Substructures of the Weyl group

Riccardo Martini

Universita di Bologna, INFN - Bologna
Based on a collaboration with G. Paci, D. Sauro, G. P. Vacca and O. Zanusso
arXiv: 2404.05665

Asymptotic Safety meets Particle Physics & Friends
DESY

December 17th, 2024

ALMA MATER STUDIORUM
UNIVERSITA DI BOLOGNA

(UniBo, INFN) Restricted Weyl



Harmonic Weyl

[O’Raifeartaigh, Sachs and Wiesendanger, ‘96; Edery and Nakayama, 2014]
Consider the following structure:

9uv — g;u/ = Q2guu 5 with

H,(Q) = 0,0 + %g”"@uQayQ —0
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Harmonic Weyl

[O’Raifeartaigh, Sachs and Wiesendanger, ‘96; Edery and Nakayama, 2014]
Consider the following structure:

9uv — g;u/ = QQQMV 5 with
d—4

Hg(Q) = DgQ + Wg”"a“QayQ =0

Identity eg :  gp, = guv Hy(1) =0
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Harmonic Weyl

[O’Raifeartaigh, Sachs and Wiesendanger, ‘96; Edery and Nakayama, 2014]
Consider the following structure:

9uv — g[,,LlJ = QquV 5 with
Hy(©) = 0,0+ 2 0,00,0=0

Identity eg :  gp, = guv Hy(1) =0
Closure

g:w = (Ql)quV ° ggv = (92)29;W = gzu = (Ql . 92)291—“’
S0 =0\ Hy(@2) =0 Hy (01 02) = 0
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Harmonic Weyl

[O’Raifeartaigh, Sachs and Wiesendanger, ‘96; Edery and Nakayama, 2014]
Consider the following structure:

9uv — g[,,LlJ = QQg,uV 5 with

Hy(©) = 0,0+ 2 0,00,0=0
Identity eg :  gp, = guv Hy(1)=0
Closure
g:w = (Ql)quV ° g::v = (92)29;W = gzu = (Ql . 92)291—“’
Hy(Q1) =0 Hy(Q2)=0 Hg(Q1-Q22)=0

Associativity (aob)oc=ao (boc)
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Harmonic Weyl

[O’Raifeartaigh, Sachs and Wiesendanger, ‘96; Edery and Nakayama, 2014]
Consider the following structure:

9uv — g[l,“/ = QQg,uV 5 with

Hy(©) = 0,0+ 2 0,00,0=0
Identity eg :  gp, = guv Hy(1)=0
Closure
g:w = (Ql)quV ° g::u = (92)2911& = gzu = (Ql . 92)291—“’
Hy(Q1) =0 Hy(Q2)=0 Hg(Q1-Q22)=0

Associativity (aob)oc=ao (boc)
NOT inverse

Hy(2) =0= Hqe, (é) =0, However H, (%) #0
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Harmonic Weyl

[O’Raifeartaigh, Sachs and Wiesendanger, ‘96; Edery and Nakayama, 2014]
Consider the following structure: Groupoid

9uv — g[l,“/ = QQg,uV 5 with

Hy(©) = 0,0+ 2 0,00,0=0
Identity eg :  gp, = guv Hy(1)=0
Closure
g:w = (Ql)quV ° g::u = (92)2911& = gzu = (Ql . 92)291—“’
Hy(Q1) =0 Hy(Q2)=0 Hg(Q1-Q22)=0

Associativity (aob)oc=ao (boc)
NOT inverse

Hy(2) =0= Hqe, (é) =0, However H, (%) #0
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Harmonic Weyl

[O’Raifeartaigh, Sachs and Wiesendanger, ‘96; Edery and Nakayama, 2014]
Consider the following structure: Groupoid
r_ QQ ith
Guv = Guv = Guv wit

Hy(©) = 0,0+ 2 0,00,0=0

Identity eg :  gp, = guv Hy(1) =0
Closure

G = ()9 [ = (Q2)?g] g = (- Q) g
Hy(Q1-Q) =0

Associativity (aob)oc=ao (boc)
NOT inverse

1 1
Hy(2) =0= Hqe, (5) =0, However H, (§> #0
A solution of Hy(€2) = 0 is inherently non-linear unless d = 4. Perturbatively we
find
Q=1+ew +ewa+...

4—d
Ogwi =0, Ogws = Tg“”é}‘“wla,,wl ..
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Harmonic Weyl

e Ricci scalar transforms homogeneously under h.W. [kiihnel and Rademacher, ‘95]
R R =Q7 (R —2d— l)Q_ng(Q)>

In d = 4 we have that /g (ozR2 + ﬁW2) is an invariant density.
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Harmonic Weyl

e Ricci scalar transforms homogeneously under h.W. [kiihnel and Rademacher, ‘95]

R R =Q7 (R —2d— 1)Q_1HQ(Q))
In d = 4 we have that /g (aR2 + 5W2) is an invariant density.
e We can think about R as a partial gauge fixing [0da, 2020; Edery, 2023]

Consider the BRST action
O0BGur = 2¢Guv , opc=0, opc="b, ob=0,
Then, we can find a gauge fixing action can be find in the standard way
1
Sut + Sgn = 05 /d4m\/§6 (R - %b) L o /d4a:\/§R2 + 6/d4a:\/§EDgc

We can see h.d. gravity steie, 77 as gauge fixed agravity [salvio and Strumia, 2014]

- — gt Lz b 1 g2 4
S_swg+sgf+sgh_/d x\/g{%w +gn Bt oo R }+6/dx\/§cDgc
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Invariant matter

e If we are give an invariant action of matter fields coupled to gravity
ASlg. v = S[2%, 974w - Slo,v] = [ a’zyGeH, (@)
At linear level

6S 1
9 /ddw\[thlun = 2W1 G —— Som w?,b&l) —/guwi T}

T, =-09 on-shell
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Invariant matter

e If we are give an invariant action of matter fields coupled to gravity

ASlg. v = S[2%, 974w - Slo,v] = [ a’zyGeH, (@)

At linear level

68 !
— /ddxffbtlwl = 2W1 G —— 5o w?ﬁ&l) . g T}

T, =-09 on-shell
e e.g. scalar ¢ with w, = —1

1 1
Slg, ¢] = /d4x\/§{§3us08“s0 + ngz + Iw“} ,

Dgso=€R<p+%s03, T“Mzug{:a(g—%)cﬁ}
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General formalism

Generalize the framework. Consider a generic tensor 7 with the following
transformation

T(g) 5 T(Q%g) = Q2 (T(g) + 0y () ,

e Impose O4(1) =0
e Impose closure for two consecutive transformations 21 and Q2

Oy (21Q2) = Og () + 21 Ogz,(22) = Og(Q2) + Q5 Oz, ().
e Constrain the form of the trace of the EMT
% / A% JGOOm(w1) £ —/GunT! = T = —O} (@)
e Deduce the anomaly

(T} = _<01Tin(q>)> + A + S-terms
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Classification: Two derivatives

e Scalar constraints
Most general constraint of degree two homogeneous in €2 and shift invariant

Cy(2) = 5100, + 5297 0.0059,
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Classification: Two derivatives

e Scalar constraints
Most general constraint of degree two homogeneous in €2 and shift invariant

Cy(2) = 5100, + 5297 0.0059,
Closure and associativity enforce
e s1 # 0: Cy(Q) proportional to QH ()
0 51 =0: Cy(Q) = 529790050 = 0 light cone
o Adding non derivative terms projects on Ricci-scalar-flat spacetimes
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Classification: Two derivatives
e Scalar constraints
Most general constraint of degree two homogeneous in €2 and shift invariant
Cy(2) = 5100, + 5297 0.0059,
Closure and associativity enforce
e s1 # 0: Cy(Q) proportional to QH ()
0 51 =0: Cy(Q) = 529790050 = 0 light cone
o Adding non derivative terms projects on Ricci-scalar-flat spacetimes

e Tensor constraints
Most general tensorial structure

Og,/u/(Q) = ClQVMayQ + CZQW/QDQQ + C38HQGVQ + C4g,“,g°‘B8aﬂagﬂ s
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Classification: Two derivatives

e Scalar constraints
Most general constraint of degree two homogeneous in 2 and shift invariant

Cy(2) = 5100, + 5297 0.0059,
Closure and associativity enforce
e s1 # 0: Cy(Q) proportional to QH ()
0 51 =0: C,y(Q) = 529°°9,095Q = 0 light cone
o Adding non derivative terms projects on Ricci-scalar-flat spacetimes

e Tensor constraints
Most general tensorial structure

Coour(Q) = 1OV ,0,Q + €29, Q040 + 30,90, + 49,09 0 Q05 ,
Closure and associativity enforce

@ ¢; = 0 implies c3 = 0 = scalar case
01 0= c2=0, f% and the constraint can be written as

1
Coun(Q) = —Q3L97‘W(Q) + g2 (g + C2> Hy(Q),

1 _
Lg?/”"/(Q) = (vuvv - aguu\:\g)ﬁ T 0

¢z = 0: tensor harmonic, c; = —% Liouville-Weyl: K, — K/, = Ky +QLg ()
[Kiithnel and Rademacher, ‘95; Shaposhnikov and A. Tokareva, 2023]
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Invariant scalar theories in d = 4
Harmonic Weyl invariant theories
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Invariant scalar theories in d =4

Harmonic Weyl invariant theories
e scalar with w, = —1

1 1
Ar)iA = — W25, — —
( 7T) A afuv 360

1 N2 5
120 E4+§(£_6> R,
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Invariant scalar theories in d =4

Harmonic Weyl invariant theories
e scalar with w, = —1

2
2
(4m )“4_120W°‘ﬁ“”_360E4+ (5_’) '

e higher derivatives scalar with w, =0
1 v v
Sle,g] = /d“w\/é{*Dgsngso = R" 0,90, + EROup0" p + N0 pd” 0, 00 w}

1 7 2
<§—f>D(8“<p8M<p) = (4n)’A=— 0W§/3W+ 8E4+(§—*> R?
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Invariant scalar theories in d =4

Harmonic Weyl invariant theories
e scalar with w, = —1

1 1 2
AriA = W2 _ g ( _ 7) R?
()" A = o5 Wasu = 55551+ 5 (€ ’

e higher derivatives scalar with w, =0
1 v v
Slp, g = /d“w\/é{*ﬂgsmgso = R" 0,90, + EROup0" p + N0 pd” 0, 00 30}
!

, 7 12
T[f:6<§—7>|:](8“<paucp) = (4n)’A=— OWa2ﬁW+ 80E4+(§ 3) R’

Liouville-Weyl invariant theories: T,ﬁ‘ L V.V, X X [j =0
e scalar with w, =0

Slp, 9] = /d w‘xf{ OgpOgp — Rausoa”sa+51?“”8u<p8uw+;\0uw8”w3u<p8”s0}

. 1
Xuw =2(C+ 2){5‘m08uw - Zgwé’pw@”@} ;
1

5 2 7 1 T\2 52
(47T) A= 7%Wa,8;u/ + 180E4 + = 12 (2 + C) Ruu
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Higher derivatives, higher dimensions (d > 4)
Use the properties of Q-curvatures to construct constraints and invariant actions

d

Qug = 5K* = 2K" Ky — 0K, Quazy = Q7" [Qag + 0Qu0(Q)]

with Og,.¢(Q) = ... a very long expression ...
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Higher derivatives, higher dimensions (d > 4)

Use the properties of Q-curvatures to construct constraints and invariant actions

d v -
Qug = 5K* = 2K" Ky — 0K, Quazy = Q7" [Qag + 0Qu0(Q)]

with Og,.¢(Q) = ... a very long expression ...
Oéj?g (Q) = é {Dﬁ + Rw’vuvy - %R‘:‘g Q
d> —4d + 8 4 d—6
in = D2 — O i S w
Qo) = |Hy = gr gy -y " g™ VeV T g v Ve
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Higher derivatives, higher dimensions (d > 4)

Use the properties of Q-curvatures to construct constraints and invariant actions

d v _
Q47g = §K2 —2K* K/w - Dg’C7 Q4,Q2g =Q * [Q47g + OQ4,g(Q)]
with Og, ¢(Q) = ... a very long expression ...
085 () = é {Df, 4 R VAV — %R Dg} 0
d* —4d+8 4 d—6
X — 2 _ pv R v/
Olin,g(w1) {Dg 2(d—2)(d—1)RDg+d—2R V.V, 2<d_1)V RV, | w1

Construct a quadratic invariant action for a scalar with w, = %

Slp, 9] = %/ddw\/é@(Azx +£Q4)p,

v v d_4
Ay =0+ V, [AK" — (d —2)g"" T Vit —5—Qa

for which

d—4
1 = $0ums(6*) + Lot 0 (A + Q0 ¢
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Non-local nature of restricted symmetries
Consider a 1-dimensional toy-model with scale invariance [ciavan, Noris and Zlosnik, 2024]

o(t) = () =w2(t)o(t),

ty, I .2 2
sl = [ dt(z_%) ,
ta o 20 d =) d
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Non-local nature of restricted symmetries
Consider a 1-dimensional toy-model with scale invariance [ciavan, Noris and Zlosnik, 2024]

b s 52\2 o(t) = S(t) =w 3 (t)o(t),
Slo] :/ta dt(;—ﬁ> Do (4 +8) dmo

Note that even if the action is invariant, equations of motion do transform

0=E0) — &) :ZwE%A(E,w)

ta .\/\.tb
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Non-local nature of restricted symmetries
Consider a 1-dimensional toy-model with scale invariance [ciavan, Noris and Zlosnik, 2024]

b s 52\2 o(t) = S(t) =w 3 (t)o(t),
Slo] :/ta dt(;—ﬁ> Do (4 +8) dmo

Note that even if the action is invariant, equations of motion do transform

0=E(0) — &5 = zwz%A (3, w)
ta‘\/_\.tb toqy
w(t) = Wo + Co \/t; m
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Non-local nature of restricted symmetries
Consider a 1-dimensional toy-model with scale invariance [ciavan, Noris and Zlosnik, 2024]

b s 52\2 o(t) = S(t) =w 2 (t)o(t),
Slo] :/ta dt(;‘ﬁ) Dw:(i+§)iw:0

Note that even if the action is invariant, equations of motion do transform

0=E(0) — &5 = zwz%A (3, w)
o S T Coar
UJ(t) = Wo + Co \/;a m

The non-locality of w changes the boundary value problem: §% = —2%"2 +w %0
6N(ta) = 60(ta) =0,

d0(ta) = 65(ta) =0, S%(ty) = 255 2 [ dtgx) ,
do(te) =66 (te) =0, 5(t) = 2529 (o 4 @n) [tb 85
(ty) = 255 3¢ (fb + o) S A2
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Non-local nature of restricted symmetries
Consider a 1-dimensional toy-model with scale invariance [ciavan, Noris and Zlosnik, 2024]

4 22 - o(t) = B(t) =w>(t)a(t),
A G B R

Note that even if the action is invariant, equations of motion do transform

" d W g2 .od
55_/% dt (zaxp) ,0=_E(0 ,p) — g(z,\y)_zon&A(z,wH

w(t) =w0+00/ —
t

. 2(t)

The non-locality of w changes the boundary value problem: 6% = —2%"2 +w %60
6% (ta) = 6%(ta) =0,

0(ta) = 06(ta) =0, _, 68 (ty) = 2532 [ dt‘;%i? ,
50’(tb) = (50’(tb) =0, 62 o2 Wy (S ty d §3(t)
() = 25552 (27 + o) Ji dtsE

Add an interaction with a matter field

d/ N\ d (N o f 0(ta) =0, 5\If() 0,
&<””’>*“&<”)*°’{ 5eb(ts) =0, %{ S (ty) = q’bJ t SIS,
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Periodic Boundary conditions
What happens on closed manifolds?

(e.g. SY)
0=2m
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Periodic Boundary conditions

What happens on closed manifolds?
(e.g. SY)
0=27
oL dd N

27
55[0—]:/0 A E@)0) + (e = Joo| + o2
0
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Periodic Boundary conditions

What happens on closed manifolds?

(e.g. SY)
2" oL  d o T
Slo = [ awe@0+ (55 =55 )| +M&

requiring periodicity and single-valuedness to be preserved

2m oL  d o |2
IS[Y] = dt E(X)(t - — — | 62 —
)= [ aemio-+ e 0+E§m}\
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Periodic Boundary conditions

What happens on closed manifolds?

(e.g. SY)
5S[0] = OﬂdtS(U)(t)—&- 9L _ dtaa M

requiring periodicity and single-valuedness to be preserved

However, locally, I still deal with e.o.m. (clash!)

E(@)(t)=0 EX)(t) =20ELA(S,w)
{ ) _>{ 2(0) = £(21)
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Periodic Boundary conditions

What happens on closed manifolds?

(e.g. SY)
5S[0] = Oﬂdté‘(a)(t)—&- 9L _ dtaa M

requiring periodicity and single-valuedness to be preserved

However, locally, I still deal with e.o.m. (clash!)
5(0)( ) =0 [ ED))=20TFA(Z,w)
) 3(0) = 2(27)

Conjecture

If the b.c. for the e.o.m. enforce then the set of physical solutions of the
two problems must coincide
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Losing local interpretation?
Q: is there a boundary value problem fixing that?

S16] = Seuld] + Sontld] 2224 S(6) = Spunld] + Sone[d] + ASont[d,

s.t. 0ASsn cancels the 2 dependence coming from the boundary terms
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Losing local interpretation?
Q: is there a boundary value problem fixing that?

S16] = Seuld] + Sontld] 2224 S(6) = Spunld] + Sone[d] + ASont[d,

s.t. 0ASsn cancels the 2 dependence coming from the boundary terms
Consider higher-derivative gravity [Dyer and Hinterbichler, 2009]

S[g]:/ d'z/g R* +
M oM

Oguvlgy =0, OR|5y, =0

d2vh KR+ | d*zVhn"9.R
oM
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Losing local interpretation?
Q: is there a boundary value problem fixing that?

S16] = Seuld] + Sontld] 2224 S(6) = Spunld] + Sone[d] + ASont[d,

s.t. 0ASsn cancels the 2 dependence coming from the boundary terms
Consider higher-derivative gravity [Dyer and Hinterbichler, 2009]

S[gl :/ d'z/gR* +a | d&zvhKR+8 [ d*zvhn*d.R
M oM

oM
Oguvlgy =0, OR|5y, =0

Transforming to g, = Q%g,, and imposing Hg(Q) = D Q =0 (dropped primes!!)
S[g] =/ d'z\/g R’ +a/ &Pevh KR+p | d*zvVhn"9.R
M oM

oM

+(B3a +28) / d*zvh n“%&,ﬂ

oM
with

00 00
59;“’|6M :2691“,, 5R |3M 26R
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Losing local interpretation!

From the bulk action one gets

0SBuiklyy = 2/ dz®vVh n* (6%(9#1%— h*® RV ,6gap )
oM

The normal derivatives of dg’ fix (usual GHY mechanism)
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Losing local interpretation!

From the bulk action one gets

0SBuiklyy = 2/ dz®vVh n* <6@(9HR— h*® RV ,6gap )
oM Q
The normal derivatives of dg’ fix (usual GHY mechanism)

However fixing  is not enough to cancel all the €2 contributions

5Stotlpny = /BM daovh n* [ﬁau(sR + (284 6)520, <g> (28— ﬁ)g aum}

B = £3 seem reasonable choices but they do not correspond to any reasonable initial

condition in the original variables

n*9,0R =777 g]
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Final thoughts

Matter fields v/

e We classified groupoids with two derivatives

e Gave examples of higher derivative constraints

e Found the expression for the classical trace of the EMT and its 1-loop anomaly

e Outlook: Understand the geometry the metric space constrained by the symmetries
Dynamical gravity X

e Are topological effects involved? (proving conjecture)

e Would the conjecture have actual applications?

e Is there a boundary problem that is compatible with the restricted symmetry? Can
we find criteria?
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