rr ne sgd bg]qfdc o]qshbkd+ vgdqd]r sgd LR l]rr hr sgd o]q]ldsdq
sg]s ]ood]qr hm sgd qdmnql]khydc K]fq]mfh]m- Hm PBC*PDC sgd ]m]knftd ne lonid hr sgd bg]qfdc,ohnm
l]rr+ ]mc sg]s nelL P hr sgd qdmnql]khydc pt]qj l]rr- He vd vdqd sn a]rd ntq l]sbghmf nmLξ) + sgd ffmhsd,
rhyd d�dbsr vntkc ad ltbg k]qfdq sg]m sgd dwodbsdc �<%LξK(2- Vgdqd]r he vd trd sgd qdmnql]khydc pt]qj
l]rrdr hm sgd l]sbghmf+ vd dwodbs sn rdd sgd �<%LξK(2 ffmhsd,unktld adg]uhnq hm sgd dkdbsqnl]fmdshb
o]qs- Hm ntq rbgdld+ ]r hmsqnctbdc hm Rdbshnm 5+ vd jddo sgd mdtsq]k,ohnm l]rr+ Lξ+ + ffwdc hmrsd]c ne
sgd bg]qfdc,ohnm l]rr Lξ) - Sghr rgntkc ad udqx bknrd sn ] rbgdld vgdqd sgd qdmnql]khydc pt]qj l]rrdr
]qd jdos ffwdc- ?r rtbg+ vd dwodbs sgd PDC bnqqdbshnmr sn Zϵ sn dwghahs ]m �<%LξK(2 adg]uhnq hm ntq
rbgdld snn-

Sgd ffmhsd,rhyd d�dbs ne NT�<%LξK(2[ eqnl sgd dkdbsqnl]fmdshb o]qs hr udqx rl]kk bnlo]qdc sn sgd
oqdbhrhnm ne ntq rstcx- Sgd ffmhsd,rhyd d�dbs ne sgd rsqnmf,hrnrohm,aqd]jhmf o]qs ltrs ]krn ad rl]kk9 hs hr
]bst]kkx dw]bskx ydqn hm MKN bghq]k odqstqa]shnm sgdnqx- Hm ntq qdedqdmbd anw Kqde ; 5ϕ161 ]m �<%LξKqde(2

qdk]shud bnqqdbshnm bnqqdronmcr sn ] ffmhsd,rhyd d�dbs ne +ϕ0 hm Zϵ- Vd vhkk trd ] u]ktd ne +ϕ+%+ϕ0(pdc ]r ]m
drshl]sd ne sgd ffmhsd,rhyd d�dbs ne sgd hrnrohm,aqd]jhmf hm ntq qdedqdmbd anw-

Ehm] kqdrt ks

Enq ntq ffm]k qdrtks enq sgd ffmhsd,rhyd d�dbs ne sgd qdedqdmbd anw+ vd ]cc sgd mtladqr hm Dpt]shnmr ’02/(
]mc ’020(+ ]r vdkk ]r sgd drshl]sdr eqnl sgd bnmbktrhnmr ne sgd oqdbddchmf svn rtardbshnmr+ fhuhmf9

Zϵ%! . ! ( � Zϵ%Kqde . Sqde( ; 07ϕ6%1ϕ+(rsXs%0ϕ3(bnms%+ϕ2(ahf%+ϕ5(H;+%+ϕ0(pdcT1ϕ4[ ϕ ’022(

sgd ffqrs dqqnq hr sgd rs]shrshb]k tmbdqs]hmsx ne ntq 3E@V bnlots]shnm+ sgd rdbnmc hr ]m drshl]sd ne sgd 3E@V
btsn� d�dbsr+ sgd sghqc hr sgd tmbdqs]hmsx ne sgd qdrhct]k ffmhsd,rhyd d�dbs ne sgd [ahf´ k]sshbd+ sgd entqsg
hr ] WOS drshl]sd ne sgd H ; + ffmhsd rhyd d�dbs+ sgd ffesg hr ]m drshl]sd ne sgd hrnrohm,aqd]jhmf d�dbsr-
Sgd k]rs+ sns]k dqqnq hm sgd rpt]qd,aq]bjdsr hr sgd ffqrs ffud ]ccdc hm pt]cq]stqd- Sgd u]rs l]inqhsx ne sgd
ffmhsd,rhyd d�dbs hr nas]hmdc trhmf sgd 3E@V k]sshbd bnlots]shnm: enq sgd qdrs vd ]ookx ]m]kxshb ldsgncr-
Sgdrd ldsgncr g]ud addm u]khc]sdc ax sgd k]sshbd bnlots]shnm9 enq sgd l]inqhsx bnmsqhatshnm sgdx fhud
u]ktdr sg]s ]qd bnmrhsdms vhsg sgd k]sshbd-
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Ehftqd 029 Toodq ]mc knvdq antmcr nm sgd khfgs hrnrohm,rxlldsqhb bnlonmdms ne Zϵ- Sgd qdrtksr rgnvm
gdqd ]qd nas]hmdc vhsg sgd 3E@V ]bshnm nm svn ch�dqdms unktldr ]s Z ; +ϕ001 el k]sshbd ro]bhmf ]mc
Lξ ; 010 LdU Fnkcrsnmd,ohnm l]rr- Vd ]krn g]ud ]mnsgdq rhltk]shnm vhsgLξ ; 0+3 LdU l]rr- Eqnl
sgdrd svn vd hmsdqonk]sd sn Lξ ; 00+ LdU- Sghr u]ktd dmrtqdr sg]s ] o]qshbtk]q ]udq]fd ne ohnm s]rsdr
hr ffwdc sn sgd ogxrhb]k u]ktd ne sgd ohnm l]rr ’rdd sdws(-

�
∏ S,1

+

csJ%s(V %s: s0. s1(F
RIIBR%s:K. S. Z(

[
. ’017(

sgtr fdmdq]khyhmf Dpt]shnm ’014( sn ffmhsd S -

06 Ehmhsd,rhyd d�dbsr hm Zλ

Ehmhsd,rhyd d�dbsr nm Zϵ vdqd sgd k]qfdrs rntqbd ne tmbdqs]hmsx hm ntq oqduhntr vnqj Z36“- Hm sghr rdbshnm vd
oqdrdms sgd bnlots]shnm ne sgdrd d�dbsr hm ] rxrsdl]shb v]x+ vghbg hmbktcdr cdchb]sdc k]sshbd rhltk]shnmr+
bghq]k odqstqa]shnm sgdnqx ]mc ogdmnldmnknfhb]k lncdkr- Sgd bnmbqdsd fn]k ne sghr rdbshnm hr sn oqnuhcd
] rhmfkd mtladq sg]s hr sn ad ]ccdc sn sgd bnmshmttl,dwsq]onk]sdc k]sshbd qdrtks nas]hmdc hm ] qdedqdmbd
anw+ vghbg hr cdffmdc ax ] ro]sh]k dwsdms ne Kqde ; 5ϕ161 el ]mc ] sdlonq]k dwsdms ne Sqde ;

2
1Kqde -

Ehqrs vd bnmbdmsq]sd nm sgd ffmhsd,rhyd d�dbs ne sgd hrnrohm,rxlldsqhb o]qs- Rdbshnm 5 cds]hkr ntq
hrnrohm cdbnlonrhshnm- Sgd hrnrohm,aqd]jhmf o]qs vhkk ad chrbtrrdc k]sdq hm sgd k]rs rtardbshnm- Sgd
hrnrohm,rxlldsqhb o]qs b]m ad etqsgdq cdbnlonrdc hmsn ]m H ; + ]mc ]m H ; 0 bg]mmdk- Eqnl sgdrd sgd
H ; 0 hr rtoonrdc sn fhud sgd l]inqhsx ne sgd ffmhsd,rhyd d�dbs- Vd enbtr nm sgd H ; 0 ffqrs+ ]mc fhud ]m
drshl]sd ne sgd H ; + bnmsqhatshnm k]sdq- ?bbnqchmf sn Dpt]shnm ’52( sgd H ; 0 qdrtks hr fhudm ax sgd�
8
0+

(
&sg ne sgd bnmmdbsdc khfgs bnmsqhatshnm-
Vd odqenql cdchb]sdc k]sshbd rhltk]shnmr vhsg svn ch�dqdms k]sshbd fdnldsqhdr9 nmd nm ] 45·73 k]sshbd

vhsg sgd qdedqdmbd anw rhyd ]mc ]mnsgdq nm ] k]qfd 85·85 k]sshbd vhsg anw rhyd K ; Kahf ; 0+ϕ641 el ]mc
S ; Sahf ; Kahf- Rhmbd s]rsd uhnk]shnmr rdudqdkx chrsnqs sgd ffmhsd,rhyd adg]uhnq+ vd cdrhfmdc ] mdv ]bshnm
vhsg ghfgkx,rtooqdrrdc s]rsd aqd]jhmf enq sgdrd bnlots]shnmr- Sgd cds]hkr ne sgd 3E@V ]bshnm ]mc sgd
rhltk]shnm o]q]ldsdqr ]qd fhudm hm Rdbshnm 1- Ntq rsq]sdfx hr sgdm sn bnlotsd sgd ffmhsd,rhyd bnqqdbshnm

$ref = 6.272 fm

$big = 10.752 fm

" p =104 MeV

" p =121 MeV

• NNLO/LLGS/Hansen-Patella (HP) compares well to direct lattice calculation

• Residual FV effect at 10 fm is small 



PACS-19 finite volume correction
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rRPHEN 2# YBVCwERFBA BO Yaa“E¯mE“E¯ RA qD– “07¯ xNGJNNA zRffiNENAG FCwGRwU IBUHVNF JRGQ x.t ˆ
017 wAz ”W RA URPQG DHwET FNyGBE–

jQN UNOG CwANU BO rRP– W CUBGF GQN rl NffiNyG zN¨ANz wF

9rl ˆ
∑

tQIC/ “ELHG¯
⎩i
b.sˆ01Ξ

≈
∑

tQIC/ “ELHG¯
⎩i
b.sˆ5W

ε “10¯

JQRyQ FQBJF GQwG GQN VwPARGHzN RF UwEPNE GQwA GQN UNwzRAP BEzNE YQfj QwIRAP GQN FwVN FRPA
JRGQ GQN YQfj CENzRyGRBA )08fl– uA GQRF ¨PHEN JN wUFB VwTN w yBVCwERFBA HFRAP GQN ENFHUG BA
”WW UwGGRyN– eAN ywA FNN GQwG RA uh ENPRVNfi VBEN GQwA ELHG ˆ 1γ2 OVfi GQN Xfi NffiNyG VwL xN
RAIBUINz RAGB rl yBEENyGRBA wF NAUwEPNz tQIC/ NffiNyG BA ”WWfi wAz RG GQNA GHEAF BHG GB xN wzzRGRBAwU
FLFGNVwGRy HAyNEGwRAGL– kFN BO NKGNAzNz GNVCBEwU zRENyGRBA wF ”W2O017 GQHF CUwLF wA RVCBEGwAG
EBUN GB wIBRz FHyQ w Xfi NffiNyG OEBV rl yBEENyGRBA– uA BEzNE GB yUwEROL GQN zRFyENCwAyL JN CUBG
GQN EwGRB BO GQN rl NffiNyG xNGJNNA bgYZ wAz YQfj wG NwyQ ELHG RA GQN ERPQG CwANU BO rRP– W–
eAN ywA BxFNEIN GQwG GQN bgYZ zwGw GNAzF GB xNyBVN UwEPNE GQwA GQN YQfj CENzRyGRBA OEBV
E ≡ 0 OVfi wAz GQRF GNAzNAyL zBNF ABG yQwAPN NINA RO ELHG RAyENwFNFfi GQBHPQ GQN FGwGRFGRywU NEEBE
xNyBVNF UwEPNE–

jQN zRFyENCwAyL BO rl NffiNyG xNGJNNA bgYZ wAz YQfj RA GQN URPQG DHwET FNyGBE RF NFGRVwGNz
wF

9UvG
rl.9

oQfS
rl ˆ

)

1γ0”“””¯ )wG ELHG ∇ 1γ/ OV BA ”WW UwGGRyNflε
0γΞW“Ξ0¯ )wG ELHG ∇ 1γ” OV BA ”W2O017 UwGGRyNflε

“11¯

BA x ˆ 4γW OV wG GQN CQLFRywU CRBA VwFF– YBVCwERAP Q.t ˆ ”W wAz 017fi wF BAN ywA wUFB FNN RA
rRP– Wfi NINA wG E ∇ 1 OVfi GQNEN RF w FRPAR¨ywAG yBAGERxHGRBA BO Xfi ENPwEzNz wF wA wzzRGRBAwU
rl NffiNyG– eHE ENFHUG RA qD– “11¯ RAzRywGNF GQwG GQN wyGHwU rl NffiNyG GNAzF GB xN UwEPNE GQwA GQN
YQfj CENzRyGRBAfi JQRyQ VwL CEBIRzN HFNOHU RAOBEVwGRBA BA BGQNE ENyNAG bgYZ ENFHUGF HFRAP
YQfj BE wABGQNE wAwULFRF GB yBEENyG GQN rl NffiNyG OBE tQIC/ BA “W GB 4 OV¯2 xBK )0Wfi 0”-07flW–

jQN FRVRUwE wAwULFRF RF VwzN OBE GQN FGEwAPN DHwET FNyGBE )tQIC/ flr– rRPHEN 4 FQBJF URGGUN rl

NffiNyG OBE )tQIC/ flr wF NKCNyGNz OEBV GQN OwyG GQwG GQN FGEwAPN DHwET VwFF RF VHyQ QNwIRNE GQwA GQN
URPQG BAN–

m-1 oHsn3 N3Nys

uA rRP– ” JN CUBG Y88�

“E¯mE“E¯ RA qD– “07¯ wG GJB zRffiNENAG yHGBffi FywUNF BO t∗0 ˆ 1γ22 sNl wAz
2–/8 sNl BA GQN FwVN CQLFRywU IBUHVN BINE “0/ OV¯W wG GQN CQLFRywU CRBA VwFF– mN yBVCwEN GQN

QnutD − 1,” OV RF sQd VwaRVtV CnRAs nO sQd vRAznv VdsQnz RA hdO- )06,fi wAz Rs sQdA VdwAF sQws sQdEd FsRkk
Vwb xd w kwEfd rl ynEEdysRnA

0/

(Note backward propagating state (BPS) effect)

$=5.4, 10.8 fm



Discretization Errors
Collaboration error on aµ (x 1010) Lattice spacing set from

RBC/UKQCD-18 2.8, 1.5 
CL, scale setting

MW : 1.730 (4), 2.359(7) GeV

BMW-20 0.5, 3.7, 
CL, NNLO

&0 =  0.17236(63) fm   (MW)

Mainz/CLS-19 5
(incl. chiral extrap.)

' p, ' K 1%

Aubin-20 5, 5, 4 
(CL, scale setting, NNLO)

From FHM-19

ETM-18/19 4.9
(incl. chiral extrap.)

0.0885(36), 0.0815(30),
0.0619(18) (3-4%) fm   (' p)

PACs-19 11
(const, linear (#) fit) 

( X :  2.33, 3.09 GeV

FHM-19 0.7, 0.8 % 
(CL, scale setting)

&0 =  0.1715(9) fm   (' p)

11



Mainz-19 continuum (+chiral) limit ( fp )
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FRT$(EH.$(L.$S$EI-10 (?8789?89:7&G$498$N944050+:0.

08

v hsg Ômc v hsgnt s sgd qdrbÔkhmf ne sgd l t nml Ôrr v hsg e! - V d nardqud sgÔs sgd qdrbÔkdc
cÔsÔnmsgd qhf gs oÔmdk gÔr Ôqdct bdc cdodmcdmbd nm!x+Ôr v dkk Ôr nmsgd kÔsshbd roÔbhmf -
V d sgdqdenqd cdbhcd sn t rd sgd qdrbÔkdc cÔsÔenq nt q oqhl Ôqx ÔmÔkxrhr+at s Ôkrn odqenql sgd
ÔmÔkxrhr nesgd t mqdrbÔkdc cÔsÔhmoÔqÔkkdkenq bnl oÔqhrnm-

Sgd dwodbsdc bghqÔk adgÔuhnt q ne sgd khf gs bnmmdbsdc bnmsqhat shnm hr qduhdv dc hm rdb,
shnmHHD- SÔj hmf hmsn Ôbbnt ms sgdrd bnmrhcdqÔshnmr+v d gÔud t rdc sgd enkknv hmf Ômr÷Ôsyd sn
rhl t ksÔmdnt rkx dwsqÔonkÔsd nt q qdrt ksr sn sgd bnmshmt t l Ômc sn ogxrhbÔkpt Ôqj l Ôrrdr9

ℓf t o"k
# Õℓ. !x. c( ; ℓf t o"k

# Õ/ . !xdwo( ) γc ℓ
1 ) α0 Õ!x � !xdwo( ) α1 Õknf !x � knf !xdwo( . Õ17Ô(

ℓf t o"k
# Õℓ. !x. c( ; ℓf t o"k

# Õ/ . !xdwo( ) γc ℓ
1 ) α2 Õ!x � !xdwo( ) α3

�
!x1 � !x1

dwo

"
. Õ17a(

ℓf t o"k
# Õℓ. !x. c( ; ℓf t o"k

# Õ/ . !xdwo( ) γc ℓ
1 ) α4 Õ!x � !xdwo( ) α5 Õ0<!x � 0<!xdwo( . Õ17b(

ℓf t o"k
# Õℓ. !x. c( ; ℓf t o"k

# Õ/ . !xdwo( ) γc ℓ
1 ) α6 Õ!x � !xdwo( ) α7 Õ!x knf !x � !xdwo knf !xdwo( . Õ17c(

v gdqd c hr ÔkÔadkenq sgd knbÔk,knbÔknq knbÔk,bnmrdqudc bnqqdkÔsnq- = kkÔmr÷Ôsyd bnmsÔhment q
oÔqÔl dsdqr sn ad ! ssdc+hmbkt chmf ÔmNÕℓ1( sdql sn Ôbbnt ms enqchrbqdshyÔshnmdqqnqr- = mrÔsy
Õa( Ôrrt l dr Ôot qdkx onkxmnl hÔkadgÔuhnt q hmsgd uÔqhÔakd !x+v ghkd ! s Õc( Ôkknv r enq Ômnm,
ÔmÔkxshb !x knf !x sdql - Sgd kÔssdq ÔmrÔsy v Ôr t rdc hmnt q oqduhnt r Me ; 1 bÔkbt kÔshnmZ1/ Ò-
= mr÷Ôsyd ÕÔ( Ômc Õb( Ôqd chqdbskx l nshuÔsdc ax sgd chrbt rrhnmhmrdbshnmHHD+ÕÔ( bnmsÔhmhmf
sgd knf Ôqhsgl hb rhmf t kÔqhsx sgÔs ÔoodÔqr hmsgd khl hs k ! ≫ / Ôs ! wdc l t nml Ôrr+v ghkd Õb(
bnmsÔhmr sgd 0<k 1

! sdql qdkduÔms hmsgd qdf hl d k # ≈ k ! ≈ k $-
V d f hud sgd qdrt ksr v d nasÔhmeqnl sgdrd ent qÔmr÷Ôsyd+v hsg Ômc v hsgnt s qdrbÔkhmf k #+hm

SÔakd HHH- V d gÔud odqenql dc sgdrd ! sr dhsgdq hmbkt chmf Ôkkdmrdl akdr+nq hl onrhmf bt sr nm
!x+bnqqdronmchmf sn ohnml Ôrrdr adknv 25/ L dU nq+ÔksdqmÔshudkx+adknv 2/ / L dU- Enbt rhmf
! qrs nmsgd qdrbÔkdc cÔsÔ+v d mnsd sgÔs ! sr ÕÔ(+Õb( Ômc Õc( xhdkc ρ1<cωnωeω ∼ 0ω/ v ghkd ! s
Õa( oqnct bdr ghf gdq uÔkt dr ne Ôqnt mc 0-5- V hsg sgd ohnm,l Ôrr bt s Ôs 25/ L dU+nmd rddr
sgÔs qdrt ksr ÕÔ( Ômc Õb( rgnv f nnc bnmrhrsdmbx Ômc xhdkc rnl dv gÔs kÔqf dq uÔkt dr neℓf t o"k

#
sgÔm! sr Õa( Ômc Õc(- F hudmsgd l nqd rhmf t kÔq bghqÔkadgÔuhnt q neÔmr÷Ôsyd ÕÔ( Ômc Õb(+sghr
nt sbnl d hr mns t mdwodbsdc- Knnj hmf Ôs sgd rsÔahkhsx nesgd ! mÔkuÔkt d enqℓf t o"k

# Ôr Ôet mbshnm
nesgd ohnm,l Ôrr bt s+v d nardqud dwbdkkdms rsÔahkhsx hmsgd bÔrd ne! sr ÕÔ( Ômc Õb(+v ghkd sgd
qdrt ksr ne! sr Õa( Ômc Õc( rxrsdl ÔshbÔkkx cqhes t ov Ôqc Ôr Ôrsqnmf dqohnm,l Ôrr bt s hr hl onrdc-
V hsg sgd rsqnmf drs bt s+k ! , 2/ / L dU+Ôkkent q Ômr÷Ôsyd xhdkc sgd rÔl d qdrt ks v hsghmgÔkeÔ
rsÔmcÔqc cduhÔshnm- Hmuhdv nesgd f qdÔsdqrsÔahkhsx ne! sr ÕÔ( Ômc Õb( Ôf Ôhmrs ohnm,l Ôrr bt sr+
Ômc sgd rsqnmf dq sgdnqdshbÔk l nshuÔshnmt mcdqkxhmf sgdl +v d bgnnrd sn ÔudqÔf d sgd qdrt ksr
ne! s ÕÔ( Ômc Õb( v hsg sgd bt s k ! , 25/ L dU enq nt q ! mÔk bdmsqÔk uÔkt d- = r Ôrxrsdl Ôshb
dqqnq+v d sÔj d sgd et kkch" dqdmbd adsv ddmsgd qdrt ksr nesgdrd ! sr+Ômc sgt r nt q ! mÔkqdrt ks
enq sgd bnmmdbsdc khf gs,pt Ôqj bnmsqhat shnmhr

ℓf t o"k
# ; Õ563× 01× 4( á 0/ �0, ω Õ18(

= edv et qsgdqqdl Ôqj r Ôqd hmnqcdq- Hs hr hl onqsÔms sn mnsd sgÔs sgd qdrt ksr ne! sr ÕÔ( Ômc
Õb( Ôqd hmudqx f nnc Ôf qddl dms v hsg sgd uÔkt dr neℓf t o"k

# chqdbskx nasÔhmdc nmdmrdl akd D14/
v hsg sgd qdrbÔkdc l t nml Ôrr: rdd SÔakd UH- V d Ôkrn qdl Ôqj sgÔs sgd rsÔshrshbÔkt mbdqsÔhmsx
nmsgd ! mÔk qdrt ks Dp- Õ18( hr nmkx 1/ Ó knv dq sgÔmsgd rsÔshrshbÔk t mbdqsÔhmshdr nmD14/ :
v d bnmbkt cd sgÔs sgd bghqÔk dwsqÔonkÔshnmne nt q qdrt ksr nasÔhmdc Ôs gdÔuhdq ohnml Ôrrdr+
v ghbg sdmc sn ad l nqd oqdbhrd+cndr mns kdÔc sn ÔmÔqsh! bhÔkkx rl Ôkk ! mÔk t mbdqsÔhmsx- =
bnl oÔqhrnmv hsg sgd dwsqÔonkÔsdc qdrt ksr nasÔhmdc eqnl sgd rsÔmcÔqc j dqmdk+rgnv mhmsgd
kdes oÔqs neSÔakd HHH+rgnv r sgÔs sgd kÔssdq khd rxrsdl ÔshbÔkkx ghf gdq sgÔmsgd qdrbÔkdc nmdr-
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where ⇥(t , t 0, �) = [ 1 + tanh [(t � t 0)/ �]] / 2 defines the window as a smooth function in Euclidean time with width
parameter � that smoothes the window on both sides of the interval. A convenient choice is � = 0.15 fm. The parameters
t0 and t1 are chosen to separate short- and long-distance effects, typically t0 ⇠ 0.4 fm and t1 ⇠ 1.0 fm. Corrections due
to systematic effects or subleading contributions can be applied to each window separately, and each window can also
be separately extrapolated to the continuum and infinite-volume limits. In particular, the intermediate window aW

µ is, by
design, expected to be less sensitive to discretization errors than the short-distance window aSD

µ . It is also designed to be
less sensitive to long-distance effects than aLD

µ and much less affected by the StN problems at large x0 (see Section 3.3).
In summary, we expect that aW

µ can, in principle, be calculated with better precision and better control over systematics
than the complete aHVP, LO

µ .
The windows, same as the Taylor coefficients of Section 3.1.3, are useful intermediate quantities enabling detailed

comparisons between independent lattice calculations. The window method also enables a comparison of intermediate
quantities with results from data-driven methods. Here one first translates the R-ratio data for e+ e� ! hadrons, see
Eq. (2.3), to Euclidean time via

C(x0) =
1

12⇡2

Z
1

0

d(
p

s)R(s)se�
p

sx0 , (3.27)

which can then be used to construct the windows. In particular, as advocated by the RBC/UKQCD collaboration, the
window method can be used to combine evaluations of aSD

µ and aLD
µ using R-ratio data with lattice determinations of

aW
µ to yield a hybrid determination of aHVP, LO

µ that is more precise than each alone [ 11].

3.1.6. Common issues
One of the main issues affecting the calculation of aHVP, LO

µ on the lattice is the difficulty of determining the long-
distance behavior of the vector correlator with good statistical accuracy. This manifests itself in the direct approach to
ö⇧ (Q2) as a lack of precise information on the low-momentum regime even when using twisted boundary conditions

to probe momenta below the lowest Fourier momentum on a given lattice size. In the method of time moments, the
problem manifests itself as an increase of the statistical error for the higher moments. In the time-momentum approach,
it manifests itself in the perhaps most direct way as a loss of statistical precision on the correlation function at large
Euclidean time distances.

While the problem is the same in terms of its origin, the available remedies differ between the different methods. In
the direct approach, the hybrid strategy uses analyticity to describe the low-momentum region with a PadŽ approximant,
whereas in the time-momentum approach, the spectral representation can be used to model the long-time behavior of the
correlation function. In either case, additional information (such as from a dedicated spectroscopic study [ 383,385Ð387])
is needed in order to make the best use of the lattice data.

Control of finite-volume effects and the determination of the lattice scale are other important issues common to all
lattice QCD calculations. The scale-setting uncertainty is of particular importance because, while aHVP, LO

µ is a dimensionless
quantity, it depends on the scale through the value amµ of the muon mass in lattice units. Standard error propagation
then shows that the uncertainty in aHVP, LO

µ is related to the relative uncertainty in the quantity ⇤ used to set the scale
via [ 369]

�aHVP, LO
µ =

�����⇤
daHVP, LO

µ

d⇤

����� ⇥
�⇤

⇤
=

�����Mµ
daHVP, LO

µ

dMµ

����� ⇥
�⇤

⇤
, (3.28)

where Mµ = mµ / ⇤ is the muon mass in units of ⇤. By working in the coordinate-space representation, it can then be

shown [ 369] that Mµ
daHVP, LO

µ
dMµ

= 1.22 ⇥10�7, corresponding to an amplification factor of 1.8 from the relative scale setting

error �⇤/ ⇤ to the relative error �aHVP, LO
µ / aHVP, LO

µ . This implies that reaching an accuracy of better than 1% for aHVP, LO
µ

requires the lattice scale to be known at the few-permil level.

3.2. Strategies

As described in the previous section, at order O(↵2) the hadronic contribution aHVP, LO
µ (↵2) is related to the average

of the T-product of two electromagnetic currents over gluon and fermion fields, see Eq. (3.1). Since all quark flavors
contribute to the current, aHVP, LO

µ (↵2) can be split into two main contributions

aHVP, LO
µ (↵2) = aHVP, LO

µ, conn + aHVP, LO
µ, disc , (3.29)

where the subscripts ÔÔconnÕÕ and ÔÔdiscÕÕ indicate quark-connected and -disconnected contractions, respectively, for all
flavors. The various flavor-connected components have different statistical and systematic uncertainties and, therefore,
they are usually calculated separately. Thus, the quark-connected contribution aHVP, LO

µ, conn (↵2) can be written as

aHVP, LO
µ, conn = aHVP, LO

µ (ud) + aHVP, LO
µ (s) + aHVP, LO

µ (c) + aHVP, LO
µ (b) , (3.30)
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EHF- 69 Dwsq‘onk‘shnm ne sgd bnmmdbsdc rsq‘mfd ‘mc bg‘ql bnmsqhatshnmr sn Zftoλ vhsg ‘ ltnm l‘rr
ffwdc sn hsr ogxrhb‘k u‘ktd- Sgd ak‘bj btqud qdoqdrdmsr sgd bghq‘k cdodmcdmbd hm sgd bnmshmttl+ ‘mc
sgd ak‘bj onhms sgd ffm‘k qdrtks ‘s sgd ogxrhb‘k ohnm l‘rr-

HU- PDRTISR :S SGD OGVRHB:I ONHMS

G‘uhmf cdsdqlhmdc sgd u‘qhntr bnmsqhatshnmr sn ℓftoλ nm ‘ mtladq ne f‘tfd dmrdlakdr+
vd oqnbddc sn dwsq‘onk‘sd sgdrd qdrtksr sn sgd bnmshmttl ‘mc sn sgd ogxrhb‘k ohnm l‘rr+
kν ; 023ω86LdU- Vd trd ‘r bghq‘k dwo‘mrhnm u‘qh‘akd sgd chldmrhnmkdrr q‘shn

x̂ ;
k1

ν

05µ1e 1ν
. ’12(

vgdqd kν ‘mc eν g‘ud addm cdsdqlhmdc nm d‘bg dmrdlakd-

:- Sgd bnmmdbsdc rsqYmfd Ymc bgYql bnmsqhatshnmr

Enq sgd rsq‘mfd,pt‘qj bnmsqhatshnm+ sgd rs‘shrshb‘k dqqnq ’dwbktchmf sgd k‘sshbd ro‘bhmf
tmbdqs‘hmsx( hr adknv 0” enq ‘kk sgd dmrdlakdr+ ‘mc hm l‘mx b‘rdr adknv /-4”+ sxohb‘kkx enq
sgnrd dmrdlakdr vhsg bknrd,sn,ogxrhb‘k pt‘qj l‘rrdr- Rdd S‘akd HU- Sgd dqqnq hr sgdqdenqd
cnlhm‘sdc ax sgd rb‘kd,rdsshmf tmbdqs‘hmsx+ vghbg dmsdqr sgqntfg sgd bnlahm‘shnm skλ hm
sgd hmsdfq‘mc ’0(- Vd dwsq‘onk‘sd sgd qdrtksr ne sgd hmchuhct‘k dmrdlakdr sn sgd ogxrhb‘k
onhms trhmf sgd ! s ‘mr‘sy

ℓftoρnλ ’ℓ. x̂. c( ; ℓftoρnλ ’/. x̂dwo( ) γc ℓ1 ) α0’x̂ � x̂dwo( ) α1 ’x̂ knf x̂ � x̂dwo knf x̂dwo(ω ’13(

Sgd hmcdw c k‘adkr sgd chrbqdshy‘shnm+ knb‘k,knb‘k nq knb‘k,bnmrdqudc- Vd nardqud ‘ q‘sgdq
lhkc bnmshmttl dwsq‘onk‘shnm ‘mc ansg chrbqdshy‘shnmr ‘qd hm udqx fnnc ‘fqddldms- Sgd ! s
fndr odqedbskx sgqntfg ntq ogxrhb‘k l‘rr dmrdlakd ‘mc ntq ! m‘k qdrtks enq sgd bnmmdbsdc
rsq‘mfd,pt‘qj bnmsqhatshnm hr

ℓftoρnλ ; ’43ω4 ! 1ω3 ! /ω5(· 0/� 0,. ’14(

vgdqd sgd ! qrs dqqnq hr rs‘shrshb‘k ‘mc sgd rdbnmc hr sgd rxrsdl‘shb dqqnq eqnl sgd bghq‘k
dwsq‘onk‘shnm- Sgd k‘ssdq hr drshl‘sdc eqnl sgd ch" dqdmbd adsvddm sgd qdrtksr nas‘hmdc he nmd
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EHF - 79 DwsqÔonkÔshnmnesgd bnmmdbsdc khf gs bnmsqhat shnmsn Zf t o
! +t rhmf sgd ogxrhbÔkuÔkt d nesgd

l t nml Ôrr hmsgd j dqmdkĜ Õs( nmÔkkdmrdl akdr Õkdes oÔmdk(+Ômc t rhmf sgd qdrbÔkdc l Ôrr l of xr
! − ehLss

µ

el et p
µ

Õqhf gs oÔmdk(- Sgd qdrt ks nesgd ffs aÔrdc nmDp- Õ17b( hr rgnv m- Sgd akÔbj bt qud qdoqdrdmsr sgd
bghqÔkcdodmcdmbd hmsgd bnmshmt t l +Ômc sgd akÔbj onhms sgd ffmÔkqdrt ks Ôs sgd ogxrhbÔkohnml Ôrr-

hmbktcdr nq dwbktcdr dmrdlakdr vhsg k " / 2//LdU- Sgd bghq‘k ‘mc bnmshmttl dwsq‘onk‘shnm
hr hkktrsq‘sdc hm sgd kdes o‘mdk ne Ehf- 6-

Enq sgd bg‘ql,pt‘qj bnmsqhatshnm+ sgd rs‘shrshb‘k dqqnq hr adknv /-2” enq ‘kk sgd dmrdlakdr+
‘mc sgd dqqnq nm sgd stmhmf ne sgd bg‘ql gnoohmf o‘q‘ldsdq hr ne rhlhk‘q l‘fmhstcd- Sgd
dqqnq hr ‘f‘hm cnlhm‘sdc ax sgd rb‘kd,rdsshmf tmbdqs‘hmsx- =r b‘m ad rddm nm sgd qhfgs o‘mdk
ne Ehf- 6+ sgd k‘sshbd chrbqdshy‘shnm ne sgd bnqqdk‘snq trhmf svn knb‘k udbsnq btqqdmsr kd‘cr sn
k‘qfd bts,n! d! dbsr9 vd nardqud ‘ chrbqdshy‘shnm d! dbs ne ‘klnrs 6/” ‘s ntq bn‘qrdrs k‘sshbd
ro‘bhmf- Ax bnmsq‘rs+ enq sgd knb‘k,bnmrdqudc chrbqdshy‘shnm sgd chrbqdshy‘shnm d! dbs hr nmkx
7”- Sgtr vd oqdedq mns sn trd sgd knb‘k,knb‘k chrbqdshy‘shnm hm ntq bnmshmttl dwsq‘onk‘shnm
ne sgd bnmmdbsdc bg‘ql bnmsqhatshnm- Etqsgdqlnqd+ sgd c‘s‘ ‘krn rtffdrs ‘ udqx fi‘s bghq‘k
adg‘uhntq+ ‘mc vd sgdqdenqd trd sgd " s ‘mr‘sy

! f t o#a
! ’! . x̂( ; ! f t o#a

! ’/. x̂dwo( ) " ! 1 ) #0’x̂ � x̂dwo($ ’15(

=s sgd ogxrhb‘k onhms+ vd nas‘hm

! f t o#a
! ; ’03$55× /$34× /$/5( á 0/� 0, . ’16(

vgdqd sgd " qrs dqqnq hr rs‘shrshb‘k ‘mc sgd rdbnmc hr sgd rxrsdl‘shb dqqnq hmctbdc ax sgd bghq‘k
dwsq‘onk‘shnm- Sgd bghq‘k ‘mc bnmshmttl dwsq‘onk‘shnm hr hkktrsq‘sdc hm Ehf- 6 ’qhfgs o‘mdk(-

= bnlo‘qhrnm ne sgd rsq‘mfd ‘mc bg‘ql bnmsqhatshnmr sn ! f t o
! vhsg qdbdms otakhb‘shnmr hr

rgnvm hm Ehf- 0/-

A - Sgd bnmmdbsdc khf gs,pt Yqi bnmsqhat shnm

Vd g‘ud ‘bghdudc ‘ rs‘shrshb‘k dqqnq ne itrs nudq svn odqbdms nm ! f t o#k
! nm sgd ogxrhb‘k,l‘rr

dmrdlakd D14/+ ‘mc ne 0$/ � 0$1” nm ‘kk nsgdq dmrdlakdr- =m hlonqs‘ms qnkd ne sgd nsgdq
dmrdlakdr hr sn bnmrsq‘hm sgd bnmshmttl khlhs+ vghbg vntkc ad udqx bnrskx sn ‘bghdud chqdbskx
‘s sgd ogxrhb‘k ohnm l‘rr- Ntq k‘sshbd c‘s‘ onhmsr ‘qd chrok‘xdc ‘r ‘ etmbshnm ne x̂ hm Ehf- 7+

continuum limit
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GUO etmbshnm ]s u]mhrghmf ognsnm uhqst]khsx P1 ; / hm sg]s khlhs- =r ] bnmrdptdmbd+ BgOS
oqdchbsr ]kqd]cx ]s MKN sgd oqdrdmbd ne ] bghq]k knf oqnonqshnm]k sn knf’ktc( X63“-

Sgd BgOS dwo]mrhnm b]m ad ]ookhdc sn sgd GUO enql e]bsnq Λ¯tc(
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Sgd MKN sdql ’31( hr hmcdodmcdms ne ]mx KDBr+ vghkd ]s MMKN svn KDBr ]ood]q hm Dp- ’32(+
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Sgtr+ vd g]ud ]cnosdc sgqdd chΠdqdms ffsshmf etmbshnmr+ vghbg+ adrhcdr chrbqdshy]shnm dΠdbsr+
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Lattice spacings from ' p , 3-4 % precision (2014)

619.0 (14.7)(4.9)(…) x 10-10 (statistical, fit differences, scale setting)

629.1 (13.7) 2019 update

(and variations (NNLO, ...))
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vgdqd+ enq sgd r]jd ne rhlokhbhsx+ Z=POδ ’tc( rs]mcr eqnl mnv nm enq Z=POδ ’tc(⟩K≥′ ’rdd Dpr- ’22,
23((- Sgd qdrtksr ne sgd bnlahmdc bghq]k dwsq]onk]shnm ]mc bnmshmttl khlhs nas]hmdc trhmf dhsgdq
Dp- ’36( nq Dp- ’37( ]qd rgnvm hm Ehfr- 03 ]mc 04+ qdrodbshudkx+ vhsg ]mc vhsgnts sgd trd ne sgd
DKL oqnbdctqd- Rhlhk]q qdrtksr ]qd nas]hmdc hm sgd b]rd ne sgd !eqdd knfr! ffsshmf etmbshnm ’38(-
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EHF- 039 U]ktdr ne sgd ”bnmmdbsdc( khfgs,pt]qi bnmsqhatshnm sn sgd ltnm GUO+ X4PH
δ %tc(+ bnqqdbsdc ax

EUDr ]mc du]kt]sdc trhmf dhsgdq kδ : kngxp
δ : 0/4 LdU ”kdes o]mdk( nq kδ : kDHL

δ ”qhfgs o]mdk(-
Sgd c]rgdc khmdr qdoqdrdms sgd ffsshmf etmbshnm ”36(+ vghbg hmbktcdr sgd MKN BgOS oqdchbshnm+ du]kt]sdc
]s d]bg u]ktd ne sgd k]sshbd ro]bhmf ne sgd DSLB dmrdlakdr- Sgd rnkhc khmdr qdoqdrdms sgd r]ld ffsshmf
etmbshnm hm sgd bnmshmttl khlhs- Sgd etkk ”nq]mfd( ch]lnmcr ]qd sgd u]ktdr dwsq]onk]sdc ]s sgd ogxrhb]k
ohnm onhms ]mc hm sgd bnmshmttl khlhs-
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EHF- 049 Sgd r]ld ]r hm Ehf- 03+ ats ]cnoshmf sgd ffsshmf etmbshnm ”37(+ vghbg hmbktcdr ]krn sgd MMKN
BgOS oqdchbshnm-

Hm sgd b]rd ne sgd MMKN ffsshmf etmbshnm ’37( vd fds sgd enkknvhmf u]ktdr enq sgd KDBr Jp8 ]mc

continuum limit



RBC/UKQCD-18 continuum limit ( MW )
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Rtookdldmsˆqx Hmenqlˆshnm z R5
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EHF- 4- Sgd a]qd k]sshbd hmsdfq]mc enq sgd khfgs,pt]qi bnm,
mdbsdc bnmsqhatshnm hm sgd hrnrohm rxlldsqhb khlhs enq sgd 37H
]mc 53H dmrdlakdr-

Ehmˆkkx+ vd rgnv sgd aˆqd kˆsshbd hmsdfqˆmc enq sgd 37H
ˆmc 53H dmrdlakdr hm Ehf- 4-

Z0“ A- Bg]iq]anqsx) B- S- G- C]uhdr) O- F- cd Nkhuhdq]) I- Jn,
onmdm) F- O- Kdo]fd) ]mc Q- R- U]m cd V]sdq) Ogxr- Qdu-

C64) /23405 ”1/06() ]qWhu905/0-/2/60 Zgdo,k]s“-
Z1“ L- Cdkk] Lnqsd) =- Eq]mbhr) U- Fztkodqr) F- Gdqcnıfiy])
F- unm Ghoodk) G- Gnqbg) A- Iz]fdq) G- A- Ldxdq)
=- Mx∆dkdq) ]mc G- Vhsshf) IGDO 0�) /1/ ”1/06()
]qWhu906/4-/0664 Zgdo,k]s“-

Z2“ R- Anqr]mxh ds Ti, ”Atc]odrs,L]qrdhkkd,Vtoodqs]k()
”1/06() ]qWhu90600-/387/ Zgdo,k]s“-

Z3“ C- Fhtrsh) U- Ktahby) F- L]qshmdkkh) E- R]mffkhoon) ]mc
R- Rhltk]) IGDO 0�) 046 ”1/06() ]qWhu906/6-/2/08 Zgdo,
k]s“-

Z4“ S- Aktl) O- =- Anxkd) S- Hytatbgh) K- Ihm) =- Iztssmdq)
B- Kdgmdq) J- L]ksl]m) L- L]qhminuhb) =- Onqsdkkh)
]mc L- Roq]ffr) Ogxr- Qdu- Kdss- 004) 121//1 ”1/05()
]qWhu90401-/8/43 Zgdo,k]s“-

Z5“ A- Bg]iq]anqsx ds Ti, ”Edqlhk]a K]sshbd) K=SSHBD,
GOPBC) LHKB() ”1/06() ]qWhu9060/-00101 Zgdo,k]s“-

Z6“ B- Kdgmdq) [Sgd g]cqnmhb u]bttl onk]qhy]shnm bnmsqhat,
shnm sn sgd ltnm ]mnl]kntr l]fmdshb lnldms)´ ”1/05()
QAQB Vnqirgno nm K]sshbd F]tfd Sgdnqhdr-

Z7“ R- Anqr]mxh) X- Encnq) S- J]v]m]h) R- Jqhdf) K- Kdk,
kntbg) Q- L]k]i) J- Lhtq]) J- J- Ry]an) B- Snq,
qdqn) ]mc A- Snsg) Ogxr- Qdu- C64) /634/6 ”1/06()
]qWhu90501-/1253 Zgdo,k]s“-

Z8“ U- Fztkodqr) =- Eq]mbhr) A- Iz]fdq) G- Ldxdq) F- unm
Ghoodk) ]mc G- Vhsshf) Lpnaddchmer) 21mc FmsdpmTshnmTi
Pulonrhtl nm ITsshad 4hdic Sgdnpu �ITsshad 1.03() OnR
I9SSEAD1�02) 017 ”1/03() ]qWhu90300-6481 Zgdo,k]s“-

Z0/“ E- Idfdqkdgmdq) []kog]PDCb06)´ ”1/06(-

FTRJU$(ETJH.(HJM.(EJL.(V.$S$EI-10 (?8789?89:7&G$a4G$?:7&0$?0889+=.

• 1.730 GeV results differ by a few percent from continuum limit
• 2.7 GeV lattice underway to compliment 1.730, and 2.369 GeV 

aµ+ 𝑎2

Add a
�1 = 2.77 GeV lattice spacing

I Third lattice spacing for strange data (a�1 = 2.77 GeV with
m⇡ = 234 MeV with sea light-quark mass corrected from global fit):
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In this figure, we have attempted a linear fit in a2. The p value of all shown
fits is good and does not resolve the a4 or a2 log(a2) coe�cients from zero. We
can, however, allow them to be included in the fit (for now just a4), which
significantly increases the uncertainty of the extrapolation
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A better way to study the quality of agreement of di�erent discretizations
is to look at correlated di�erences between the di�erent methods on the same
ensemble. In these di�erences virtually all statistical noise cancels

4

I For light quark need new ensemble at physical pion mass. Started
run on Summit Machine at Oak Ridge in 2019 (a�1 = 2.77 GeV
with m⇡ = 139 MeV); this run uses GPT for MG evecs and HVP

strange quark



PACS-19 continuum limit ( MX )
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rRPHEN 8# YHGBffi zNCNAzNAyN BO )tQI C
/ fliUvG“ELHḠ “GBC¯fi )tQI C

/ flrUvG“ELHḠ “VRzzUN¯ wAz )tQI C
/ flyUvG“ELHḠ

“xBGGBV¯ RA “bfib¯ wAz “Yfib¯ yQwAANUF JRGQ ELHG ≡ 2!4 OV– jQN NKGEwCBUwGNz ENFHUG RA GQN
yBAGRAHHV URVRG “zRwVBAz¯ QwF GJB TRAzF BO NEEBEF# RAANE BAN RF FGwGRFGRywU wAz BHGNE BAN zNABGNF
GQN GBGwU NEEBE RAyUHzRAP GQN FLFGNVwGRy NEEBE NKCUwRANz RA GQN GNKG–

04

673 (9) (11) x 10-10 (statistical, constant v. linear)

a (4#.

)cut = 3.5 fmUnimproved local and conserved currents,

aµ (+𝑎)

constant fit justified?
2.33 and 3.09 GeV lattices



Aubin, et al.-20 continuum limit ( f! + w! , from FHM 19)
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FLE$(HI.(L.(L.$S$EI-10

W8789?89:7&G$*6$498G$?:7&0$?0889+=$(9+:&'N0?$B6X$87?80$D507A9+=$(7+N$Y2.$:"550:89"+?.

! µ +𝑎2

• taste symmetry breaking large
• corrected at NLO in S! PT

Fit
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EHF- 39 Bnmshmttl khlhs ne sgd ltnm ˆmnlˆkx ˆesdq bnqqdbshmf sgd cˆsˆ sn hmffmhsd unktld vhsg

MKN rsˆffdqdc bghqˆk odqstqaˆshnm sgdnqx ”atqrsr(+ oktr sˆrsd bnqqdbshnmr ”bhqbkdr(+ oktr ohnm lˆrr

qd,stmhmf ”sqhˆmfkdr(- Sgd tmbnqqdbsdc kˆsshbd cˆsˆ ”rptˆqdr( hr rgnvm enq bnloˆqhrnm-

T ”el( vhmcnv 0 vhmcnv 1 vhmcnv 2 vhmcnv 0” ]t( vhmcnv 1” ]t( vhmcnv 2 ” ]t(

/-01010”53( 1/0-/6”45( 075-32”40( 2/7-21”83( 083-01”44( 068-21”38( 2//-1/”82(

/-/7676”35( 1/4-84”55( 080-78”58( 208-05”0-33( 1/1-11”54( 076-84”57( 203-68”0-31(

/-/4573”2/( 1/6-02”81( 082-80”0-/1( 213-26”1-3/( 1/4-44”80( 081-07”0-/1( 211-41”1-28(

/ 1/8-67”85( 085-71”0-/2( 218-88”1-14( 1/8-58”84( 085-41”0-/1( 218-74”1-13(

S=AKD HU9 GUO bnmsqhatshnmr sn sgd ltnm ˆmnlˆkx+ hm tmhsr ne 0/�0++ eqnl sgd vhmcnv ldsgnc

vhsg vhmcnvr 0+ 1+ ˆmc 2+ ”p+. p0.�( ; ”/!3. 0!/. /!04(+ ”/-3+0-/+/-2(+ ˆmc ”/-3+0-2+/-04(+ qdrodbshudkx-

]t qdedqr sn sgd vdhfgshmf etmbshnm ”00( hm Dp- ”0/(-

ˆkknvr ˆ oqdbhrd qdfhld sn dwoknqd ˆmc tmcdqrsˆmc chrbqdshyˆshnm d! dbsr- Gdqd vd ˆkrn hfmnqd

lˆrr qd,stmhmfr ˆmc " mhsd unktld d! dbsr adbˆtrd sgdx gˆud ˆ mdfkhfhakd d! dbs+ vhsg sgd

svn,ohnm rsˆsd cnlhmˆshmf nmkx ˆs knmf chrsˆmbd ’ˆm dwokhbhs bgdbj qdudˆkr sghr ˆrrdqshnm sn

ad sqtd(- Gnvdudq+ vd cn hmudrshfˆsd sˆrsd,aqdˆjhmf d! dbsr rhmbd sgdrd ˆqd rhfmh" bˆms- Sgd

knvdq svn btqudr hm Ehf- 5 bnqqdronmc sn tmbnqqdbsdc cˆsˆ onhmsr ˆmc vdhfgshmf etmbshnmr t

1/

FV

FV + taste

FV + taste + " p mis-tuning
no correction



FHM 19 continuum limit ( fp + w0) 0/

EHF­ 8­ K‘sshbd,ro‘bhmf cdodmcdmbd ne ℓkk
λ’bnmm9( adenqd

’nodm aktd rpt‘qdr( ‘mc ‘esdq ’ffkkdc qdc bhqbkdr( ffmhsd,unktld+
s‘rsd,aqd‘jhmf+ ‘mc Lξ bnqqdbshnmr ‘qd ‘ookhdc­ Sgd gnqhynm,
s‘k khfgs,qdc a‘mc ‘mc qdc cnssdc khmd rgnv sgd bnmshmttl,
khlhs qdrtks ℓkk

λ’bnmm9( ¡ 52697’797( nas‘hmdc ax ffsshmf sgd
bnqqdbsdc c‘s‘ onhmsr vhsg sgd etmbshnm hm Dp­ ’2­0(­

tmbdqs‘hmshdr sn sgd mds ffmhsd,unktld ‘mc s‘rsd,aqd‘jhmf
bnqqdbshnmr nm ansg ℓkkλ’bnmm9( ‘mc sgd S‘xknq bndflbhdmsr­
Qdedqdmbd Z14“ ‘rrhfmdc 0/$ tmbdqs‘hmshdr sn sgdrd bnq,
qdbshnmr­ Vd trd ‘ k‘qfdq tmbdqs‘hmsx gdqd adb‘trd ne sgd
mdv rntqbdr ne ffmhsd,unktld dqqnq+ ‘rrnbh‘sdc vhsg π o‘,
q‘ldsdqr+ sg‘s chc mns ‘qhrd hm sgd d‘qkhdq ‘m‘kxrhr ’rdd
chrbtrrhnm ‘anud(­ Sgdrd tmbdqs‘hmshdr ‘qd hmbktcdc hm
sgd dqqnqr nm sgd bnqqdbsdc qdrtksr khrsdc hm S‘akd HHH ‘mc
rgnvm hm Ehf­ 8­

Ehftqd 8 rgnvr sgd k‘sshbd,ro‘bhmf cdodmcdmbd ne
ℓkkλ’bnmm9( adenqd ‘mc ‘esdq ansg k‘sshbd ‘mc Lξ bnq,
qdbshnmr g‘ud addm ‘ookhdc sn sgd qdrtksr nas‘hmdc hm
Rdb­ HHH A+ vghkd S‘akd HHH fhudr sgd mtldqhb‘k u‘ktdr­ Sgd
mds bnqqdbshnmr q‘mfd eqnl ‘ants *00$ ‘s ℓ ∼ /904 el sn
‘ants *4$ ‘s ℓ ∼ /9/5 el­ Adenqd bnqqdbshnmr+ sgd c‘s‘
chrok‘x ‘ k‘qfd mdf‘shud rknod hm ℓ1­ Sghr hr pthsd tmkhjd
vg‘s v‘r rddm enq sgd r,pt‘qj bnmmdbsdc bnmsqhatshnm sn
ℓGUO.KN
λ hm Qde­ Z08“+ vghbg ‘krn trdc sgd GHRP ‘bshnm ‘mc

rnld ne sgd r‘ld f‘tfd,ffdkc dmrdlakdr ‘r vd trd­ Sgdqd
sgd u‘qh‘shnm vhsg k‘sshbd ro‘bhmf+ eqnl ℓ ∼ /904 el sn
sgd bnmshmttl+ v‘r nmkx /­4$­ Lnrs k‘sshbd,ro‘bhmf ‘q,
she‘bsr ‘qd k‘qfdq enq r,pt‘qjr sg‘m enq t<c,pt‘qjr+ ats
s‘rsd,rokhsshmfr ‘qd ltbg k‘qfdq enq ohnmr sg‘m enq j‘nmr­
Gdmbd sgd k‘qfd k‘sshbd,ro‘bhmf cdodmcdmbd rddm gdqd+ ad,
enqd bnqqdbshnmr ‘qd l‘cd+ ‘qd ‘klnrs bdqs‘hmkx ctd sn
s‘rsd,rokhsshmfr hm sgd ohnm l‘rrdr Z14“­ Sgdrd rgntkc ad
fqd‘skx qdctbdc ax ntq bnqqdbshnmr vghbg ‘bbntms enq sgd
kd‘chmf dΩdbsr eqnl s‘rsd rokhsshmf­ Hmcddc+ Ehf­ 8 rgnvr
mn duhcdmbd ‘s ‘kk ne ℓ1 cdodmcdmbd hm ntq bnqqdbsdc c‘s‘­
Sgd e‘bs sg‘s ntq bnlahmdc ffmhsd,unktld ‘mc chrbqdshy‘,
shnm bnqqdbshnmr qdlnud sgd c‘s‘&r k‘sshbd,ro‘bhmf cdodm,
cdmbd hr odqg‘or sgd rsqnmfdrs duhcdmbd sg‘s ntq lncdk
enq drshl‘shmf sgdrd dΩdbsr bnqqdbskx cdrbqhadr sgd ogxrhbr
sg‘s tmcdqkhdr ntq mtldqhb‘k rhltk‘shnmr­

Vd dwsq‘onk‘sd sgd bnqqdbsdc u‘ktdr hm Ehf­ 8 sn sgd
bnmshmttl khlhs trhmf sgd enkknvhmf ffs etmbshnm+ vghbg

‘kknvr enq qdrhct‘k ℓ1 ‘mc pt‘qj,l‘rr dqqnqr adxnmc sgd
bnqqdbshnmr chrbtrrdc ‘anud9

ℓkkλ’k‘ss9( ¡ ℓkkλ’bnmm9(

]

⎞0 * br
⎠

e¡k.k.r.b

γle

Θ
* bℓ0

’ℓΘ(1

ξ1

⎛

⎝ 9

’2­0(

Gdqd γle ≍ le�logxr
e + ‘mc Θ ¡ /94 FdU hr ne nqcdq sgd

PBC rb‘kd­ Sghr hr rhlhk‘q sn sgd ffs etmbshnm dloknxdc
hm Qde­ Z14“+ dwbdos sg‘s vd mn knmfdq hmbktcd sdqlr sn
dwsq‘onk‘sd hm sgd u‘kdmbd,pt‘qj l‘rr adb‘trd ‘kk ne ntq
c‘s‘ ‘qd ‘s sgd ogxrhb‘k khfgs,pt‘qj l‘rr­ Sgd ffqrs sdql
hm o‘qdmsgdrdr ‘citrsr enq rl‘kk rd‘,pt‘qj l‘rr lhrstm,
hmf+ vghkd sgd rdbnmc qdlnudr qdrhct‘k chrbqdshy‘shnm dq,
qnqr: vd dloknx oqhnqr enq sgd bndflbhdmsr9 br ¡ /9/’2(
‘mc bℓ0 ¡ /’0(­ Sgd u‘ktdr ne ℓkkλ’bnmm9( nm d‘bg dm,
rdlakd ‘qd rs‘shrshb‘kkx hmcdodmcdms: vd hmbktcd hm ntq
ffs bnqqdk‘shnmr adsvddm sgd svn ℓ ∼ /904 el dmrdlakdr
eqnl trhmf sgd r‘ld YU + ‘mc adsvddm ‘kk dmrdlakdr eqnl
sgd bnllnm u‘ktd ne v/ trdc sn bnmudqs k‘sshbd,ro‘bhmf
tmhsr sn FdU­
Ehsshmf ntq etkk c‘s‘ rds sn Dp­ ’2­0(+ vd nas‘hm

ℓkkλ’bnmm9( ¡ 52697’797(.

br ¡ /9//’2/(.

bℓ0 ¡ �/9/6’72(. ’2­1(

vhsg ‘ φ1<c9n9e9 ¡ /9/3 ‘mc o ¡ 0­ Sgd ffs onrsdqhnqr
enq ansg br ‘mc bℓ0 ‘qd bnmrhrsdms vhsg ydqn+ ‘r dwodbsdc
adb‘trd ne sgd bnqqdbshnmr ‘ookhdc sn sgd c‘s‘ adenqd dw,
sq‘onk‘shnm­ Mnsd sg‘s bℓ0 ¡ �4’0( enq sgd q‘v u‘ktdr hm
Ehf­ 8­

Sn rstcx sgd rs‘ahkhsx ne sgd u‘ktdr ‘mc dqqnqr hm
Dp­ ’2­1(+ vd bnmrhcdq ‘ mtladq ne ffs u‘qh‘shnmr hmbktc,
hmf ‘cchmf ghfgdq,nqcdq sdqlr hm ℓ1 ‘mc γle + cntakhmf
sgd oqhnq vhcsgr nm sgd ffs o‘q‘ldsdqr+ ‘mc nlhsshmf sgd
svn bn‘qrdrs dmrdlakdr­ Vd rgnv qdrtksr enq ℓkkλ’bnmm9(
enq rdudq‘k ne sgdrd u‘qh‘shnmr hm Ehf­ 0/­ Lnrs u‘qh‘shnmr
chΩdq nmkx rkhfgskx eqnl ntq nqhfhm‘k ffs­ Sgd bdmsq‘k u‘k,
tdr u‘qx ax mn lnqd sg‘m 05$ ne ‘ rs‘mc‘qc cduh‘shnm+
vghkd sgd tmbdqs‘hmshdr u‘qx ax ‘s lnrs 3/$ ne ‘ rs‘mc‘qc
cduh‘shnm­ Sgd ffsr ‘qd dwbdkkdms+ vhsg φ1<c9n9e9 , /90 hm
d‘bg b‘rd­ Sgd rs‘ahkhsx dwghahsdc ax sgdrd qdrtksr rtffdrs
sg‘s ntq ffs dqqnq ‘bbntmsr enq sgd rxrsdl‘shb tmbdqs‘hm,
shdr ‘rrnbh‘sdc vhsg sgd bnmshmttl dwsq‘onk‘shnm­ Sgd
shmx φ1 u‘ktdr rtffdrs sg‘s ntq rxrsdl‘shb dqqnqr ‘qd+ he
‘mxsghmf+ nudqdrshl‘sdc­

Vd enkknv sgd r‘ld oqnbdctqd sn ‘m‘kxyd sgd rknod
‘mc btqu‘stqd ne sgd qdmnql‘khydc u‘bttl onk‘qhy‘,
shnm+ ffqrs ‘ookxhmf ffmhsd,unktld ‘mc s‘rsd,aqd‘jhmf
chrbqdshy‘shnm bnqqdbshnmr+ ‘mc sgdm dwsq‘onk‘shmf sn
sgd bnmshmttl khlhs trhmf Dp­ ’2­0(­ Vd nas‘hm
bnmshmttl,khlhs u‘ktdr ne Ξkk

0 ’bnmm9( ¡ /9/821’03(FdU1

‘mc Ξkk
1 ’bnmm9( ¡ �/91/78’53(FdU3­ Sgd o u‘ktdr ne sgd

ffsr ‘qd 0­/ ‘mc /­7+ qdrodbshudkx­ Sgd ffs u‘ktdr enq bℓ0
‘qd /9/1’76( ‘mc /912’87( enq Ξ0 ‘mc Ξ1+ qdrodbshudkx:
ansg ‘qd bnmrhrsdms vhsg ydqn ‘mc rhlhk‘q sn vg‘s vd

0/

EHF­ 8­ K‘sshbd,ro‘bhmf cdodmcdmbd ne ℓkk
λ’bnmm9( adenqd

’nodm aktd rpt‘qdr( ‘mc ‘esdq ’ffkkdc qdc bhqbkdr( ffmhsd,unktld+
s‘rsd,aqd‘jhmf+ ‘mc Lξ bnqqdbshnmr ‘qd ‘ookhdc­ Sgd gnqhynm,
s‘k khfgs,qdc a‘mc ‘mc qdc cnssdc khmd rgnv sgd bnmshmttl,
khlhs qdrtks ℓkk

λ’bnmm9( ¡ 52697’797( nas‘hmdc ax ffsshmf sgd
bnqqdbsdc c‘s‘ onhmsr vhsg sgd etmbshnm hm Dp­ ’2­0(­

tmbdqs‘hmshdr sn sgd mds ffmhsd,unktld ‘mc s‘rsd,aqd‘jhmf
bnqqdbshnmr nm ansg ℓkkλ’bnmm9( ‘mc sgd S‘xknq bndflbhdmsr­
Qdedqdmbd Z14“ ‘rrhfmdc 0/$ tmbdqs‘hmshdr sn sgdrd bnq,
qdbshnmr­ Vd trd ‘ k‘qfdq tmbdqs‘hmsx gdqd adb‘trd ne sgd
mdv rntqbdr ne ffmhsd,unktld dqqnq+ ‘rrnbh‘sdc vhsg π o‘,
q‘ldsdqr+ sg‘s chc mns ‘qhrd hm sgd d‘qkhdq ‘m‘kxrhr ’rdd
chrbtrrhnm ‘anud(­ Sgdrd tmbdqs‘hmshdr ‘qd hmbktcdc hm
sgd dqqnqr nm sgd bnqqdbsdc qdrtksr khrsdc hm S‘akd HHH ‘mc
rgnvm hm Ehf­ 8­

Ehftqd 8 rgnvr sgd k‘sshbd,ro‘bhmf cdodmcdmbd ne
ℓkkλ’bnmm9( adenqd ‘mc ‘esdq ansg k‘sshbd ‘mc Lξ bnq,
qdbshnmr g‘ud addm ‘ookhdc sn sgd qdrtksr nas‘hmdc hm
Rdb­ HHH A+ vghkd S‘akd HHH fhudr sgd mtldqhb‘k u‘ktdr­ Sgd
mds bnqqdbshnmr q‘mfd eqnl ‘ants *00$ ‘s ℓ ∼ /904 el sn
‘ants *4$ ‘s ℓ ∼ /9/5 el­ Adenqd bnqqdbshnmr+ sgd c‘s‘
chrok‘x ‘ k‘qfd mdf‘shud rknod hm ℓ1­ Sghr hr pthsd tmkhjd
vg‘s v‘r rddm enq sgd r,pt‘qj bnmmdbsdc bnmsqhatshnm sn
ℓGUO.KN
λ hm Qde­ Z08“+ vghbg ‘krn trdc sgd GHRP ‘bshnm ‘mc

rnld ne sgd r‘ld f‘tfd,ffdkc dmrdlakdr ‘r vd trd­ Sgdqd
sgd u‘qh‘shnm vhsg k‘sshbd ro‘bhmf+ eqnl ℓ ∼ /904 el sn
sgd bnmshmttl+ v‘r nmkx /­4$­ Lnrs k‘sshbd,ro‘bhmf ‘q,
she‘bsr ‘qd k‘qfdq enq r,pt‘qjr sg‘m enq t<c,pt‘qjr+ ats
s‘rsd,rokhsshmfr ‘qd ltbg k‘qfdq enq ohnmr sg‘m enq j‘nmr­
Gdmbd sgd k‘qfd k‘sshbd,ro‘bhmf cdodmcdmbd rddm gdqd+ ad,
enqd bnqqdbshnmr ‘qd l‘cd+ ‘qd ‘klnrs bdqs‘hmkx ctd sn
s‘rsd,rokhsshmfr hm sgd ohnm l‘rrdr Z14“­ Sgdrd rgntkc ad
fqd‘skx qdctbdc ax ntq bnqqdbshnmr vghbg ‘bbntms enq sgd
kd‘chmf dΩdbsr eqnl s‘rsd rokhsshmf­ Hmcddc+ Ehf­ 8 rgnvr
mn duhcdmbd ‘s ‘kk ne ℓ1 cdodmcdmbd hm ntq bnqqdbsdc c‘s‘­
Sgd e‘bs sg‘s ntq bnlahmdc ffmhsd,unktld ‘mc chrbqdshy‘,
shnm bnqqdbshnmr qdlnud sgd c‘s‘&r k‘sshbd,ro‘bhmf cdodm,
cdmbd hr odqg‘or sgd rsqnmfdrs duhcdmbd sg‘s ntq lncdk
enq drshl‘shmf sgdrd dΩdbsr bnqqdbskx cdrbqhadr sgd ogxrhbr
sg‘s tmcdqkhdr ntq mtldqhb‘k rhltk‘shnmr­

Vd dwsq‘onk‘sd sgd bnqqdbsdc u‘ktdr hm Ehf­ 8 sn sgd
bnmshmttl khlhs trhmf sgd enkknvhmf ffs etmbshnm+ vghbg

‘kknvr enq qdrhct‘k ℓ1 ‘mc pt‘qj,l‘rr dqqnqr adxnmc sgd
bnqqdbshnmr chrbtrrdc ‘anud9

ℓkkλ’k‘ss9( ¡ ℓkkλ’bnmm9(

]

⎞0 * br
⎠

e¡k.k.r.b

γle

Θ
* bℓ0

’ℓΘ(1

ξ1

⎛

⎝ 9

’2­0(

Gdqd γle ≍ le�logxr
e + ‘mc Θ ¡ /94 FdU hr ne nqcdq sgd

PBC rb‘kd­ Sghr hr rhlhk‘q sn sgd ffs etmbshnm dloknxdc
hm Qde­ Z14“+ dwbdos sg‘s vd mn knmfdq hmbktcd sdqlr sn
dwsq‘onk‘sd hm sgd u‘kdmbd,pt‘qj l‘rr adb‘trd ‘kk ne ntq
c‘s‘ ‘qd ‘s sgd ogxrhb‘k khfgs,pt‘qj l‘rr­ Sgd ffqrs sdql
hm o‘qdmsgdrdr ‘citrsr enq rl‘kk rd‘,pt‘qj l‘rr lhrstm,
hmf+ vghkd sgd rdbnmc qdlnudr qdrhct‘k chrbqdshy‘shnm dq,
qnqr: vd dloknx oqhnqr enq sgd bndflbhdmsr9 br ¡ /9/’2(
‘mc bℓ0 ¡ /’0(­ Sgd u‘ktdr ne ℓkkλ’bnmm9( nm d‘bg dm,
rdlakd ‘qd rs‘shrshb‘kkx hmcdodmcdms: vd hmbktcd hm ntq
ffs bnqqdk‘shnmr adsvddm sgd svn ℓ ∼ /904 el dmrdlakdr
eqnl trhmf sgd r‘ld YU + ‘mc adsvddm ‘kk dmrdlakdr eqnl
sgd bnllnm u‘ktd ne v/ trdc sn bnmudqs k‘sshbd,ro‘bhmf
tmhsr sn FdU­
Ehsshmf ntq etkk c‘s‘ rds sn Dp­ ’2­0(+ vd nas‘hm

ℓkkλ’bnmm9( ¡ 52697’797(.

br ¡ /9//’2/(.

bℓ0 ¡ �/9/6’72(. ’2­1(

vhsg ‘ φ1<c9n9e9 ¡ /9/3 ‘mc o ¡ 0­ Sgd ffs onrsdqhnqr
enq ansg br ‘mc bℓ0 ‘qd bnmrhrsdms vhsg ydqn+ ‘r dwodbsdc
adb‘trd ne sgd bnqqdbshnmr ‘ookhdc sn sgd c‘s‘ adenqd dw,
sq‘onk‘shnm­ Mnsd sg‘s bℓ0 ¡ �4’0( enq sgd q‘v u‘ktdr hm
Ehf­ 8­

Sn rstcx sgd rs‘ahkhsx ne sgd u‘ktdr ‘mc dqqnqr hm
Dp­ ’2­1(+ vd bnmrhcdq ‘ mtladq ne ffs u‘qh‘shnmr hmbktc,
hmf ‘cchmf ghfgdq,nqcdq sdqlr hm ℓ1 ‘mc γle + cntakhmf
sgd oqhnq vhcsgr nm sgd ffs o‘q‘ldsdqr+ ‘mc nlhsshmf sgd
svn bn‘qrdrs dmrdlakdr­ Vd rgnv qdrtksr enq ℓkkλ’bnmm9(
enq rdudq‘k ne sgdrd u‘qh‘shnmr hm Ehf­ 0/­ Lnrs u‘qh‘shnmr
chΩdq nmkx rkhfgskx eqnl ntq nqhfhm‘k ffs­ Sgd bdmsq‘k u‘k,
tdr u‘qx ax mn lnqd sg‘m 05$ ne ‘ rs‘mc‘qc cduh‘shnm+
vghkd sgd tmbdqs‘hmshdr u‘qx ax ‘s lnrs 3/$ ne ‘ rs‘mc‘qc
cduh‘shnm­ Sgd ffsr ‘qd dwbdkkdms+ vhsg φ1<c9n9e9 , /90 hm
d‘bg b‘rd­ Sgd rs‘ahkhsx dwghahsdc ax sgdrd qdrtksr rtffdrs
sg‘s ntq ffs dqqnq ‘bbntmsr enq sgd rxrsdl‘shb tmbdqs‘hm,
shdr ‘rrnbh‘sdc vhsg sgd bnmshmttl dwsq‘onk‘shnm­ Sgd
shmx φ1 u‘ktdr rtffdrs sg‘s ntq rxrsdl‘shb dqqnqr ‘qd+ he
‘mxsghmf+ nudqdrshl‘sdc­

Vd enkknv sgd r‘ld oqnbdctqd sn ‘m‘kxyd sgd rknod
‘mc btqu‘stqd ne sgd qdmnql‘khydc u‘bttl onk‘qhy‘,
shnm+ ffqrs ‘ookxhmf ffmhsd,unktld ‘mc s‘rsd,aqd‘jhmf
chrbqdshy‘shnm bnqqdbshnmr+ ‘mc sgdm dwsq‘onk‘shmf sn
sgd bnmshmttl khlhs trhmf Dp­ ’2­0(­ Vd nas‘hm
bnmshmttl,khlhs u‘ktdr ne Ξkk

0 ’bnmm9( ¡ /9/821’03(FdU1

‘mc Ξkk
1 ’bnmm9( ¡ �/91/78’53(FdU3­ Sgd o u‘ktdr ne sgd

ffsr ‘qd 0­/ ‘mc /­7+ qdrodbshudkx­ Sgd ffs u‘ktdr enq bℓ0
‘qd /9/1’76( ‘mc /912’87( enq Ξ0 ‘mc Ξ1+ qdrodbshudkx:
ansg ‘qd bnmrhrsdms vhsg ydqn ‘mc rhlhk‘q sn vg‘s vd

with priors on *s and *a
2
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S@AKD HU! Dqqnq at cf dsr enq sgd NÕΩ1( khf gs,pt Ôqj ,bnmmdbsdc bnmsqhat shnm+ sgd kdÔchmf SÔxknq bndß bhdmsr ne sgd uÔbt t l ,
onkÔqhyÔshnmet mbshnmÔmc sgd l t nmÔmnl Ôkx hmsgd hrnrohm,rxl l dsqhb khl hs v hsgnt s dkdbsqnl Ôf mdshrl ! Rnt qbdr net mbdqsÔhmsx
sgÔs v dqd bnmrhcdqdc+at s ent mc sn gÔud dqqnq bnmsqhat shnmr , / 9/ 4$ +Ôqd mns rgnv m!

Rnt qbd ℓkk
! Õbnmm9( Õ$ ( " kk

0 Õbnmm9( Õ$ ( " kk
1 Õbnmm9( Õ$ (

KÔsshbd,roÔbhmf Õℓ� 0 ( t mbdqsÔhmsx / !7 / !7 / !8
L nmsd BÔqkn rsÔshrshbr / !6 / !7 0!1
Bnmshmt t l Õℓ ! / ( dwsqÔonkÔshnm / !6 / !6 / !7
Ehmhsd,unkt l d Ômc chrbqdshyÔshnmbnqqdbshnmr / !5 / !6 1!4
Bt qqdms qdmnql ÔkhyÔshnmÕYU ( / !0 / !0 / !0
BghqÔkÕl k( hmsdqonkÔshnm / !0 / !0 / !/
RdÔÕl r ( Ôcit rsl dms / !0 / !0 / !0
SnsÔk 0!3$ 0!4$ 2!0$

/ !/ 8 / !/ 84

AL V
0501!/ 1253

QAB. TJ PBC
07/ 0!/ 6113

DSL
07/ 7!/ / 776

EM@K. GOPBC
. L HKB 1/ 08

! kk
0 ÕF dU(� 1

/ !05 / !07 / !1 / !11

� ! kk
1 ÕF dU(� 3

EHF ! 01! Bnl oÔqhrnmnent qqdrt ksr hmDpr! Õ3!1( Ômc Õ3!2( enq
sgd khf gs,pt Ôqj bnmmdbsdc bnmsqhat shnmsn sgd rknod Ômc bt q,
uÔst qd ne !" ÕP 1( v hsg ot akhrgdc t mpt dmbgdc kÔsshbd,PBC qd,
rt ksr eqnl Qder! Z04+30+37Ò! @kkuÔkt dr bnqqdronmc sn hrnrohm,
rxl l dsqhb PBC v hsgnt s dkdbsqnl Ôf mdshrl ! Mnsd sgÔs v d
l t kshokhdc sgd SÔxknq bndß bhdmsr pt nsdc hmQder! Z30+37Òax
sgd bgÔqf d eÔbsnq p1

t * p1
c Á 4<8 rn sgÔs sgdx bnqqdronmc sn

nt q mnql ÔkhyÔshnmbnmudmshnm!

A - Hrnrohm,aqdYi hmf � dkdbsqnl Yf mdshb� Ymc
pt Yqi ,c hrbnmmdbsdc bnmsqhat shnmr

Sn ad ‘akd sn bnlo‘qd ntq sns‘k rtlldc nudq ‘kk pt‘qj
fi‘unqr vhsg dwodqhldms+ vd mddc sn bnqqdbs ntq qdrtks
enq ℓkk

! ’bnmm9( ZDp! ’3!0(“ enq bnmsqhatshnmr ctd sn rsqnmf,
hrnrohm aqd‘jhmf+ PDC d" dbsr+ ‘mc khfgs,pt‘qj chrbnm,
mdbsdc bnmsqhatshnmr! Vd vhkk cn sghr hm entq rsdor! Ehqrs+
vd vhkk bnmrhcdq sgdrd bnqqdbshnmr enq itrs ch‘fq‘lr vhsg
ξξ hmsdqldch‘sd rs‘sdr adb‘trd sgdx b‘m ad b‘kbtk‘sdc
qdkh‘akx eqnl sgd bghq‘k lncdk trdc hm Rdb! HHH B! Mdws+
vd vhkk dw‘lhmd rdo‘q‘sdkx sgd qdl‘hmhmf bnqqdbshnmr
eqnl chrbnmmdbsdc ch‘fq‘lr+ rsqnmf hrnrohm aqd‘jhmf+
‘mc PDC! Sn drshl‘sd sgdrd bnmsqhatshnmr+ vd qdkx nm
ntq nvm k‘sshbd,PBC b‘kbtk‘shnmr vgdm ‘u‘hk‘akd+ lnc,
dkr+ ‘mc ogdmnldmnknfx+ ‘mc s‘jd fdmdqntr tmbdqs‘hmshdr
sn bnudq qntfgkx sgd roqd‘c ne u‘ktdr hm sgd khsdq‘stqd!

S‘akd U rtll‘qhydr ntq drshl‘sdr ne sgd bnqqdbshnmr sn
ℓGUO.KN

! + # GUO.KN
0 + ‘mc # GUO.KN

1 eqnl sgd nlhrrhnm ne
sgdrd d" dbsr!

0­ ξξ bnqqdbshnmr

@ k‘qfd o‘qs ne sgd hrnrohm+ dkdbsqnl‘fmdshb+ ‘mc pt‘qj,
chrbnmmdbsdc bnqqdbshnmr bnldr eqnl ch‘fq‘lr hm Ehf! 0
vhsg ξξ hmsdqldch‘sd rs‘sdr! Sgdrd bnqqdbshnmr b‘m ad
drshl‘sdc trhmf sgd kd‘chmf sdql hm ntq bghq‘k lncdk! @r
chrbtrrdc hm Rdb! HHH B+ sgd bghq‘k lncdk fhudr ‘m dwbdk,
kdms cdrbqhoshnm ne sgd $mhsd,unktld ‘mc s‘rsd,aqd‘jhmf
chrbqdshy‘shnm d" dbsr hm ntq mtldqhb‘k c‘s‘+ ‘mc rgntkc
sgdqdenqd ‘krn ad qdkh‘akd gdqd!

Adb‘trd ne rohm,rs‘shrshbr+ sgdqd hr mn ξ/ξ/ bnmsqhatshnm
sn ℓGUO.KN

! ! Gdmbd sgd ξ/ξ/ ohdbdr ltrs b‘mbdk adsvddm
bnmmdbsdc ‘mc chrbnmmdbsdc ch‘fq‘lr! Sghr kd‘udr otqdkx
‘ ξ*ξ� bnmsqhatshnm+ rn hs hr bkd‘q sg‘s vd rgntkc trd sgd
ξ* l‘rr vgdm b‘kbtk‘shmf bnqqdbshnmr sn ntq k‘sshbd,PBC
qdrtks enq ℓGUO.KN

! Z14“!
Hm Rdb! HHH B+ trhmf ntq bghq‘k lncdk+ vd qdlnudc sgd

bnmshmttl pt‘qj,bnmmdbsdc bnmsqhatshnm sn ℓkk
! ’bnmm9(

eqnl β ← ξ*ξ� ← β vhsg sgd ohnm l‘rr rds dpt‘k sn
sgd rhltk‘shnm qdrtks enq sgd Fnkcrsnmd ohnm+ ‘mc sgdm
qdhmsqnctbdc hs vhsg sgd ohnm l‘rr rds dpt‘k sn L " + !
Sghr hr ‘m ‘qsh$bh‘k bgnhbd cdrhfmdc sn xhdkc ‘ qdrtks enq
ℓkk

! ’bnmm9( hm ‘ vnqkc vhsg dpt‘k t , ‘mc c,pt‘qj l‘rrdr
‘mc vhsgnts ognsnmr! Mnv+ vd b‘m trd ntq bghq‘k lncdk
sn rtasq‘bs sgd bnmshmttl pt‘qj,bnmmdbsdc ξξ bnmsqh,
atshnm vhsg sgd ohnm l‘rr rds dpt‘k sn L " + + ‘mc ‘cc
sgd pt‘qj,bnmmdbsdc bnmsqhatshnm vhsg sgd ohnm l‘rr rds
dpt‘k sn L " � ¡ 028946/07’24( LdU Z36“! Sghr xhdkcr enq
sgd o‘qs ne hrnrohm,aqd‘jhmf.dkdbsqnl‘fmdshb bnqqdbshnm
bnlhmf eqnl sgd ξ/ξ* l‘rr ch" dqdmbd

%ℓ" "
! ’L " + ← L " � ( ¡ � 392 á 0/� 0/ 9 ’3!3(

Sghr bnqqdbshnm ‘kqd‘cx s‘jdr b‘qd ne rnld PDC d" dbsr
adb‘trd sgd ch" dqdmbd adsvddm sgd ξ* ‘mc ξ/ l‘rrdr
bnldr k‘qfdkx eqnl PDC!

Mdws+ vd b‘kbtk‘sd sgd bnmsqhatshnm sn ℓGUO.KN
! eqnl

pt‘qj,chrbnmmdbsdc ch‘fq‘lr hm Ehf! 0 vhsg ξξ hmsdqld,
ch‘sd rs‘sdr! Adb‘trd sgd ξξ bnmsqhatshnm ‘ood‘qr nmkx

637.8 (8.8) x 10-10 • Large taste corrections subtracted
• "!

2 = -0.07(83),  residual ! 2  effects tiny (0.1% at 0.15 fm)
• "#= 0.00(30)
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Ehf t qd 1/ 9 Bnmshmt t l dwsq] onk] shnmr ne sgd bnmsqhat shnmr sn v +L ! - Eqnl sno sn anssnl 9 hrnrohm,
rxl l dsqhb+dkdbsqnl ] f mdshb u] kdmbd,u] kdmbd+rd] ,u] kdmbd ] mc rd] ,rd] bnl onmdms- Sgd qdrt ksr ] qd l t ksh,
okhdc ax 0+3<TL ! [−- Enqsgd cd! mhshnmr nesgd bnl onmdmsr rdd Dpt ] shnmr Õ034( ] mc Õ036(- Sgd dkdbsqhb
cdqhu] shudr ] qd l t kshokhdc ax d1

−- C] rgdc khmdr ] qd bnmshmt t l dwsq] onk] shnmr bnqqdronmchmf sn sgd k] sshbd
ro] bhmf cdodmcdms o] qs nesgd ! +D+E ] mc F bndß bhdmsr- Sgdx ] qd hkkt rsq] shud dw] l okdr eqnl nt qrdudq] k
sgnt r] mc ! sr- Nmkx sgd k] sshbd ro] bhmf cdodmcdmbd hr rgnv m9 sgd c] s] onhmsr ] qd l nudc sn sgd ogxrhb] k
khf gs ] mc rsq] mf d pt ] qj l ] rr t rhmf sgd Wk ] mc Wr cdodmcdmssdql r hmsgd ! s- Sghr ] cit rsl dmsu] qhdr eqnl
! s sn ! s+sgd qdc c] s] onhmsr ] qd nas] hmdc hm] mZ1,khmd] q! s sn ] kkdmrdl akdr- Hehm] ! s sgd ] cit rsdc onhmsr
ch� dqdc rhf mh! b] mskx eqnl sgd qdc onhmsr+vd rgnv sgdl v hsg f qdx bnknq- Sgd ! m] kqdrt ks hr nas] hmdc eqnl
] vdhf gsdc ghrsnf q] l nesgd rdudq] ksgnt r] mc ! sr-
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Ehftqd 19 Bnmshmttl dwsq]onk]shnm ne sgd hrnrohm,rxlldsqhb khfgs bnmmdbsdc bnlonmdms ne Zϵ+ cdmnsdc

ax TZihfgsϵ [hrn- Sgd c]s] onhmsr ]qd nas]hmdc nm k]sshbdr ne rhydr K ∼ 5 el- Sgd ch�dqdms bnknqr.rxlankr

bnqqdronmc sn ch�dqdms sxodr ne hloqnudldms oqnbdctqdr9 [mnmd´ rs]mcr enq ]ookxhmf mn hloqnudldms:

[MKN´ ]mc [MMKN´ qdedq sn hloqnudldmsr a]rdc nm sgd mdws,sn,kd]chmf ]mc sgd mdws,sn,mdws,sn,kd]chmf

nqcdqr ne ffmhsd,unktld+ rs]ffdqdc bghq]k odqstqa]shnm sgdnqx: [RKKFR´ hr ]m ]ooqn]bg a]rdc nm dwodqh,

ldms]k hmots o]q]ldsdqhydc ax ] Fntm]qhr,R]jtq]h lncdk bnlahmdc vhsg sgd Kdkkntbg,K–trbgdq enql]khrl

’rdd sgd Rtookdldms]qx Hmenql]shnm enq cds]hkr(- Sgd svn ldsgncr k]adkdc vhsg &vhm& ]qd trdc sn nas]hm

sgd ffm]k qdrtksr ne sgd o]odq- Sgd khmdr rgnv ffsr trhmf khmd]q ]mc pt]cq]shb ffsr hm Z1 vhsg u]qxhmf mtladq

ne k]sshbd ro]bhmfr hm sgd ffs-

! µ + ! 2 (+! 4)
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Fig. 45. Comparisons of lattice results for flavor-specific contributions to aHVP, LO
µ (! 2). (Upper-Left) Light-quark connected contribution aHVP, LO

µ (ud).

(Upper-Right) Strange-quark connected contribution aHVP, LO
µ (s). (Lower-Left) Charm-quark connected contribution aHVP, LO

µ (s). (Lower-Right) Quark-

disconnected contribution aHVP, LO
µ, disc . The lattice results in each panel are grouped by the number of sea quarks in the gauge ensembles employed in

the underlying calculations, where ÔÔNf = 2 + 1 + 1ÕÕ (circles) labels ensembles with up, down, strange, and charm quarks in the sea, for ÔÔNf = 2 + 1ÕÕ
(squares) charm quarks are not included in the sea, while for ÔÔ Nf = 2ÕÕ, (up triangles) strange quarks are also omitted in the sea. Filled symbols
indicate results included in the lattice averages of Section 3.5.1, which are shown here as light blue bands. Open symbols indicate results that have
been updated or superseded, see Table 9 for further details.
Source: Adapted from Ref. [ 443].

for aHVP, LO
µ (s) is in 1 " tension with the other lattice results while for aHVP, LO

µ (c) it is in almost 2 " tension with the
rest. The strange- and charm-quark connected contributions, while insensitive to FVEs and StN problems from large
Euclidean times, suffer from larger discretization effects. This is especially true for aHVP, LO

µ (c), and we note that the PACS-19
calculation has O(a) artifacts, which are not present in the other lattice results.

As explained in Section 3.2.4, the calculation of the quark-disconnected contribution aHVP, LO
µ, disc is an especially challenging

part of the lattice-QCD calculation of aHVP, LO
µ . In fact, as shown in Fig. 45 (lower-right panel) the results for aHVP, LO

µ, disc exhibit
the second-largest tension among the individual contributions to aHVP, LO

µ . While the BMW-17 [ 10] and RBCC/UKQCD-
18 [11] results are nicely consistent with each other, they disagree with the Mainz/CLS-19 [ 15] result. Unlike BMW-17
and RBCC/UKQCD-18, the lattice calculation in Mainz/CLS-19 employs ensembles at unphysically large pion masses and
therefore requires a chiral extrapolation to the physical point. One of the fit ansŠtze employed in the chiral extrapolation
takes the 1 / M2

# singularity into account, which leads to a significantly lower value for aHVP, LO
µ, disc at the physical point.

Finally, the challenging nonperturbative calculation of the subleading IB contributions $aHVP, LO
µ has been performed

by only a few collaborations so far, as can be seen in Table 10 where we have collected the current lattice evaluations
(see Section 3.2.5 for a detailed discussion of calculations). Of the five results listed in Table 10 only FHM-17 [ 9],
RBC/UKQCD-18 [11,403], and ETM-19 [ 12] are based on actual lattice calculations that are precise enough to quote results.
While none of the three collaborations provide a complete lattice computation of all the contributions to $aHVP, LO

µ , the
omitted contributions are estimated phenomenologically in all cases. In Ref. [ 9] (FHM-17) a result for the connected
SIB correction is presented, while Refs. [ 11,12,403] (RBC/UKQCD-18 and ETM-19) present a calculation of the connected
SIB and QED corrections. No disconnected contributions are included in the lattice calculations of Refs. [ 9,12], while
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BMW 20  -13.15(1.28)(1.29)• More groups needed

• Includes strange contribution 
[Mainz]

• Statistical and systematic errors 
important
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Fig. 42. Photonic-correction diagrams to order O (! ) with external vector operators.
Source: Adapted from Ref. [ 403].

Fig. 43. SIB-correction diagrams to order O (" m). The diamonds denote the insertion of a scalar operator.
Source: Adapted from Ref. [ 403].

the pseudoscalar density) with dynamical up, down, strange, and charm quarks at three values of the lattice spacing, at
several lattice volumes and with pion masses between ! 210 and ! 450 MeV. The RBC/UKQCD [11] calculation (including
diagrams V, S,31 F, M) is performed with three dynamical quarks, on a single ensemble at a nearly-physical pion mass. In
addition to calculating IB corrections to the connected HVP contribution, RBC/UKQCD calculates the leading QED correction
to the disconnected contribution due to diagram F in Fig. 42. Here one is only interested in contributions where the
quark lines are connected by gluons in addition to the photon. If no additional gluons connect the two quark lines, these
contributions are conventionally counted as higher-order HVP terms. Estimates of the uncertainties related to the neglect
of the remaining SIB and QED diagrams are provided by both collaborations.

Since the ETM and RBC/UKQCD collaborations use local versions of the external vector currents, QED corrections to
the corresponding renormalization constants are included in the calculations of #aHVP, LO

µ . ETM [12] makes use of the
nonperturbative determinations of the quark-bilinear-operator renormalization constants obtained in Refs. [ 395,438]
within the RI "-MOM scheme [ 439] to first order in the electromagnetic coupling and to all orders in the strong one,
while RBC/UKQCD [432] determines the multiplicative renormalization constant of the vector current from the ratio of
localÐconserved to localÐlocal vector two-point functions.

The FermilabÐHPQCDÐMILC collaboration [9] calculates the strong IB corrections using two QCD gauge ensembles
generated with four flavors of dynamical quarks, at the same lattice spacing and volume. The two ensembles share the
same strange- and charm-quark masses, which are both fixed close to their physical values, and differ in the values of
the light sea-quark masses. One is isospin-symmetric, while the other has fully nondegenerate quark masses with nearly-
physical values of mu and md. By comparing the results on the two ensembles the authors of Ref. [ 9] provide an estimate
of the tiny, leading sea-IB contributions to aHVP, LO

µ (see diagram R of Fig. 43), which are expected to be quadratic in the
quark mass difference ( md # mu).

We close the present subsection by describing the main sources of uncertainty current lattice calculations of #aHVP, LO
µ

have to deal with, and we refer the reader to Section 3.3 for results and comparisons. As in the case of the leading hadronic
contribution aHVP, LO

µ (! 2), typical uncertainties are related to statistics; long-distance effects due to light intermediate
states; finite-volume and discretization effects; scale setting and chiral extrapolation/interpolation. The light u- and d-
quark contributions suffer from StN problems, which are controlled by adopting strategies similar to those described
in Section 3.2.2. ETM applies an exponential analytic representation at large time distances directly to the strong and

31 RBC/UKQCD uses local currents for the QED vertices and, therefore, diagram ST is absent.
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Fig. 42. Photonic-correction diagrams to order O (! ) with external vector operators.
Source: Adapted from Ref. [ 403].

Fig. 43. SIB-correction diagrams to order O (" m). The diamonds denote the insertion of a scalar operator.
Source: Adapted from Ref. [ 403].

the pseudoscalar density) with dynamical up, down, strange, and charm quarks at three values of the lattice spacing, at
several lattice volumes and with pion masses between ! 210 and ! 450 MeV. The RBC/UKQCD [11] calculation (including
diagrams V, S,31 F, M) is performed with three dynamical quarks, on a single ensemble at a nearly-physical pion mass. In
addition to calculating IB corrections to the connected HVP contribution, RBC/UKQCD calculates the leading QED correction
to the disconnected contribution due to diagram F in Fig. 42. Here one is only interested in contributions where the
quark lines are connected by gluons in addition to the photon. If no additional gluons connect the two quark lines, these
contributions are conventionally counted as higher-order HVP terms. Estimates of the uncertainties related to the neglect
of the remaining SIB and QED diagrams are provided by both collaborations.

Since the ETM and RBC/UKQCD collaborations use local versions of the external vector currents, QED corrections to
the corresponding renormalization constants are included in the calculations of #aHVP, LO

µ . ETM [12] makes use of the
nonperturbative determinations of the quark-bilinear-operator renormalization constants obtained in Refs. [ 395,438]
within the RI "-MOM scheme [ 439] to first order in the electromagnetic coupling and to all orders in the strong one,
while RBC/UKQCD [432] determines the multiplicative renormalization constant of the vector current from the ratio of
localÐconserved to localÐlocal vector two-point functions.

The FermilabÐHPQCDÐMILC collaboration [9] calculates the strong IB corrections using two QCD gauge ensembles
generated with four flavors of dynamical quarks, at the same lattice spacing and volume. The two ensembles share the
same strange- and charm-quark masses, which are both fixed close to their physical values, and differ in the values of
the light sea-quark masses. One is isospin-symmetric, while the other has fully nondegenerate quark masses with nearly-
physical values of mu and md. By comparing the results on the two ensembles the authors of Ref. [ 9] provide an estimate
of the tiny, leading sea-IB contributions to aHVP, LO

µ (see diagram R of Fig. 43), which are expected to be quadratic in the
quark mass difference ( md # mu).

We close the present subsection by describing the main sources of uncertainty current lattice calculations of #aHVP, LO
µ

have to deal with, and we refer the reader to Section 3.3 for results and comparisons. As in the case of the leading hadronic
contribution aHVP, LO

µ (! 2), typical uncertainties are related to statistics; long-distance effects due to light intermediate
states; finite-volume and discretization effects; scale setting and chiral extrapolation/interpolation. The light u- and d-
quark contributions suffer from StN problems, which are controlled by adopting strategies similar to those described
in Section 3.2.2. ETM applies an exponential analytic representation at large time distances directly to the strong and

31 RBC/UKQCD uses local currents for the QED vertices and, therefore, diagram ST is absent.
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Collaboration QED Strong IB

V+S (+ST) F (+D3) M O

BMW-20 -1.27(40)(33) -0.55(15)(11) 6.59(63)(53) -4.63(54)(69)

ETM-19 1.1(1.0) 6.0(2.3)

RBC/UKQCD-18 5.9(5.7)(…) -6.9(2.1)(1.4)(…) 10.6(4.3)(…)

FHM-19 1.5(7) % #µ
ll

LM-20 9.0(0.8)(1.2) 

• statistical errors large (except BMW-20, LM-20)
• Spread is relatively large 
• FV effects can be very large ($%&%'(see LM-20)
• large cancelations
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Fig. 41. The integrand of Eq. (3.22) for the evaluation of the light-quark contribution to aHVP, LO
µ in the time-momentum representation on Nf = 2+ 1

lattice ensembles with pion masses of M! = 280 MeV (left panel) and M! = 200 MeV (right panel). Also shown are the results from reconstructing
the correlator using nmax = 1, . . . , 4 states in Eq. (3.25) and the reconstruction of the long-time tail using a single-exponential extension. Left panel
from Ref. [ 382], right panel adapted from Ref. [ 383].

The basic form of the extension of the correlator is given by the spectral representation in a finite volume,

C (x0) =
!X

n= 1

Ane" Enx0 , (3.25)

where En is the energy of an energy eigenstate |n# belonging to the representation T1 of the cubic group, and An is
the associated matrix element of the electromagnetic current. Ideally, the low-lying finite-volume spectrum is known
explicitly from a dedicated spectroscopic study, permitting the use of a truncated spectral sum for C (x0) beyond xcut

0 [378].
Alternatively, the large-time behavior of the correlator can be modeled in various ways. The simplest model is a single-
exponential extension, i.e., taking only one term in the series of Eq. (3.25) and fixing E1 and A1 from a fit to data at
shorter time separations (using a smeared version of the vector correlator, where available, to extract E1 with better
precision) [ 369,377]. This model (which is essentially vector-meson dominance) is of course overly simplistic, and while
it tends to describe the data well at heavy pion masses, it becomes a poor description of the very-long-time tail at light
pion mass, where the two-pion channel opens (cf. Fig. 41). A more sophisticated approach in the absence of detailed
spectroscopic information is to model the finite-volume spectrum via the LŸscher formalism [ 379,380] applied to the
GounarisÐSakurai parameterization [ 189] of the timelike pion form factor with parameters " #, M# fixed via a fit to the
lattice data [ 369,377]. The latter procedure also allows for correcting the leading finite-size effects by calculating the
vector correlator in infinite volume from the timelike pion form factor and calculating aHVP, LO

µ from there [ 377,380,381].
Future studies, however, should perform a dedicated spectroscopic companion study.

A third possibility is to implement rigorous upper and lower bounds on the correlation function [ 10,11]. These can then
be used to replace the correlation function, at large x0 where noise takes over, by a statistically more precise representation
in terms of these bounds (see below).

We note that the coordinate space representation described in this section is related to the method of time moments
(cf. Section 3.1.3) in that the Taylor expansion of ÷f (x0) in the integrand of Eq. (3.22) yields the sum over time moments
that gives aHVP, LO

µ in that method. For a discussion of other related methods see Ref. [ 384].

3.1.5. Windows in euclidean time
In the aµ integral in Eq. (3.22), it is useful to consider different time regions in order to separate the short- and

long-distance systematic lattice effects (discretization, finite volume, etc.). To this end, the RBC/UKQCD collaboration has
proposed the window method [ 11], which breaks the time integral into three parts:

aHVP, LO
µ = aSD

µ + aW
µ + aLD

µ ,

aSD
µ =

⇣ $
!

⌘2
Z !

0

dx0 C (x0)ef (x0)[1 " %(x0, t0, & )] ,

aW
µ =

⇣ $
!

⌘2
Z !

0

dx0 C (x0)ef (x0)[%(x0, t0, & ) " %(x0, t1, & )] ,

aLD
µ =

⇣ $
!

⌘2
Z !

0

dx0 C (x0)ef (x0)%(x0, t1, & ) , (3.26)
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Fig. 47. (Left) Continuum limit of the intermediate window aW
µ (ud) (� = 0.15 fm, t0 = 0.4 fm, t1 = 1 fm) for DW (circles) and HISQ (squares)

fermions. Lines denote fits linear in a2 for the a ! 0 limit (bursts). The R-ratio result (cross, Ref. [445]) is also shown. It corresponds to the
difference of the total R-ratio window result based on Ref. [3] and the sum of all but the isospin-symmetric light-quark lattice results of Ref. [11].
Finite-volume (DWF and HISQ) and taste-breaking (HISQ) corrections are included to NLO in ChPT. Lattice spacing uncertainties, added in quadrature
with statistical errors, are also included. Plot reproduced from Ref. [16]. (Right) Comparison of aW

µ (ud) results after continuum and infinite-volume
extrapolation (blue circles). The RBC/UKQCD-18 result [11] is based on 2+1 flavors of DW fermions. All other lattice results are based on 2+1+1
flavors of HISQ fermions [16,396,446]. Both extrapolations for HISQ shown in the left panel are reproduced in the right panel as well for comparison.
The DW and R-ratio results are the same as shown in the left panel.

spacing (a " 0.12 fm), because Ref. [376] did not report continuum limit results for ⇧ud
n . As shown in the left panel of

Fig. 46, all lattice results [11,14,376,377,421] for ⇧ud
1 are nicely consistent, while there is a 2� tension between BMW-

16 [421] and FHM-19 [14] for ⇧ud
2 (right panel). Considering the [1, 1] Padé approximant for the HVP scalar function,

⇧̂ (Q2), the light-quark connected anomaly is evaluated as

aHVP, LO
µ (ud) =

! ↵

⇡

" 2
# #

0
dQ2!(Q2/m2

µ)
Q2⇧ud

1

1 $ Q2
$
⇧ud

2 /⇧ud
1

%. (3.44)

The Padé approximants thus tell us that a larger ⇧ud
1 and smaller ($ ⇧ud

2 ) result in a larger aHVP, LO
µ (ud) [421]. This may

explain why BMW-17 (with BMW-16) and RBC/UKQCD-18 obtain a somewhat larger aHVP, LO
µ (ud) than ETM-18/19 and

FHM-19.

3.3.4. Intermediate window
The window method developed in Ref. [11] can be used to compare lattice results where they are most precise, for

example when 0.4 ! x0 ! 1.5 fm, which defines the intermediate window aW
µ . By design, the upper end of the x0

range is chosen to remove contributions from the large Euclidean time region, which is sensitive to FV and two-pion
effects and suffers from severe StN problems. In addition, the cut on the lower end of the x0 range is expected to result
in reduced discretization errors. This quantity can therefore be calculated with much better (statistical and systematic)
precision than the total aHVP, LO

µ , and hence is a powerful diagnostic tool for comparing different lattice methods. Given
the precision goals, careful studies of the remaining systematic effects, in particular discretization errors are certainly
needed. Finally, as proposed in Ref. [11] and discussed in Section 3.1.4, one can also evaluate aW

µ using experimental R-
ratio data for a more detailed comparison between lattice and data-driven results. However, until very recently, only two
groups, RBC/UKQCD-18 [11] and Aubin et al.-19 [16], had used their lattice data to evaluate the intermediate window
aW

µ in the continuum and infinite-volume limits (see the left panel of Fig. 47). The two panels in Fig. 47 show lattice
results for aW

µ (ud), which is defined in isosymmetric QCD (without SIB and QED corrections) specifically for the light-
quark contributions. In order to compare the lattice results with an R-ratio derived evaluation, the ‘‘R-ratio/lattice’’ point
in Fig. 47 is constructed in Ref. [445] by first using the analysis in Ref. [3] to evaluate the R-ratio window and then
subtracting from it the contributions from the heavier flavors, the disconnected, and the IB terms using the lattice results
of Ref. [11]. The right panel of Fig. 47 shows, in addition to the published RBC/UKQCD-18 and Aubin et al.-19 results, two
new lattice results for aW

µ , BMW-20 [396] and LM-20 [446] (open blue circles). Both appeared only very recently, and
have therefore not yet been reviewed in depth in this paper. The three staggered results, Aubin et al.-19, BMW-20, and
LM-20, lie above the RBC/UKQCD-18 and ‘‘R-ratio/lattice’’ values. The quoted uncertainties on the new BMW-20 and LM-20
lattice results and on Aubin et al.-19 for the three lattice spacing fit are significantly smaller than the ‘‘R-ratio/lattice’’ one,
with which only the RBC/UKQCD-18 value is clearly compatible. If one considers the spread of the two and three lattice
spacing fit results from Aubin et al.-19 as a systematic uncertainty for this calculation, the RBC/UKQCD-18 evaluation is
also compatible with the Aubin et al.-19, BMW-20, and LM-20 results at the 2� level. It will be important to see what
happens to the spread of the lattice results as more high-precision calculations of this quantity become available. Needless
to say, such calculations should include detailed analyses of the associated systematics, in particular, discretization effects.
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RBC/UKQCD-18

Aubin, et al.-19

KNT-19 – lattice s, c, … 

[RBC/UKQCD-18]
• Staggered results lie above DWF, R-ratio
• Conserved v. local currents
• More groups need to investigate
• Gradually increase size of window
• Compare with R-ratio ( also for 0.2-0.7 fm to 

investigate BaBar KLOE discrepancy)
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Fig. 45. Comparisons of lattice results for flavor-specific contributions to aHVP, LO
µ (↵2). (Upper-Left) Light-quark connected contribution aHVP, LO

µ (ud).
(Upper-Right) Strange-quark connected contribution aHVP, LO

µ (s). (Lower-Left) Charm-quark connected contribution aHVP, LO
µ (s). (Lower-Right) Quark-

disconnected contribution aHVP, LO
µ,disc . The lattice results in each panel are grouped by the number of sea quarks in the gauge ensembles employed in

the underlying calculations, where ‘‘Nf = 2+1+1’’ (circles) labels ensembles with up, down, strange, and charm quarks in the sea, for ‘‘Nf = 2+1’’
(squares) charm quarks are not included in the sea, while for ‘‘Nf = 2’’, (up triangles) strange quarks are also omitted in the sea. Filled symbols
indicate results included in the lattice averages of Section 3.5.1, which are shown here as light blue bands. Open symbols indicate results that have
been updated or superseded, see Table 9 for further details.
Source: Adapted from Ref. [443].

for aHVP, LO
µ (s) is in 1� tension with the other lattice results while for aHVP, LO

µ (c) it is in almost 2� tension with the
rest. The strange- and charm-quark connected contributions, while insensitive to FVEs and StN problems from large
Euclidean times, suffer from larger discretization effects. This is especially true for aHVP, LO

µ (c), and we note that the PACS-19
calculation has O(a) artifacts, which are not present in the other lattice results.

As explained in Section 3.2.4, the calculation of the quark-disconnected contribution aHVP, LO
µ,disc is an especially challenging

part of the lattice-QCD calculation of aHVP, LO
µ . In fact, as shown in Fig. 45 (lower-right panel) the results for aHVP, LO

µ,disc exhibit
the second-largest tension among the individual contributions to aHVP, LO

µ . While the BMW-17 [10] and RBCC/UKQCD-
18 [11] results are nicely consistent with each other, they disagree with the Mainz/CLS-19 [15] result. Unlike BMW-17
and RBCC/UKQCD-18, the lattice calculation in Mainz/CLS-19 employs ensembles at unphysically large pion masses and
therefore requires a chiral extrapolation to the physical point. One of the fit ansätze employed in the chiral extrapolation
takes the 1/M 2

⇡ singularity into account, which leads to a significantly lower value for aHVP, LO
µ,disc at the physical point.

Finally, the challenging nonperturbative calculation of the subleading IB contributions �aHVP, LO
µ has been performed

by only a few collaborations so far, as can be seen in Table 10 where we have collected the current lattice evaluations
(see Section 3.2.5 for a detailed discussion of calculations). Of the five results listed in Table 10 only FHM-17 [9],
RBC/UKQCD-18 [11,403], and ETM-19 [12] are based on actual lattice calculations that are precise enough to quote results.
While none of the three collaborations provide a complete lattice computation of all the contributions to �aHVP, LO

µ , the
omitted contributions are estimated phenomenologically in all cases. In Ref. [9] (FHM-17) a result for the connected
SIB correction is presented, while Refs. [11,12,403] (RBC/UKQCD-18 and ETM-19) present a calculation of the connected
SIB and QED corrections. No disconnected contributions are included in the lattice calculations of Refs. [9,12], while
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Fig. 45. Comparisons of lattice results for flavor-specific contributions to aHVP, LO
µ (↵2). (Upper-Left) Light-quark connected contribution aHVP, LO

µ (ud).

(Upper-Right) Strange-quark connected contribution aHVP, LO
µ (s). (Lower-Left) Charm-quark connected contribution aHVP, LO

µ (s). (Lower-Right) Quark-

disconnected contribution aHVP, LO
µ,disc . The lattice results in each panel are grouped by the number of sea quarks in the gauge ensembles employed in

the underlying calculations, where ÔÔNf = 2 + 1 + 1ÕÕ (circles) labels ensembles with up, down, strange, and charm quarks in the sea, for ÔÔNf = 2 + 1ÕÕ
(squares) charm quarks are not included in the sea, while for ÔÔ Nf = 2ÕÕ, (up triangles) strange quarks are also omitted in the sea. Filled symbols
indicate results included in the lattice averages of Section 3.5.1, which are shown here as light blue bands. Open symbols indicate results that have
been updated or superseded, see Table 9 for further details.
Source: Adapted from Ref. [ 443].

for aHVP, LO
µ (s) is in 1 � tension with the other lattice results while for aHVP, LO

µ (c) it is in almost 2 � tension with the
rest. The strange- and charm-quark connected contributions, while insensitive to FVEs and StN problems from large
Euclidean times, suffer from larger discretization effects. This is especially true for aHVP, LO

µ (c), and we note that the PACS-19
calculation has O(a) artifacts, which are not present in the other lattice results.

As explained in Section 3.2.4, the calculation of the quark-disconnected contribution aHVP, LO
µ,disc is an especially challenging

part of the lattice-QCD calculation of aHVP, LO
µ . In fact, as shown in Fig. 45 (lower-right panel) the results for aHVP, LO

µ,disc exhibit
the second-largest tension among the individual contributions to aHVP, LO

µ . While the BMW-17 [ 10] and RBCC/UKQCD-
18 [11] results are nicely consistent with each other, they disagree with the Mainz/CLS-19 [ 15] result. Unlike BMW-17
and RBCC/UKQCD-18, the lattice calculation in Mainz/CLS-19 employs ensembles at unphysically large pion masses and
therefore requires a chiral extrapolation to the physical point. One of the fit ansŠtze employed in the chiral extrapolation
takes the 1 /M2

⇡ singularity into account, which leads to a significantly lower value for aHVP, LO
µ,disc at the physical point.

Finally, the challenging nonperturbative calculation of the subleading IB contributions �aHVP, LO
µ has been performed

by only a few collaborations so far, as can be seen in Table 10 where we have collected the current lattice evaluations
(see Section 3.2.5 for a detailed discussion of calculations). Of the five results listed in Table 10 only FHM-17 [ 9],
RBC/UKQCD-18 [11,403], and ETM-19 [ 12] are based on actual lattice calculations that are precise enough to quote results.
While none of the three collaborations provide a complete lattice computation of all the contributions to �aHVP, LO

µ , the
omitted contributions are estimated phenomenologically in all cases. In Ref. [ 9] (FHM-17) a result for the connected
SIB correction is presented, while Refs. [ 11,12,403] (RBC/UKQCD-18 and ETM-19) present a calculation of the connected
SIB and QED corrections. No disconnected contributions are included in the lattice calculations of Refs. [ 9,12], while
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Seem to be in good shape

BMW-20    14.6(0)(1)
BMW-20   53.393(89)(68)



To reach desired precision (2-5 per-mil?)

• Strange, charm contributions in good shape (will not resolve issues)
• FV corrections  (𝐿 > 6 fm) reliable (NNLO 𝜒PT, LLGS, HP)

! Important to have a big box (BMW, PACS use $%= 10 fm)
• Statistical precision top priority for DW, TM, Wilson (in the works) 

! Improved bounding method using low-lying states for long distance tail
• Must work directly with physical masses (most groups already)
• More, more precise disconnected and IB calculations needed

! Some spread in results, not all diagrams computed
• Continuum limit and scale setting (per-mil) crucial. 

! At least 3 lattice spacings in #2-scaling regime 
! Are (N)NLO and LLGS taste corrections enough?
! All groups need to investigate windows in Euclidean time
! Is ' ! good enough (EM corrections)?

24


