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The CC problem
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The cosmological constant

1
R — ERgW +Agu = 8mwGT,,

A ~ mass?.
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The vacuum energy

By Lorentz invariance the energy-momentum tensor of the vacuum
must be

<T;w>vac = —<P> vac8uv

(signature — + ++) and for a quantum field
Cc 3 4
_ “q 1l 5 C
<p> vac — 0 (27r)3 2 q + me = (47_(_)2

If C = m, the universe would not extend further than the Moon
(Pauli).
If C = mpjapek, the universe would be of Planck size




The CC problem
[e]e] e}

Critiques of the vacuum energy calculation

E. Akhmedov "Vacuum energy and relativistic invariance”
e-Print: hep-th/0204048 [hep-th]

G. Ossola and A. Sirlin " Considerations concerning the contributions of
fundamental particles to the vacuum energy density”

Eur.Phys.J.C 31 (2003) 165-175, e-Print: hep-ph/0305050 [hep-ph]

J. F. Donoghue, “Cosmological constant and the use of cutoffs,”
Phys. Rev. D 104 (2021) no.4, 045005 [arXiv:2009.00728 [hep-th]].

No quartic divergences in free field theories.
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Stronger arguments

M. Becker and M. Reuter "Background Independent Field Quantization with
Sequences of Gravity-Coupled Approximants”

Phys.Rev.D 102 (2020) 12, 125001, e-Print: 2008.09430 [gr-qc]

M. Becker and M. Reuter " Background Independent Field Quantization with
Sequences of Gravity-Coupled Approximants Il. Metric fluctuations”
Phys.Rev.D 104 (2021) 12, 125008, e-Print: 2109.09496 [hep-th]

R. Banerjee, M. Becker, R. Ferrero, " N-cutoff regularization for fields on
hyperbolic space”

Phys.Rev.D 109 (2024) 2, 025008, e-Print: 2302.03547 [hep-th]

R. Ferrero and R.P., " The cosmological constant problem and the effective
potential of a gravity-coupled scalar” JHEP 09 (2024) 074, e-Print: 2404.12357
[hep-th]

+ work in progress with R. Ferrero and V. Naso
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Euclidean scalar theory on a 4-sphere

S(g,¢) = Su(g) + Sm(g, ®) ,
where

Su(e) = 1grg | SVELRA- R,

and
1
Sn(018) = [ XVE |00 + Jme? + 1adt + LR

4
\/4_/C/4X\f_387T
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Effective action

"u(g. 6) = S(g,6) + » Trwlog(A/1s)

where
1
A=-V>+E, E:m2+§)\¢2+§R

and p is an arbitrary scale.
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N-cutoff

N
1 1 M+ E
ETrNIogA = 2;mglog< 2 ) .
A has eigenvalues

)

R
and multiplicities
1
my = 6(8 +1)(¢+2)(2¢+3)

If R is fixed we can convert the N-cutoff to a dimensionful cutoff
by C2 = BEN(N +3) + E ~ 5RN?.
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Sequence of gravity-coupled approximants

>N

Figura: The infinite-mode limit is taken in a sequence of physically
realizable systems.

Mode-limited scalar field ~ fuzzy sphere
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Free massless minimally coupled case

N
1 R
F'v(R) = = | —
w(R) |:871'G 167TG:| * 2 ;:; meiog <l2u2€(€+ 3)>
48rAg 247 1 R 1
where
N 1 ,
FN) =D my = NN+ AV +4N +7)
=1
and

N
z) = melog ({((+3)+2) ,
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Classical vs quantum action

r
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50
N fpeiena I

Here A= G =1
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EOM of R

247 1
——(—R+4N\) = —f(N
The solution of this equation is a sphere of curvature
247 GAf(N)
R = —1+4+4/1
GI(N) ( Rl )

Q

e [ 1 4 600v7A 2887\ 1 5
48,/G<N2—N3>+< N G)N4+O(1/N)
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Interpretation

1
R;w - ERg/“/ + /\Bguu = 87TG<T;W>

On a sphere the only independent equation is the trace

R+ 4Ag = 871G J dxy/E(THy)

[ dxyE

Since the classical system was scale invariant,

[ dxva(T) =)

is the trace anomaly.
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For a massive scalar

For a massive scalar the operator A = —V? 4+ m? has eigenvalues

R 2
)\e—ﬁf(€+3)+m

so T(N,0) is replaced by

(0 ) - S92

For m? > 0 singularities for R < 0.




Flatness
[e]e]elele] lelelelelelele]e)

Interacting case: effective action

A 1
Tv(R. ¢) = Vi [S:G 16WGR+* 2¢2+ A¢4+ §¢2R]

m? 4+ ZAp? + ER
Zmﬂog( S0+ 3) + 2}; : )
48TAg 24w N 192712 m?¢? N 6m2N\p*  19272£¢?
GR? GR R2 R2 R

1 R 1 12(m? + €R) + 6)1¢?
= TN
+2f(N)Iog<12'u2> t3 ( ; 7 ;
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Quantum EOMs

2 2
647r 2 1 6ER+AG) + 6)\¢S<N712m +l2§R+6)\¢>:0
R R
247 5 5
Yors (R— 4N —81G*(2m* + ER + A\¢p? /6))

2 2
+in(N)_6m 13\ s</v, 12m? + 12¢6R + 6)6 > o

R2 R
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Quantum EOMs

where

OT(N, z 1
s(n,z) = T2) ;’W(uaﬂ

_ é{N2+4N+(Z -2) [H (W) +H (3_\/29_?>

_H<N+W29—ﬁ)_H<N+H29_742>H
and
TES S

/=1
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Symmetric phase

¢=0
EOM of ¢ is automatically satisfied

247
3 (

1 6m?
+55f(N) — 58 (N,

R — 4N — 87G¢*(2m* + £R))
12m? + 12£R) .

R
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Solution

Make ansatz

K> Ky Ky
Insert in the EOM, expand for N — oo. Use
1 1 2
S(N,yN?) = = |1—ylog(1+=)]|N? N
(N, y°) 6{ yog( +y>} 314y
10+57y 1 1
736(14—)/)2 + 3 log (1 + y) + O(1/N)

Most divergent term in the EOM is

N [ , 23047A
12m?

K
2 2 2
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Quantum EOM of R

Can be solved for Ko, in closed form when m? < K. Use in the
next highest divergence to determine K3 and proceed iteratively.

K, = W +12m* 4+ O(m*) ,

Ky = — 193/@ —48m* + O(m*) ,

Ky = 60(’]?_2868%12,,72 [332 - %@\ +12€ — 2(1 — 6¢) log <'jj§)}
Ky — 172\%ﬁ + 20T 406w |2+ \%j/\ — 12¢ +2(1 - 6¢) log (Tj/\;

Ks
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Effect of mass

10" R
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Figura: The curvature R as a function of m?G, for GA=1, £ =0 and

N = 10°. Continuous line: numerical solution, dashed line: the iterative
solution, to linear order in m?, which is practically indistinguishable from
its first iteration
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Bottomline

K
R~ N—; + subleading corrections

also in the presence of mass, self-interaction and nonminimal
interactions.
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Other massless fields

For Maxwell and graviton K is twice the value of a scalar.
For a Dirac fermion it is four times the value of a scalar.

For graviton A = —V? — 2/, so if A > 0 the function

T( 24A> nglog( £+3)—2g\>

has singularities for R > 0.
There are no singularities if one uses the exponential
parametrization.
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Quantum corrections to mass

Py
d¢2

AR 3A2¢42 S
H¢¢ = :|

1
Vo |m? + R+ ZAop? —=
N [m e +2)\¢ +647r2S+ 1672 0z

in symmetric phase

1 2
1 AR o (. 12m 4 126R
Va 6472 R

is finite in the limit N — oo when the metric is put on shell

Hyp = m* + &R +
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Normal QFT procedure

For fixed R and N — oo

H¢¢ AR 4m 2 .
— N?>+ZN— —(6£ —1) ) log[N finit
v +§R+64 2{6 +3 < " 3( 13 )> og| ]}+ nite

1 9%T A
2 N 2 0
meg = ———>- :m——m log N + O(N
) 1 3y
feff = 78R8¢2
4 ¢=0,R=0
6N [1 2 1
— N2+ SN —4(&— =) log[N]| + O(N®
EF a2 [6 +3 (f 6) og| ]]+ (V)
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In terms of dimensionful cutoff

N2 12C?

H¢¢ 2 A 2
9 o R+ —X<XC
Va m +ER+ 35

—m?log[C?/R] — <§ - é) RIog[Cz/R]} + finite terms ,
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Putting the metric on shell

For R = Ky/N?, power divergences disappear.
Furthermore, what looked like finite terms are divergent:

AR [2m? 1
6472 (g +3(6¢ - 1)) [0 (x1) + o (x-)]
where
_5.1 m? + ¢R
xi—2:|:2\/9—48RNN

and 1g(x) ~ log(x), so also log divergences are canceled and

2
[K2 +12m? log (1%" )} +0(
2

~2 _ 1 82FN

= - N — m2
meff_v4a¢2 m-—+

$=0.R=R. 38472

=l
N




Finiteness
0000800

Quantum corrections to coupling

19Ty 92 _, 12(m? +€R)
Al = e B T 16m2> (N’ R )
with
IS(N, z) 1
S'(N,z) = 2) _
(N.2) oz 2 MU0+ 3) + 126 + 2)?

For fixed R and N — oo

3\
Aetr = A+ 76— 5 log[N] + O(N°) .
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Putting the metric on shell

Again, the apparently "finite” terms cancel the log divergence and

3\2 12m?
Aeff = A+ |g< >+O(,{,),

372 ©
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What about the dimensionful cutoff?

Relation between dimensionless and dimensionful cutoff is not
linear!
Highest eigenvalue is

R
€=y = N(N+3)

and for N — oo it becomes a constant.
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This seems to be a realization of the old idea of gravity as a
universal regulator

R. Arnowitt, S. Deser and C. W. Misner, “Finite Self-Energy of Classical Point
Particles,” Phys. Rev. Lett. 4 (1960), 375-377

recently reviewed in

R. P. Woodard and B. Yesilyurt, “The Other ADM," [arXiv:2410.05213
[gr-qc]].



Conclusions
o] ]

Conclusions

The standard arguments predicting that vacuum fluctuation lead
to high curvature are misleading: when we use the EOM of the
metric, adding more degrees of freedom makes space flatter.

Surprisingly, letting the number of degrees of freedom of the
quantum field go to infinity does not produce any infinite
renormalization of the mass and coupling.

Results have to be confirmed by Minkowskian calculations.
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