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Asymptotically Safe Quantum Gravity

• Perturbative quantum gravity:

loss of predictivity

• Key idea of asymptotic safety:

Quantum realization of
scale symmetry

▶ imposes infinitely many

conditions on theory space
▶ irrelevant directions:

predictions of theory
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Motivation: Exploring AS with functional and lattice methods

• Functional methods:

▶ extract scale dependence of

couplings/operators
▶ AS: k∂kg⃗ = 0
▶ need approximations on

dynamics, regulator, gauge

fixing, ... other random stuff

• Lattice methods:

▶ extract lattice correlators, order

parameters, ...
▶ AS: continuous phase transition
▶ finite size effects,

extrapolations, ”guessing” of

relevant parameters, ...

Use different methods in concerted fashion to extract evidence for and physical

features of asymptotically safe quantum gravity.
see also [Ambjorn, Gizbert-Studnicki, Goerlich, Nemeth; 2024]
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Dynamical triangulations

⇒

• Discretization of spacetime in terms of triangulations

[Ambjørn and Jurkiewicz, 1992], [Agishtein and Migdal, 1992], . . .

∫
Dg e−S[g] →

∑

T

1

CT
e−SER

with Euclidean Einstein-Regge action SER = −κ2N2 + κ4N4 [Regge, 1961]
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The Einstein-Regge action

• starting point: Einstein-Hilbert action

SEH = − 1

16πGN

∫
d4x

√
g (R− 2Λ)

• Discretize volume term: ∫
d4x

√
g →

∑

s4

Vs4

• Curvature on the lattice: deficit angle δs2

∫
d4x

√
g R →

∑

s2

Vs2δs2
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Lattice quantum gravity in d = 4

• Discretization of spacetime in terms of

triangulations

∫
Dg e−S[g] →

∑

T

1

CT
e−SER

• Perform partition sum via Pachner moves

• in d = 4: no physical phase, no indications

for higher-order transition in κ2-κ4 - space
[Ambjørn, Jain, Jurkiewicz, Kristjansen, 1993], [Bakker, Smit, 1994]

[Ambjørn, Jurkiewicz, ’95], [Bialas, Burda, Krzywicki, Petersson, ’96] . . .

• CDT: impose causal structure
[Ambjørn, Loll, 1998], [Ambjørn, Jurkiewicz, Loll, 2000], . . .

• EDT: include local measure term
[Bruegmann, Marinari, 1993], [Bilke, Burda, Krzywicki, Petersson,

Tabaczek, Thorleifsson, 1998], [Laiho, Coumbe, 2011], [Ambjørn, Glaser

Goerlich, Jurkiewicz, 2013], . . .
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Lattice quantum gravity in d = 4

• Discretization of spacetime in terms of

triangulations

∫
Dg e−S[g] →

∑
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1

CT




N2∏

j=1

O(tj)
β


e−SER
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[Ambjorn, Glaser, Goerlich, Jurkiewicz, 2013]

[Coumbe, Laiho, 2014]
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Phase diagram of EDT

• Idea:

follow AB-line towards large κ2

and negative β

• Challenge: Metropolis

acceptance rate p drops:

κ2 =1.7 , ℓrel ∼ 1;

κ2 =2.45 , ℓrel ∼ 0.8;

κ2 =3.0 , ℓrel ∼ 0.7;

κ2 =3.8 , ℓrel ∼?;

κ2 =4.5 , ℓrel ∼?;

[Bassler, Laiho, MS, Unmuth-Yockey; 2021]

[Ambjorn, Glaser, Goerlich, Jurkiewicz, 2013]

[Coumbe, Laiho, 2014]

Recovery of semi-classical physics?
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Newtonian binding energy from EDT

• Use matter as probe for geometry
[de Bakker, Smit, 1996], [Dai, Laiho, MS, Unmuth-Yockey

2021]

• Renormalized mass from

two-point functions

• Fit binding energy Eb = Amα

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
1/V

1

2

3

4

5
rel = 0
rel = 0.7
rel = 0.8

rel = 1
rel = 1.28
rel = 1.59

[Dai, Laiho, MS, Unmuth-Yockey; 2021]

• Continuum, non-relativistic limit:

Eb = Gm5

4 (in d = 4)

• EDT fit: α = 4.6± 0.9

⇒ d = 3.9± 0.2

fill
EDT might feature well-behaved non-relativistic limit! [Laiho, MS, Unmuth-Yockey; 2021]
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Phase diagram of EDT

• Idea:

follow AB-line towards large κ2

and negative β

• Challenge: Metropolis

acceptance rate p drops:

κ2 =1.7 , p ∼ 10−3;

κ2 =2.45 , p ∼ 10−4;

κ2 =3.0 , p ∼ 3 · 10−5;

κ2 =3.8 , p∼ 5 · 10−6;
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Example: 2d Ising Model

• Partition fct.:

Z =
∑

{σ}

e
− 1

T

∑
<ij>

σiσj

↑ ↑ ↓
↑ ↑ ↑
↓ ↑ ↓

• Ej = −4

• toss r = 0.4

• If, e.g., T = 8

→ accept

• Metropolis Algorithm:
[Metropolis, Rosenbluth, Rosenbluth, Teller, Teller; 1953]

1. Pick lattice site j by random

2. Compute energy contribution Ej = σj

∑
i∈Nj

σi

3. If Ej ≥ 0, flip spin, σj → −σj

4. Else, toss random number r ∈ (0, 1)

If r > e
2Ej
T , flip spin, σj → −σj

Else: do nothing!

5. Repeat from 1.

Marc Schiffer, Radboud University 9



Example: 2d Ising Model

• Partition fct.:

Z =
∑

{σ}

e
− 1

T

∑
<ij>

σiσj

↑ ↑ ↓
↑ ↑ ↑
↓ ↑ ↓

• Ej = −4

• toss r = 0.4

• If, e.g., T = 8

→ accept

• Metropolis Algorithm:
[Metropolis, Rosenbluth, Rosenbluth, Teller, Teller; 1953]

1. Pick lattice site j by random

2. Compute energy contribution Ej = σj

∑
i∈Nj

σi

3. If Ej ≥ 0, flip spin, σj → −σj

4. Else, toss random number r ∈ (0, 1)

If r > e
2Ej
T , flip spin, σj → −σj

Else: do nothing!

5. Repeat from 1.

Marc Schiffer, Radboud University 9



Example: 2d Ising Model

Marc Schiffer, Radboud University 9



Example: 2d Ising Model – without rejection

• Partition fct.:

Z =
∑

{σ}

e
− 1

T

∑
<ij>

σiσj

↑ ↑ ↓
↑ ↑ ↑
↓ ↑ ↓

• Rejection-Free Algorithm:
e.g. [Norman, Cannon; 1972], [Schulze; 2004]

1. Initialize:

1.1 save list of probabilities pj = max(e
2Ej
T , 1)

1.2 save list of summed probabilities Pi =
∑
i≤j

pj

real life: use binary trees

2. Toss random number r ∈ (0,Max(Pi))

3. Find lattice site a s.t. Pa−1 < r < Pa, (P0 = 0)

4. Flip σa → −σa

5. Update entries of pi and Pi

6. Repeat from 2.
• T = 1

, r = 3.1

• pi = (1.00; 0.14; 1.00; 0.14; 0.02; 0.14; 1.00; 0.14; 1.00)

• Pi = (1.00; 1.14; 2.14; 2.28; 2.30; 2.44; 3.44; 3.58; 4.58)
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2. Toss random number r ∈ (0,Max(Pi))

3. Find lattice site a s.t. Pa−1 < r < Pa, (P0 = 0)

4. Flip σa → −σa

5. Update entries of pi and Pi

6. Repeat from 2.

• T = 1, r = 3.1

• pi = (1.00; 0.14; 1.00; 0.14; 0.02; 0.14; 1.00; 0.14; 1.00)

• Pi = (1.00; 1.14; 2.14; 2.28; 2.30; 2.44; 3.44; 3.58; 4.58)
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”Time” evolution

• Goal: sample same distribution

• Need to map ”time” evolution

requirement: detailed balance

• simplest case (not gravity):

nreject = floor(log1−Pa
(r))

Pa: average probability
[Schulze; 2004]

[Dai, Freeman, Laiho, MS, Unmuth-Yockey; 2023]
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Testing the new algorithm I

• Proof of principles: 2d Ising model

• Simulate Magnetization as function of temperature
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1Weight-accumulating Rejection-free algorithm reproduces correct Magnetization!
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Testing the new algorithm II

• Proof of principles: 2d Ising model

• Simulate probability distribution of energy states at T = 2:
[Beale; 1996]

Pk(T ) =
gk e−

4 k J
T∑N

k=0 gk e−
4 k J
T

, with multiplicity gk of states with energy 4Jk
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Weight-accumulating Rejection-free algorithm reproduces correct distribution!
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Testing the new algorithm II
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[Beale; 1996]
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1

[Dai, Freeman, Laiho, MS, Unmuth-Yockey; 2023]

Some speedup, but plateau; Reason: higher connectivity.
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Possibilities with new algorithm

• New algorithm & computational

resources:

significant increase of explored

lattice ensembles

• Pre rejection-free algorithm:

explored ensembles: ∼ 100

tuned ensembles: 7
[Laiho, Bassler, Coumbe, Du, Neelakanta; 2017]

• Post rejection-free algorithm:

explored ensembles: ∼ 1300

tuned ensembles: 24
[Dai, Freeman, Laiho, MS, Unmuth-Yockey; 2024]
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Towards a de Sitter geometries in EDT?

• Shelling function n4(ρ): counts

number of four-simplices at geodesic

distance τ away from source-simplex.

• For de Sitter with dH = 4:

n4(ρ) ∼ cos3(ρ)

• Peak-height: order parameter of

AB-transition
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Lattice volume profiles: approximate de Sitter profile better for larger κ2
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Lattice volume profiles: approximate de Sitter profile better for larger κ2
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Determining absolute and relative lattice spacings

• Saddle point approximation:
[Ambjorn, Goerlich, Jurkiewicz, Loll, 2012]

⟨N4⟩ ≃
k2

4(κ4 − κc4)
2
⇒ k = |κ4 − κc4|

√
N4 .

Use finite-volume scaling of κ4 to test recovery of semi-classical limit

• Match lattice saddle point approximation with continuum calculation:

Z(κ2, κ4) ≈ exp

(
k2(κ2)

4(κ4 − κc4)

)

Assumption: Continuum is dominated by de Sitter instanton [Hawking, Moss, 1987]

Extract G from lattice data:

G

ℓ2fid
∼
(a
ℓ

)2 ℓ2rel
|s| ,
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Numerical result: finite volume scaling

Example at N4 = 16k, β = −0.544, κ2 = 2.245:

0 2 4 6 8

1/
√
N4 ×10−3

6.9485

6.9490

6.9495

6.9500

κ4

Best fit

Data

Extract slope s: κ4(N4) = A+ sG
1√
N4

Fit result: s = −0.2329±stat 0.0072±syst 0.0066

χ2/d.o.f = 0.79.

Marc Schiffer, Radboud University 17



Numerical result: the Newton coupling

• Extract slope for all ensembles

• Compute G for each of the

ensembles

• At given lattice spacing, perform

infinite volume extrapolation:

G

a2lat
=

HG

N4
+

IG
N2

4

+Ga ,

• ”Fine” lattices (κ2 = 3.0):

Ga = 0.477± 0.063 ;

⇒ afine ≈ 1.29 ℓPlanck

• ”Super-Fine” lattices (κ2 = 3.8):

G0 = 0.98± 0.24 ;

⇒ aSfine ≈ 0.78 afine

Lattice spacings decrease for larger κ2, and reach Planck length in our simulations.

Marc Schiffer, Radboud University 18
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Towards dynamical dark energy: Motivation

•
• In Euclidean space (vacuum):

Friedmann equations:

− ȧ2

a2
+

1

a2
=

Λ

3

• Identify: a(τ) = ℓV
ℓ (N shell

4 )1/3

ℓV
ℓ : conversion factor,

N shell
4 ∼ n4, shelling function

• Determine LHS from lattice data
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[Dai, Freeman, Laiho, MS, Unmuth-Yockey; 2024]
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− ȧ2

a2
+

1

a2
≡ Λlat

3

• Identify: a(τ) = ℓV
ℓ (N shell

4 )1/3

ℓV
ℓ : conversion factor,

N shell
4 ∼ n4, shelling function

• Determine LHS from lattice data

Notice: Λlat = Λ0 + f(H)

H ∼ ȧ
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Towards dynamical dark energy: Numerics

• Observation: Λ = Λ0 + f(H)

• Assume model

Λ(H) = Λ0 + 3νH2 + 3ν̃Ḣ
see, e.g., [Gomez-Valent, Karimkhani, Sola; 2015]

3

(
− ȧ2

a2
+

1

a2

)
= Λ0+3νH2+3ν̃Ḣ

with ν ′ = ν − ν̃

• extract ν ′ from to

Λlat(H) = IH2 + 3ν ′H2

• Perform infinite volume,

continuum extrapolation

ν ′ = A′

log(B′ √V4)

• extract ν̃ from IH2

Marc Schiffer, Radboud University 20
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see, e.g., [Gomez-Valent, Karimkhani, Sola; 2015]

3

(
− ȧ2

a2
+

1

a2

)
≈ IH2 + 3ν ′H2

with ν ′ = ν − ν̃

• extract ν ′ from to

Λlat(H) = IH2 + 3ν ′H2

• Perform infinite volume,

continuum extrapolation

ν ′ = A′

log(B′ √V4)
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• extract ν̃ from IH2
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Towards dynamical dark energy: Interpretations

• Convert in physical units (using G and ℓV /ℓ):

⇒ ν(Λ0, phys) = (5.1± 1.3)× 10−4 and ν̄ ≈ 0

• This model: vacuum energy: covariantly conserved independently of matter
see, e.g., [Gomez-Valent, Karimkhani, Sola; 2015], [Solà, Gomez-Valent, de Cruz; 2016], [Moreno-Pulido, Sola, Cheraghchi; 2023]

⇒ avoids experimental constraints

• Leads to modifications of matter power-spectrum and present-day Hubble rate

But: not distinguishable (with ν ∼ 10−3) from ΛCDM
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Summary & Outlook

• EDT as tool to explore ASQG

• Scalar fields to probe geometries

• New algorithm and computational

resources: finer lattices and larger

volumes

• Lattice geometries: resemble

semi-classical de Sitter space with

dH ≈ 4

• Contact to cosmology

• Improve parallelization to deal

with high connectivity

• Study dynamical matter with new

algorithm
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Summary & Outlook

• EDT as tool to explore ASQG

• Scalar fields to probe geometries

• New algorithm and computational

resources: finer lattices and larger

volumes

• Lattice geometries: resemble

semi-classical de Sitter space with

dH ≈ 4

• Contact to cosmology

• Improve parallelization to deal

with high connectivity

• Study dynamical matter with new

algorithm

Thank you for your attention!
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Example: 2d Ising Model

• Partition fct.:

Z =
∑

{σ}

e
− 1

T

∑
<ij>

σiσj

↑ ↑ ↓
↑ ↑ ↑
↓ ↑ ↓

• Ej = −4

• toss r = 0.4

• If, e.g., T = 8

→ accept

• Metropolis Algorithm:
[Metropolis, Rosenbluth, Rosenbluth, Teller, Teller; 1953]

1. Pick lattice site j by random

2. Compute energy contribution Ej = σj

∑
i∈Nj

σi

3. If Ej ≥ 0, flip spin, σj → −σj

4. Else, toss random number r ∈ (0, 1)

If r > e
2Ej
T , flip spin, σj → −σj

Else: do nothing!

5. Repeat from 1.
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Metropolis probabilities and ponderances

• Including local measure term: Stot = Sloc + Sglob

• Metropolis accept probabilities:

pA→B =




1 if SB < SA

e(SA−SB) if SB > SA

,

pA→B ̸= (pA→B)loc (pA→B)glob .

need to re-compute full list of

probabilities after each move

• Ponderances:
[Dai, Freeman, Laiho, MS, Unmuth-Yockey; 2023]

PA→B = e
1
2
(SA−SB) ,

hi

PA→B = (PA→B)loc (PA→B)glob .

Use of ponderances allows to separate global and local part of the action.

(at the price of giving up the notion of accept probabilities)

What about detailed balance (i.e., mapping the ”time” evolution)?
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Detailed balance with probabilities and ponderances

• Detailed balance:
pA→B

pB→A
=

p(B)

p(A)
,

• Target distribution to sample: p(A) ∼ e−S(A)

• Metropolis accept probabilities:

pA→B

pB→A
=

e(S(A)−S(B))

1
=

e−S(B)

e−S(A)

• Ponderances:
[Dai, Freeman, Laiho, MS, Unmuth-Yockey; 2023]

pA→B = pA→Bchosen
×

pA→B

pB→A
=

e−S(B)
∑N

i=1 PB→i

e−S(A)
∑N

i=1 PA→i

Compensate with weight

ωA = 1∑N
i=1 PA→i

Use of ponderances allows to separate global and local part of the action.

Satisfy detailed balance using weight ωA for each move.
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Testing the new algorithm on EDT

• 4d EDT: compare order parameters and lattice observables

• δΛ: unphysical parameter; stabilizes lattice volume and tunes κ4
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Metropolis and Rejection free algorithms seem to agree in physical limit δΛ → 0
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Testing the new algorithm on EDT

• 4d EDT: compare order parameters and lattice observables

• δΛ: unphysical parameter; stabilizes lattice volume and tunes κ4
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Continuum limit of EDT?

[Dai, Laiho, MS, Unmuth-Yockey; 2021]

• Use matter as probe for gravity

• Study scalar fields on EDT

(quenched approximation)

• Extract binding energy Eb and

renormalized mass m from

one-and two-particle two-point

correlators
[de Bakker, Smit, 1996]

• Continuum, non-relativistic limit:

Eb = Gm5

4

• Fit Eb = Amα

[Ambjorn, Glaser, Goerlich, Jurkiewicz, 2013]

[Coumbe, Laiho, 2014]

EDT fit: α = 4.6± 0.9, ⇒ d ≈ 3.9± 0.2
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Slattice
M =

∑

x,y

ϕx Lxy ϕy ,

with Lxy = (Dx +m2
0)δxy −Axy .
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