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Disclaimer

I will talk about Einstein gravity. 
However, this approach can also be applied to different theories.



Gravity is perturbatively non-renormalizable at two-loops.



Asymptotic Safety



Asymptotic Safety

Weinberg’s conjecture: There exists a nonperturbative dynamical mechanism which renders physical 
scattering amplitudes finite and computable at energy scales exceeding the Planck scale: a nontrivial UV 
fixed point.
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Usually technically investigated via the Functional Renormalization Group 
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The Effective Average Action �k[�] = �̃k[�]��Sk[�] =

Z
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The Effective Average Action

It represents the scale-
dependent version of the 
standard effective action.
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p2 = ∞p2 = 0 k2
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The Effective Average Action

It represents the scale-
dependent version of the 
standard effective action.

It satisfies the Functional 
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Equation:
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•UV- and IR finite 

•Fully nonperturbative or exact
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The Effective Average Action

It represents the scale-
dependent version of the 
standard effective action.

It satisfies the Functional 
Renormalization Group 
Equation:

Predictive solutions do exist in 
theories that are otherwise 
perturbatively non-renormalizable.
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Asymptotic Safety via FRG: A given trajectory has an acceptable UV limit, if and only if its 
endpoint in the UV is given by the nontrivial fixed point of the RG flow.



Einstein-Hilbert

�k[h; ḡ] =
1

16⇡ G(k)

Z
d4x

p
�g

⇣
R(g)� 2⇤(k)

⌘����
g=ḡ+h

+ gauge fixing + ghosts
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Gaussian fixed point

Non-Gaussian fixed point

g⇤ = �⇤ = 0
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ASYMPTOTIC SAFETY

g(k) = G(k)k2

�(k) =
⇤(k)

k2
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[Reuter 1996, Reuter-Saueressig and Percacci’s book]
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Effective action contains 
unphysical  information: 

Field parametrization - gauge dependence

1. Effective action is off-shell

2. Regulator breaks symmetry 
(diffeomorpshism invariance)

Extract physical information from the flow of 
the effective action is a arduous task.
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Perturbative renormalization Non-perturbative renormalization

Non-perturbative 
renormalizable

Perturbative non-
renormalizable

Affected by non-
physical information

Contains only 
physical information

New subtraction scheme + essential renormalization group
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Use perturbative methods to investigate asymptotic safety

E.g. dimensional regularization with non-minimal subtraction scheme

E.g. proper time regularization

Idea

Do a fully functional approximation to keep invariants to all orders: 
non-minimal subtraction scheme.

RG improvement of one-loop effective action “looks like” non-perurbative RG

Essential RG: RG scheme to keep unphysical dependencies under control
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1. One-loop effective action

For Einstein gravity:
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gauge fixing: e.g. 
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gauge fixing: e.g. 
background covariant 
harmonic gauge

Faddeev-Popov 
ghost’s term
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In this first analysis: investigation of the parametrization dependence
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2. Dimensional regularization

Revisit Weinberg’s original conjecture of Asymptotic safety: gravity has a fixed point in d = 2 + ϵ

[Weinberg, Niedermaier, Benedetti, Falls, Jack & Jones, Christensten & Duff, Kawai, Kluth 2409.09252, …]
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Revisit Weinberg’s original conjecture of Asymptotic safety: gravity has a fixed point in d = 2 + ϵ

[Weinberg, Niedermaier, Benedetti, Falls, Jack & Jones, Christensten & Duff, Kawai, Kluth 2409.09252, …]

New subtraction scheme: keep (power law) divergences that appear also in dc = 0, 2, 4

Idea: in gravity we should keep track of two dimensionalities. 
One gets regularized, one is dynamical  (components of the field)d = gμ

μ

[Martini, Ugolotti, 
Zanusso, Vacca, Del 
Porro, Sauro]

preserves gauge 
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Revisit Weinberg’s original conjecture of Asymptotic safety: gravity has a fixed point in d = 2 + ϵ

Expand the trace up to second order in curvature, exploiting the EOM
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2. Dimensional regularization 
Non-minimal subtraction scheme

Keep  distinct from , in order not to identify the components of the metric with the 
regularization parameter.

d = gμ
μ dc

1

(4⇡)d/2
! 1

(4⇡)dc/2
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The HK coefficients then become

Compute traces using proper time techniques and evaluate UV singular part
Z 1

0
dss
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2. Dimensional regularization 
Essential renormalization group

Renormalization scheme which restricts the analysis to the running of the essential couplings

Couplings which contribute to the scaling of physical observables such as scattering cross sections 
(scaling exponents)

Inessential couplings associated with redundant operators 
      fixed by renormalization conditions achieved by a field reparameterisation along the RG flow.

[Baldazzi, Falls, Zinati 
2105.11482, 2107.00671]
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2. Dimensional regularization 
Essential renormalization group

Renormalization scheme which restricts the analysis to the running of the essential couplings

Couplings which contribute to the scaling of physical observables such as scattering cross sections 
(scaling exponents)

Inessential couplings associated with redundant operators 
      fixed by renormalization conditions achieved by a field reparameterisation along the RG flow.

Minimal essential scheme: fix inessential couplings to values at Gaussian fixed point (perturbative)
G ! 0
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gā0(d)

µd

d

<latexit sha1_base64="XWXBXnqWucE2eKkZiWh66nHP0LI="></latexit>

For the free theory 
(flat space, GFP)

S =

Z
ddx

p
g

✓
⇢k
8⇡

� R

16⇡Gk
+ #E(g)

◆

<latexit sha1_base64="fbTzlyFSelGUFJUokWJcl4YLPVI="></latexit>

[Baldazzi, Falls, Zinati 
2105.11482, 2107.00671]

1-
lo

op
 e

ffe
ct

ie
 a

ct
io

n
Es

se
nt

ia
l R

G
A

ll-
cu

rv
at

ur
e

C
rit

ic
al

 e
xp

on
en

t



2. Dimensional regularization 
Essential renormalization group

Essential coupling (dimensionless - invariant under rescaling of metric)
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This was dim. reg.

Can we implement this into a flow equation?



3. Proper time regularization 
Generalized proper time flow

� = S +
~
2
Tr logK�1

S
(2)

/M
2 +O(~2) .
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arbitrary scale, 
take M → ∞One-loop effective action
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evaluate the trace via proper-time parametrization

IR-cutoff

IR and UV regulated 
effective action
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3. Proper time regularization 
Essential renormalization group

When deriving the effective action, do the Legendre transform:
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Add an extra term: allow the field variable coupling to the source to flow with k
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Generalized perturbative essential flow equation

proportional to the EoMabsorb off-shell term 
into the kernel
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3. Proper time regularization 
MES @ order curvature squared

Consider again Einstein-Hilbert trunctation          remove curvature squared terms by field redefinitions
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RG kernel: linear combination 
of operators up to desired 
truncation order

EOM
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3. Proper time regularization 
MES @ order curvature squared

Consider again Einstein-Hilbert trunctation          remove curvature squared terms by field redefinitions
✓
k@k +

Z
ddx

p
g µ⌫

�

�gµ⌫

◆
� = Tr e�K�1(�(2)+S(2)

gf )k�2

� 2Tr e�QFP[�]k�2

,

<latexit sha1_base64="+H/l+NmVHi5k3JihaSOzSSpp7AQ="></latexit>

MES: flat space and  µ⌫ = 0

<latexit sha1_base64="UbfNt3rTnKgjR/p1DxCtTE2ipTs=">AAACBHicbVC7SgNBFJ2Nrxhfq5aCDBHBKuyKoo0QsLGMYB6QDWF2co1DZmeXmTuBsKQS/AobC63sxNb/sPBD7Nw8Ck081eGce7nnnjCRwqDnfTq5hcWl5ZX8amFtfWNzy93eqZnYag5VHstYN0JmQAoFVRQooZFoYFEooR72Lkd+vQ/aiFjd4CCBVsS6StwKzjCT2q4bVIxop0FkA2WH9MJruwdeyRuDzhN/Sg7Kxaf77/1OXGm7X0En5jYChVwyY5q+l2ArZRoFlzAsBNZAwniPdaGZUcUiMK10nHxID61hGNMENBWSjkX4vZGyyJhBFGaTEcM7M+uNxP+8psXb81YqVGIRFB8dQiFhfMhwLbJKgHaEBkQ2Sg5UKMqZZoigBWWcZ6LNOipkffiz38+T2nHJPymdXmfFlMkEebJHiuSI+OSMlMkVqZAq4aRPHskzeXEenFfnzXmfjOac6c4u+QPn4web8Zsr</latexit>

RG condition same as before (up to a constant)

 g
µ⌫ [g] = �ggµ⌫ + �RRgµ⌫ + �RicciRµ⌫

<latexit sha1_base64="Um8G1XEwBtiuUgnZqPCBhyQpq7w="></latexit>

��

�gµ⌫
=

p
g

2

⇢

8⇡
gµ⌫ +

p
g

16⇡G

✓
Rµ⌫ � 1

2
Rgµ⌫

◆

<latexit sha1_base64="p/d53WQdTEb6jC80ByQLLGFk5Rc="></latexit>

RG kernel: linear combination 
of operators up to desired 
truncation order

EOM

⇢̃

8⇡
=

ā0
d

=
1

2
(d� 3)

<latexit sha1_base64="pQdsmlyH1T41s63FofRQ9zE+zcM="></latexit>

Solve for �g, �R, �Ricci, k@kGk

<latexit sha1_base64="CYBCzDZ8T93ZPKAu3exdoyfXijQ="></latexit>

Absorb curvature squared terms by 
solving for  �g, �R, �Ricci, k@kGk

<latexit sha1_base64="CYBCzDZ8T93ZPKAu3exdoyfXijQ="></latexit>

Solve for �g, �R, �Ricci, k@kGk

<latexit sha1_base64="CYBCzDZ8T93ZPKAu3exdoyfXijQ="></latexit>

Our non-minimal variant of dimensional regularization coincides with proper 
time regularization, at least within the early time heat kernel expansion.
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3. Proper time regularization 
MES @ order curvature squared

Let us use it as a tool to 
analyze parametrization 
dependence.
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3. Proper time regularization 
MES @ order curvature squared

Let us use it as a tool to 
analyze parametrization 
dependence.

�G̃ = (d� 2)G̃+
1

3
(�36 + (d� 3)d)(4⇡)1�d/2

G̃
2 +

(d� 3)(1200 + d(�566 + d(d+ 19)))(4⇡)2�d

30(d� 2)
G̃

3 +O(G̃4)

<latexit sha1_base64="P4KB8qsXK2ExwrhxRQvHeF1Em+U="></latexit>

Expand the essential beta function:

No dependence on the ’s up to this order.τ
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4. All curvature order on a max. symmetric background 

Going to higher orders in curvature, one can lift the dependence on the parameterisation at 
higher order in .G̃

Expansion up to O(R2) No dependence on the parametrization up to O(G̃3)
No dependence on the parametrization up to O(G̃4)Expansion up to O(R3)

… …

No dependence on the parametrization up to O(G̃N+1)Expansion up to O(RN)

WHY?
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4. All curvature order on a max. symmetric background 

Going to higher orders in curvature, one can lift the dependence on the parameterisation at 
higher order in .G̃

Expansion up to O(R2) No dependence on the parametrization up to O(G̃3)
No dependence on the parametrization up to O(G̃4)Expansion up to O(R3)

… …

No dependence on the parametrization up to O(G̃N+1)Expansion up to O(RN)

WHY?

In EOM terms linear in  and  on RHS 
Resolving terms                            requires going 

R Gkρk
RN

Z
ddx

p
gRGN�1

k
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4. All curvature order on a max. symmetric background 

Going to higher orders in curvature, one can lift the dependence on the parameterisation at 
higher order in .G̃

Expansion up to O(R2) No dependence on the parametrization up to O(G̃3)
No dependence on the parametrization up to O(G̃4)Expansion up to O(R3)

… …

No dependence on the parametrization up to O(G̃N+1)Expansion up to O(RN)

WHY?

Z
ddx

p
g�G̃/G̃

2

<latexit sha1_base64="t/Qv3Ki0nU8+tZY5hhSzoDdUMY4="></latexit>

On the LHS we have

In EOM terms linear in  and  on RHS 
Resolving terms                            requires going 

R Gkρk
RN

Z
ddx

p
gRGN�1

k
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4. All curvature order on a max. symmetric background 

Going to higher orders in curvature, one can lift the dependence on the parameterisation at 
higher order in .G̃

Expansion up to O(R2) No dependence on the parametrization up to O(G̃3)
No dependence on the parametrization up to O(G̃4)Expansion up to O(R3)

… …

No dependence on the parametrization up to O(G̃N+1)Expansion up to O(RN)

WHY?

Z
ddx

p
g�G̃/G̃

2

<latexit sha1_base64="t/Qv3Ki0nU8+tZY5hhSzoDdUMY4="></latexit>

On the LHS we have

 up to O(G̃N+1)

In EOM terms linear in  and  on RHS 
Resolving terms                            requires going 

R Gkρk
RN

Z
ddx

p
gRGN�1

k
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4. All curvature order on a max. symmetric background 

Technical details:

• Heat kernel expansion on a d-sphere

• Spectral sum on a d-sphere or d-hyperboloid • Evaluation of non-commuting traces

[Kluth, Litim 1910.00543]
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4. All curvature order on a max. symmetric background 

Technical details:

• Heat kernel expansion on a d-sphere

• Spectral sum on a d-sphere or d-hyperboloid • Evaluation of non-commuting traces

 µ⌫ = �(R)gµ⌫

<latexit sha1_base64="WbCN/+j9dkFEKBj19jWJuUdopyw=">AAACGXicbVDLSgNBEJz1bXxFPXoZDAG9hF1R9CIEvHiMYjSQDaF3bOPgzOwy0yPIki/wE/wKr3ryJl49efBf3MQgvupUVHXTXZVkSjoKw7dgbHxicmp6ZrY0N7+wuFReXjl1qbcCmyJVqW0l4FBJg02SpLCVWQSdKDxLrg4G/tk1WidTc0I3GXY09Iy8kAKokLrlatxwspvH2sfG9/k+53EPtIaN403e+9K75UpYC4fgf0k0IhU2QqNbfo/PU+E1GhIKnGtHYUadHCxJobBfir3DDMQV9LBdUAMaXScfxunzqndAKc/Qcqn4UMTvGzlo5250UkxqoEv32xuI/3ltTxd7nVyazBMaMThEUuHwkBNWFj0hP5cWiWDwOXJpuAALRGglByEK0RfFlYo+ot/p/5LTrVq0Xds52q7U66NmZtgaW2cbLGK7rM4OWYM1mWC37J49sMfgLngKnoOXz9GxYLSzyn4geP0AOVuf/g==</latexit>

RG kernel:

[Kluth, Litim 1910.00543]
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4. All curvature order on a max. symmetric background 

Technical details:

• Heat kernel expansion on a d-sphere

• Spectral sum on a d-sphere or d-hyperboloid • Evaluation of non-commuting traces

 µ⌫ = �(R)gµ⌫
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RG kernel:

Fixed point and the critical 
exponent converges rapidly

[Kluth, Litim 1910.00543]
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5. Critical exponent
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Using our scheme, we can fix the renormalization conditions at  in order 
to compare results on the lattice.

k → 0

5. Critical exponent
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How does  appears in relations between various scales, namely  at bare scale  and the observed 
(renormalized)  (Planck length)? 

θ G(Λ) Λ
G

Using our scheme, we can fix the renormalization conditions at  in order 
to compare results on the lattice.

k → 0

5. Critical exponent
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How does  appears in relations between various scales, namely  at bare scale  and the observed 
(renormalized)  (Planck length)? 

θ G(Λ) Λ
G

 
As the bare coupling is sent to the fixed point, the cutoff scale in physical units must diverge in 
a manner determined by .θ

Using our scheme, we can fix the renormalization conditions at  in order 
to compare results on the lattice.

k → 0

5. Critical exponent
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How does  appears in relations between various scales, namely  at bare scale  and the observed 
(renormalized)  (Planck length)? 

θ G(Λ) Λ
G

 
As the bare coupling is sent to the fixed point, the cutoff scale in physical units must diverge in 
a manner determined by .θ

Using our scheme, we can fix the renormalization conditions at  in order 
to compare results on the lattice.

k → 0

G̃(k ! 0) ! kd�2G
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At the GFP

lim
G̃(⇤)!G̃?

G / ⇤2�d

|G̃? � G̃(⇤)|A

<latexit sha1_base64="k+QhOcAhBI8xC+L8MP8pq743X6c="></latexit>

As we send , we define the exponent G̃(Λ) → G̃* A

5. Critical exponent
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How does  appears in relations between various scales, namely  at bare scale  and the observed 
(renormalized)  (Planck length)? 

θ G(Λ) Λ
G

 
As the bare coupling is sent to the fixed point, the cutoff scale in physical units must diverge in 
a manner determined by .θ

Using our scheme, we can fix the renormalization conditions at  in order 
to compare results on the lattice.

k → 0

G̃(k ! 0) ! kd�2G
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At the GFP

lim
G̃(⇤)!G̃?

G / ⇤2�d

|G̃? � G̃(⇤)|A
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As we send , we define the exponent G̃(Λ) → G̃* A

⇠ = ⇤`P
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lim
G̃(⇤)!G̃?

⇠ / 1

|G̃? � G̃(⇤)|
A

d�2
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The correlation length in units of the cutoff

5. Critical exponent
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5. Critical exponent

How to relate  and  ?A θ
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5. Critical exponent

How to relate  and  ?A θ

Integrating the beta funciton log(⇤/k) =

Z G̃(⇤)

G̃(k)

1

�G̃

d G̃
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5. Critical exponent

How to relate  and  ?A θ

Integrating the beta funciton log(⇤/k) =

Z G̃(⇤)

G̃(k)

1

�G̃

d G̃
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5. Critical exponent
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✓
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How to relate  and  ?A θ

Integrating the beta funciton log(⇤/k) =
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5. Critical exponent: connection with CDT 

Consider a lattice spacing  and a bare coupling .a κ

For different values of the bare coupling, one produces effective actions with an observed Planck 
length  (minisuperspace).ℓP
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5. Critical exponent: connection with CDT 

Consider a lattice spacing  and a bare coupling .a κ

For different values of the bare coupling, one produces effective actions with an observed Planck 
length  (minisuperspace).ℓP
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5. Critical exponent: connection with CDT 

Consider a lattice spacing  and a bare coupling .a κ

For different values of the bare coupling, one produces effective actions with an observed Planck 
length  (minisuperspace).ℓP

ad�2/G ! 0,  ! ⇤
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Identifying               , then

is the expectation value of the number of four simplices 
fixed by tuning the bare cosmological constant. 

L4a�4 = hN4i
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5. Critical exponent: connection with CDT 

Consider a lattice spacing  and a bare coupling .a κ

For different values of the bare coupling, one produces effective actions with an observed Planck 
length  (minisuperspace).ℓP
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Identifying               , then

is the expectation value of the number of four simplices 
fixed by tuning the bare cosmological constant. 

L4a�4 = hN4i
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5. Critical exponent: connection with CDT 

Consider a lattice spacing  and a bare coupling .a κ

For different values of the bare coupling, one produces effective actions with an observed Planck 
length  (minisuperspace).ℓP
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Identifying               , then

is the expectation value of the number of four simplices 
fixed by tuning the bare cosmological constant. 

L4a�4 = hN4i
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In lattice RG  is fixed. In each simulation compute  and the limit  must be 
extrapolated.   

G2ρ ⟨N4⟩ ⟨N4⟩ → ∞

5. Critical exponent: connection with CDT 
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Reasons for such an incompatibility?

✓CDT = 4± 1
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Conclusions & Outlook

Use perturbation theory to extract physical information (on-shell).

New subtraction scheme + essential renormalization group

Parametrization dependence disappears order by order in perturbation theory

Critical exponent converges rapidly to ✓ = 2.311

<latexit sha1_base64="eH/SyB1NtdVcCLGEQrxvLw64dp8=">AAACAHicbVC7TgJBFJ3FF+ILtbSZSEysNruI0caExMYSE3kksJK7wwUmzD4yc9eEEBq/wlYrO2Prn1j4Ly4rhYKnOjnn3txzjx8rachxPq3cyura+kZ+s7C1vbO7V9w/aJgo0QLrIlKRbvlgUMkQ6yRJYSvWCIGvsOmPrmd+8wG1kVF4R+MYvQAGoexLAZRK9x0aIgG/4mX7zHW7xZJjOxn4MnHnpMTmqHWLX51eJJIAQxIKjGm7TkzeBDRJoXBa6CQGYxAjGGA7pSEEaLxJlnrKTxIDFPEYNZeKZyL+3phAYMw48NPJAGhoFr2Z+J/XTqh/6U1kGCeEoZgdIqkwO2SElmkdyHtSIxHMkiOXIReggQi15CBEKiZpP4W0D3fx+2XSKNtuxT6/rZSq1XkzeXbEjtkpc9kFq7IbVmN1JphmT+yZvViP1qv1Zr3/jOas+c4h+wPr4xvdfJV1</latexit>

Comparison with the lattice

1

2

3



Conclusions & Outlook

Use perturbation theory to extract physical information (on-shell).

New subtraction scheme + essential renormalization group

Parametrization dependence disappears order by order in perturbation theory

Critical exponent converges rapidly to ✓ = 2.311

<latexit sha1_base64="eH/SyB1NtdVcCLGEQrxvLw64dp8=">AAACAHicbVC7TgJBFJ3FF+ILtbSZSEysNruI0caExMYSE3kksJK7wwUmzD4yc9eEEBq/wlYrO2Prn1j4Ly4rhYKnOjnn3txzjx8rachxPq3cyura+kZ+s7C1vbO7V9w/aJgo0QLrIlKRbvlgUMkQ6yRJYSvWCIGvsOmPrmd+8wG1kVF4R+MYvQAGoexLAZRK9x0aIgG/4mX7zHW7xZJjOxn4MnHnpMTmqHWLX51eJJIAQxIKjGm7TkzeBDRJoXBa6CQGYxAjGGA7pSEEaLxJlnrKTxIDFPEYNZeKZyL+3phAYMw48NPJAGhoFr2Z+J/XTqh/6U1kGCeEoZgdIqkwO2SElmkdyHtSIxHMkiOXIReggQi15CBEKiZpP4W0D3fx+2XSKNtuxT6/rZSq1XkzeXbEjtkpc9kFq7IbVmN1JphmT+yZvViP1qv1Zr3/jOas+c4h+wPr4xvdfJV1</latexit>

Comparison with the lattice

ToDo Analyze also gauge-dependence

Test scheme in other theories - add matter

Better understanding of comparison with lattice

Go two loop in proper time?
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