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A Prologue

The game of the large  and small  expansions.
One way to play is to start with a classically marginal interaction in  
dimensions…

N ϵ
d

∫ d4x ϕ4 ∫ d3x ϕ6∫ d6x ϕ3 ∫ d2x(ψ̄ ψ)2

∫ d4x ϕψ̄ ψ ∫ d3x ϕ2ψ̄ ψ or even ∫ ddx JμAμ

… but maybe this can get boring or maybe
it’s hard to find new problems or maybe it’s hard 

to find easy problems.



Defects and Boundaries

One way to change the game is to add a defect or boundary.  This is a flat, 
codimension one or greater space sitting inside or adjacent to the ambient 
spacetime.  Fixed points can still possess conformal symmetry and there are 
some possible condensed matter applications.

In 4d alone, one can now additionally consider the classically marginal 
interactions

∫ dpx ϕp , p = 1,2,3 ∫ d3x ψ̄ ψ

But wait, there’s more.  We can introduce degrees of freedom on the 
defect…



Coupling to a Current

If the defect theory has a global symmetry current , then we can 
couple it to a bulk gauge field in a classically marginal way:  

Jμ

∫ dpx JμAμ

The talk today is about a coupling of this form where we can
go beyond large  and  expansions and, because of the magic of

two dimensions, actually solve the system exactly.
N ϵ



What happens if I couple (massless) electrons on a wire (1+1 
dim) to photons in d space-time dimensions?

e−

∫ AμJμ d2x

An answer from two years ago:
When , the IR fixed point cannot both have conformal symmetry
and couple the bulk and defect degrees of freedom in a nontrivial way.

d = 4

An answer from today:  
We can solve the system for general  and massless electrons.d

An answer from 60 years ago:
When , Schwinger showed the photon gets a mass, and the system 
shares some qualitative features with QCD.

d = 2
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Motivation

✤ Foundational issues in QFT about renormalization group 
flows and what is “typical” and “allowed”

✤ Carbon nanotubes and other condensed matter systems 
with degrees of freedom with reduced dimensionality.

✤ Connections with QCD via Schwinger model.

✤ Personal: Mapping out the space of defect and boundary 
conformal field theories in higher dimensions.



Part I: No-Go Theorem



Triviality and Free in the Bulk 
Theories

✤ Lore that free-in-the-bulk theories of -dimensional defects of 
codimension  (with conformal symmetry) are trivial.

✤ For a single free scalar, the only exceptions are monodromy 
theories with  and codimension  theories with  
(Lauria, Liendo, van Rees, Zhao ’21)

✤ Surface defects in 4d free Maxwell theory are trivial (H and Shrestha ’22)

✤ Likely similar statements can be made about line defects in 
Maxwell, free fermions, and defects in -form theories in  
dimensions.

p
q ≥ 2

d ≥ 4 q = 3 d ≥ 5

p 2p + 2



What does triviality mean?

✤ Consider a bulk-defect-defect three point function: 
.

✤ For this object to be nonzero, the  must be 
generalized free fields — all their correlation functions 
follow from Wick’s Theorem.

⟨O(x)Ô1(y1)Ô2(y2)⟩

Ôi(y)



The Intuition — singularities in three 
point functions that need to be removed

⟨O(x)Ô1(y1)Ô2(y2)⟩ = c⟨𝒟𝒪̂(s)
Δ,ℓ(x)Ô1(y1)Ô2(y2)⟩ + c′￼⟨𝒟𝒪̂(s)

Δ′￼,ℓ(x)Ô1(y1)Ô2(y2)⟩

conformal symmetry + angular momentum conservation + free field 
equation imply

The conformal blocks  are singular in a place the 
total three point function has no business being singular

⟨𝒟𝒪̂(s)
Δ,ℓ(x)Ô1(y1)Ô2(y2)⟩

x

y1 y2

when  lies on a sphere 
with  and  at the poles 

x
y1 y2



The Singularity

1) Adjust  relative to c c′￼

⟨O(x)Ô1(y1)Ô2(y2)⟩ = c⟨𝒟𝒪̂(s)
Δ,ℓ(x)Ô1(y1)Ô2(y2)⟩ + c′￼⟨𝒟𝒪̂(s)

Δ′￼,ℓ(x)Ô1(y1)Ô2(y2)⟩

There are two options to kill the singularity:

2) Adjust  and Δ Δ′￼

Unfortunately, option 1 is generically not available because 
either  or  is below the unitarity bound.  Δ Δ′￼

Option 2 leads to triviality.



The Two Cases

✤ In the boundary case , option 1 is available.  For a free scalar, 
the boundary value and normal derivative  are such a 
dual pair.  For Maxwell theory with a boundary, there is a 
boundary electric and a magnetic current which play a similar role.

✤ For surface defects in Maxwell and most free-in-the-bulk scalar 
defect theories, the second operators (shadows) are below the 
unitarity bound and one must restrict the spectrum instead.  This 
restriction means further that the only defect fields the bulk field 
can couple to are generalized free fields which satisfy Wick’s 
Theorem.

q = 1
ϕ |z=0 ∂zϕ |z=0



Some comments

✤ The absence of these shadow operators relies on reflection positivity.  Relaxing 
reflection positivity presumably allows for a wider variety of RG flows.

✤ There are close connections to this story of alternate quantization for massive 
scalars in  with radius .  The conformal Casimir for a scalar has the 
form  which allows for a shadow dual operators with 

dimensions  and .  However, the unitarity bound restricts 

the allowed range where both operators are allowed.

✤ Similar issues show up more broadly for interacting QFTs in AdS.  If the theory 
is interacting in the bulk, the defect operator expansion is not as restricted, and 
there are other ways for the singularities to be removed. (Levine and Paulos ’23)

AdSd+1 R
Δ(Δ − d) = m2R2

Δ d − Δ Δ ≥
d − 2

2



Part II:  
Review of the Schwinger Model



A Review of the Schwinger Model

S = ∫ d2x (−
1
4

FμνFμν + gAμψ̄γμψ + iψ̄γμ∂μψ + mψ̄ ψ)



A Review of the Schwinger Model
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1
4
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Solved by Bosonization

S = ∫ d2x (−
1
4

FμνFμν + gAμψ̄γμψ + iψ̄γμ∂μψ)
ψ̄γμψ =

1

π
ϵμν∂νϕ ψ̄γ5γμψ =

1

π
∂μϕ

ψ̄ ψ = − c : cos ( 4πϕ) :

S = ∫ d2x (−
1
4

FμνFμν +
g

π
Aμϵμν∂νϕ −

1
2

(∂μϕ)(∂μϕ))
quadratic action (or sine Gordon model in the massive case)

vector current: axial current:



S = ∫ d2x (−
1
4

FμνFμν +
g

π
Aμϵμν∂νϕ −

1
2

(∂μϕ)(∂μϕ))
gauge fix:

S = ∫ d2x (−
1
4

FμνFμν −
1
2

(∂μAμ)2 +
g

π
Aμϵμν∂νϕ −

1
2

(∂μϕ)(∂μϕ))
Fourier transform:

S =
1
2 ∫ d2p (−p2Ãμ(−p)Ãμ(p) + 2i

g

π
ϵμνpμÃν(p)ϕ̃(−p) + p2ϕ̃(−p)ϕ̃(p))

integrate out :ϕ

S = −
1
2 ∫ d2p (p2 +

g2

π ) Ãμ(p)Ãμ(−p)

or :Aμ

S = −
1
2 ∫ d2p (p2 +

g2

π ) ϕ̃(p)ϕ̃(−p)



Part III:  
The Non-local Schwinger Model



The Nonlocal Schwinger Model

S = ∫ d2x (−
1
4

FabFab + gAaψ̄γaψ + iψ̄γa∂aψ)
becomes

S = −
1
4 ∫ ddx FμνFμν + ∫ d2x (gAaψ̄γaψ + iψ̄γa∂aψ)

integrating out the transverse bits of the gauge field, becomes

S = ∫ d2x (−
1
4

Fab
1

−∂2G(−∂2)
Fab + gAaψ̄γaψ + iψ̄γa∂aψ)

where G(p2) ≡ ∫
dd−2q

(2π)d−2

1
q2 + p2



Bosonizing in the Nonlocal Case

ψ̄γ5γμψ →
1

π
∂μϕ ψ̄γμψ →

1

π
ϵμν∂νϕ ψ̄ ψ → − c : cos ( 4πϕ) :

bosonize as before

S = ∫ d2x (−
1
4

Fab
1

−∂2G(−∂2)
Fab + gAaψ̄γaψ + iψ̄γa∂aψ)

becomes after gauge fixing and Fourier transforming

replaces  from before,
otherwise identical

p2

S = ∫
d2p

(2π)2 (−
1
2

Ãa(−p)
1

G(p2)
Ãa(p) + i

g

π
ϵabpaÃb(p)ϕ̃(−p) −

1
2

ϕ̃(p)ϕ̃(−p))



The Propagator

S = ∫
d2p

(2π)2 (−
1
2

Ãa(−p)
1

G(p2)
Ãa(p) + i

g

π
ϵabpaÃb(p)ϕ̃(−p) −

1
2

ϕ̃(p)ϕ̃(−p))
integrating out  yieldsAa

S = ∫
d2p

(2π)2
p2 (1 +

g2

π
G(p2)) ϕ̃(p)ϕ̃(−p)

importance of the propagator

Π(p2) ≡ ∫ d2x ⟨ϕ(x)ϕ(0)⟩e−ip⋅x =
1

p2 (1 + g2

π G(p2))
where G(p2) ≡ ∫

dd−2q
(2π)d−2

1
q2 + p2



The Propagator

G(p2) = ∫
dd−2q

(2π)d−2

1
q2 + p2

= κd pd−4 κd =
Γ ( 4 − d

2 )
(2π) d

2 −1
where

Π(p2) =
1

p2 (1 + g2

π G(p2))

2 4 6 8
d

-2

2

4

αd

✤  recovers Schwinger model
✤ integral UV divergent in 
✤ log divergence in 
✤ in the range , there is a 

tachyon
✤ for , there is negative spectral 

density

d = 2
d ≥ 4

d = 4
4 < d < 6

d < 2

focus on cases 2 ≤ d ≤ 4



The Spectral Density

χ(ν) ≡ lim
ϵ→0+

1
2i (Π(ν − iϵ) − Π(ν + iϵ)) = lim

ϵ→0+
Im(Π(ν − iϵ))

-3.0 -2.5 -2.0 -1.5 -1.0 -0.5
ν

-3

-2

-1

1

2

3

4

χ

d = 1.8

d = 2.2

d = 2.5

d = 3

 has negative spectral densityd < 2
focus henceforth on the range 2 ≤ d ≤ 4



A Proposed RG Flow

Π(p2) =
1

p2 (1 + g2

π αd pd−4)
UV, large p Π(p2) →

1
p2  scalarΔ = 0

IR, small p Π(p2) →
π

g2αd pd−2  scalarΔ =
4 − d

2

RG flow from a  scalar in the UV to a  scalar in the IR.

Consistent with earlier triviality result. 

Δ = 0 Δ =
4 − d

2

Odd that  is the only case where the IR is gapped.d = 2

2 < d < 4

Very similar to  field theory in  dimensions!ϕ4 4 − ϵ



-functionβ

Π(p2) =
1

p2Z2
ϕ(1 + Zααμ4−dG(p2))

Choosing the -factors  and   
produces the propagator 

Z ϕ0 = Zϕϕ α0 = Zααμ4−d

We choose the renormalization condition 

Π(μ2) =
1
μ2

⟹ Z2
ϕ(1 + Zααμ4−dG(μ2)) = 1

If we additionally choose  thenZ2
ϕZα = 1

β = − (4 − d)α(1 − ακd)

α

β



2d-4d case

G(p2) = ∫
Λ d2q

(2π)2

1
p2 + q2

use a hard cut-off to regulate the divergence

G(p2) =
1

4π
log (1 +

Λ2

p2 )
massive pole at p2 = −

Λ2

1 − e−4π2/g2
is of order of the cut-off scale

at scales well below the cut-off Π(p2) ∼
4π2

g2p2 log p2

Λ2

scale dependent theory with no clear IR fixed point

Π(p2) =
1

p2 (1 + g2

π G(p2))



Comments about Literature

✤ Various authors have touched on the model here (Heydeman-Jepsen-Ji-Yarom 
’20, ‘22; Kotikov-Teber ’12, ’13, ‘14; Menezes-Palumbo-Morais Smith ‘16; Sanchez Monroy 
’17)

✤ Long range Luttinger liquids in condensed matter: Include a , 
, density-density interaction between fermions with a linear 

dispersion relation. Models involve explicit Lorentz symmetry breaking 
— slowly moving fermions, Fermi momentum, lattice spacing.  (Schulz 
’93, Wang-Millis-Sarma ’01, Naon-Salvay-Trobo ’05, Inoue-Nomura ’06)  

✤ Improved ladder approximation for  and 4 cases:  Argue for 
general  for the appearance of a fermion mass term.  Tension with 
CMW.  (Gorbar-Gusynin-Miransky ’00) 

1/rβ

β = d − 3

d = 3
Nf



Take Aways

✤ Introduced a non-local Schwinger model that 
represents the interaction between massless fermions 
on a wire and a Maxwell field in  
dimensions.

✤  gives a trivial RG flow between free scalars.

✤  case looks like  field theory.

2 ≤ d < 4

2 < d < 4

d = 4 ϕ4



Further Directions

✤ Wilson and Polyakov loops — no time to show you

✤ more than one flavor of fermion, fermion masses 
(Dempsey et al. 2305.04437, Tarnopolsky et al. 2412.01902) 

✤ nonzero temperature (cylinder), torus, sphere (Anninos 
et al. 2403.16166)

✤ symmetry constraints on IR behavior (Mizumi et al. 
1905.05781, del Mastro-Gomis-Yu 2108.02202 )



more slides



Wilson Loop

W(C) = exp (ie∮C
A ⋅ dx)

⟨W(C)⟩ = exp (−
e2

2 ∮C ∮C
⟨Aμ(x)Aν(x′￼)⟩dxμdx′￼

ν)

⟨W(C)⟩ = exp (−
e2

2 ∫D×D
⟨F01(x)F01(x′￼)⟩d2x d2x′￼)

⟨F01(x)F01(x′￼)⟩ = ∫
d2p

(2π)2

p2

p2 + g2

π

eip⋅(x−x′￼)where from before

(Smilga; Sachs, Wipf early 90s)



Circular Wilson Loop

⟨W(C)⟩ = exp (−
e2

2 ∫D×D
⟨F01(x)F01(x′￼)⟩d2x d2x′￼)

⟨F01(x)F01(x′￼)⟩ = ∫
d2p

(2π)2

p2G(p2)

1 + g2

π G(p2)
eip⋅(x−x′￼)

useful to do the spatial integrals first:

⟨W(C)⟩ = exp (−
π2e2

g2
(μR)4−d ∫

∞

0

pd−3J1(p)2

1 + (μR /p)4−d
dp)

where

μ4−d ≡
g2

π
αdwhere

radius R

UV finite for d < 3



Circular Wilson Loop Continued

⟨W(C)⟩ = exp −
e2R4−d

2

π2− d
2 Γ(3 − d)Γ ( d

2 )
Γ (2 − d

2 ) Γ (3 − d
2 )

weak coupling or small  limitR

strong coupling or large  limit R

⟨W(C)⟩ = exp (−
e2

g2

μR
(4 − d)sin π

4 − d
)

interpolation between sub-area law and perimeter law



Circular Wilson Loop

⟨W(C)⟩ = exp (−e2πR2I1(μR)K1(μR))

where μ2 =
g2

π

I1(μ)K1(μ) =
1
2

+
1
4

(μR)2log μR + …

I1(μ)K1(μ) ∼
1

2μR

of radius R

area law

perimeter law

Compare the result for maximally SUSY  Yang-Mills theory — SU(N)

⟨W(C)⟩ ∼
2

λ
I1( λ) where λ = g2N

(Erickson, Semenoff, Zarembo ‘00; Drukker, Gross ‘00; Pestun ’07)



Symmetry Breaking

Recall that the photon has 
full conformal symmetry = Poincare  special conformal  dilatations× ×

= SO(4,2)

The wire must break this at least to  SO(2,2) × SO(2)

conformal group on the wire rotations around
wire

NB: We are looking for a fixed point theory with this symmetry.



A purely QFT analog of the AdS/
CFT correspondence

charged, massless fermions
 on a 2+1d surface

coupled to a 4d photon
∼ 3d QED in a large Nf limit

where

vs. boundary conditions: FnA = g2 ̄�A 

S =

Z

M
d3x


� 1

4e2
Fµ⌫Fµ⌫ + i ̄i /D i

�

Dµ = rµ � iAµ

S = � 1

4g2

Z

M
d4xFµ⌫Fµ⌫ +

Z

@M
d3x(i ̄i /D i)



(Kotikov-Teber ’13)

photon propagator for mixed dimensional QED 
(don’t FT the normal direction y) 

�i
e�py

p
⌘AB (Feynman gauge)

propagator for large Nf QED3, resummed

�i
⌘AB

p2(1 +⇧(p))
where

Compensated by vertices, 3d e drops out of the amplitudes.
For scattering processes on the boundary (y=0), 
the Feynman rules are the same in the IR with the identification 

⇧(p) =
Nfe

2

8|p| +O(N0
f )

1

Nf
⇠ g2



Mixed dimensional QED has 
something for everyone

S = �1

4

Z

M
d4xFµ⌫Fµ⌫ +

Z

@M
d3x(i ̄ /D )

FnA = g ̄�A Dµ = rµ � igAµwhere boundary conditions:

•relation to graphene
•relation to large Nf QED3 (Kotikov-Teber ’13; Gaiotto ’14)
•behavior under electric-magnetic duality (Son, Hsiao ’17) 
•example of a bCFT with an exactly marginal coupling
•conformal symmetry anomalies
•supersymmetric versions 

•localization, exact results for transport

our work



Perturbative argument for triviality

What is the effective photon propagator 
experienced by the charged matter?

For the boundary case, we saw that it was 
1
p

A surface means Fourier transforming two fewer space-time coordinates

For the surface defect we Fourier transform 
only 2 of the 4 coordinates ⟹ log p



Son’s model of graphene
cond-mat/0701501

�
NX

a=1

Z
dt d2x( ̄a�

0@0 a + v ̄a�
i@i a + iA0 ̄a�

0 a) +
1

2g2

Z
dt d3x(@iA0)

2

•only electric interactions
•electrons travel at speed 

things to note

v ⇡ c/300

p
@v(p)

@p
= � 4

⇡2N
v(p)

beta function for the electron velocity
v gets larger at low energies.
Moral sense in which our mixed QED
is the IR fixed point of real world
graphene.



Mixed QED is a bCFT

The usual Ward identity for QED relates Z = Zg

The superficial degree of divergence of the photon self energy is one
(compared with two in four dimensional QED).

The gauge invariant prefactor pµp⌫ � �µ⌫p
2 ⇧µ⌫(p)of

cuts down the degree of divergence to -1.

 coupling is not perturbatively renormalized.=)

g0Z
1/2
Aµ

Z = gZg

In other words,          is finite.ZAµ


