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Small Scale Structure in Dark Matter

Hard to see structure below ~ dwarf galaxy size 

Attracted much attention and promising ideas (e.g. stellar streams, lensing, etc).

We found a new probe of substructure: dynamical heating in ultra-faint dwarf galaxies  

Set the best current limits at length scales shorter than CMB can probe

Measuring small-scale DM structure can teach us about 

- primordial power spectrum & inflation 

- DM microphysics (eg. SIDM, atomic DM, axions…)



The Basic Effect
In galaxy dark matter is at viral velocity e.g. v ~ 10-3

Heat must transfer from DM → stars even just purely gravitationally

Stars ~        and e.g. if dark matter ~
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then dark matter gas effectively much “hotter” than gas of stars
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T ⇠ mv2

Since gravitationally bound, stars move at ~ same velocity

Average over “thermal” distributions for DM and stars

To calculate this gravitational heating rate:

Find 2 → 2 DM-★ scattering mediated by Newton’s law
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Heating in Ultra-Faint Dwarf Galaxies (UFDs)
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RUFD ⇠ kpc

Compare to local Milky Way:
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200
km

sec

Heating rate maximized in UFD’s

Additionally UFD’s are old (~10 byr) so heating accumulates 

The stellar half-light radius is small 

Thus the UFD is uniquely sensitive to gravitational heat transfer from DM to stars
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UFD (e.g. Segue I):

Heating rate of stars per unit mass:
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Will cause gas of stars to expand
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Aside: New Limits on MACHOs

14

cuto↵ by our requirement of three MACHOs inside the UFD which leads to the RHS of the plot. While the initial
stellar scale radius is chosen to be R

i
0,? = 2 pc, we also show contours of Ri

0,? = 1 pc and R
i
0,? = 5 pc in purple

dashed lines. There is no discernable di↵erence between these choices. Hence our final exclusion results are relatively
agnostic to the choice of Ri

0,?.
The reason for this can be understood from analyzing Fig. 5 (Right), where we break-down the exclusions from

direct (Red) and Tidal (Blue) heating. We see that exclusions from direct heating is significantly expanded after
taking into account migration when compared to limits in Fig. 3 which did not include the e↵ect of migration. As
argued earlier, the only dependence on R

i
0,? arose in the right edge of the direct heating region where the events were

sampling limited. After including migration, the right edge of the direct heating region is either deep into the “3
MACHO inside UFD” region or in the region where tidal heating is e�cient. Hence our final result are relatively
independent of the initial scale radius Ri

0,?.
In Fig. 6, we compare this limit with other existing limits on MACHOs which are shown in gray. The existing limits

derived from microlensing by the EROS collaboration [11] and combined EROS/MACHO/OGLE Blaineau:2022nhy,
caustic crossings with Icarus [12] and multiple imaging of compact radio sources [13, 45] are shown. Dynamical
heating limits derived from the non-disruption of wide binaries [15], globular clusters [17] and disk heating [16] are
also shown. It is important to point out that these do not include the e↵ect of migration and the limits could get
stronger upon incorporation of the enhancement from migration in galaxies. Migration was also considered in the
context of galactic halos in [46] where bounds were set based on MACHO migration, causing mass in the galactic
nucleus to exceed what is observed. Their estimation of migration su↵ers from two problems and hence we do not
show this bound. First, radial orbits are assumed for the initial MACHO population even well inside the MACHO
virial radius. We find that this overestimates the e↵ect of migration compared to assuming a hydrostatic equilibrium
and an isotropic population instead. Second, and more importantly, Ref. [46] acknowledges that taking into account
the back-reaction onto the smooth DM population could arrest over-densities in MACHOs from ever exceeding the
local smooth density. We have taken this e↵ect into account by cutting o↵ migration as discussed in and around
Eqn. (46). Finally, we do not show limits that are specific to PBHs and might not apply to generic MACHOs, such
as ones derived from gravitational waves [18, 19] and accretion [20–23]. Although Ref. [24] works out accretion for
extended objects, they work in the fMACHO = 1 regime and hence an fMACHO vs MMACHO exclusion is not easily
derivable from their work.

As seen, the limits set from this work improve existing limits on MACHOs in the 100M� to 107M� mass range.
Just above MMACHO = 104M�, MACHO fractions as small as fMACHO = 10�4 are ruled out.
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FIG. 6: Limits on the MACHO fraction as a function of MACHO mass are shown in purple. Other limits on this
region come from microlensing (EROS) [11] and combined EROS/MACHO/OGLE Blaineau:2022nhy, caustic
crossing of Icarus [12] and multiple imaging of radio sources [13, 45]. Also shown are limits derived from the
non-disruption of wide binaries [15], from the non-disruption of galaxy clusters [17] and the non-observation of

excess disk heating [16].

Note these are limits on MACHOs, PBH’s have extra limits due to horizon effects

We included new effects: inward migration of MACHOs & tidal heating of stars from distant passes

Discussed for MACHOs e.g. Brandt ApJ Lett. (2016) +



Heating from Dark Matter Substructure
Now back to original goal of probing substructure of (any) dark matter with heating of stars

Replace 2 → 2 point particle cross section with

Really a form factor but conservatively if ignore impact parameters that pass through DM clump
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Very little change! <latexit sha1_base64="IVp84xlJOxZ/dFl3mTyYiw5h/eo="></latexit>
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depends logarithmically 
on impact parameters

But neglects a crucial effect: destruction of clumps due to tidal forces!

Dominant processes: host-halo heating & clump-clump harassment. 

Used analytic treatment in van den Bosch, Ogiya, Hahn, & Burkert MNRAS (2018). I’ll skip all the details…
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FIG. 5: Our constraints on clump parameter space in clump mass Mclump, clump scale density ⇢s, and fraction of
dark matter made up of clumps fclump. In the left plot, the di↵erent lines represent contours of di↵erent fraction

fclump in the ⇢s - Mclump plane. In the right plot the di↵erent lines represent contours of di↵erent ⇢s in the fclump -
Mclump plane.

FIG. 6: Our limits (blue) on the power spectrum of adiabatic primordial density perturbations P (k) vs the
wave-number k. These are significantly stronger than existing bounds in this range from FIRAS (red) via

µ-distortions and y-distortions [43]. At longer length scales the power is measured by CMB (green) [44] and
Lyman-↵ (orange) [45]. For comparison we also show the nearly scale invariant power measured by Planck

extrapolated to higher k (black-dashed). The blue shaded region corresponds to the top-hat window function with
the Press-Schechter [46] multiplicity function and � = 200. In the Left panel, we illustrate the uncertainty

associated with a choice of filter, the Gaussian (dot-dashed blue), as well as an alternate choice of � = 600. In the
Right panel, we show alternate choices of the multiplicity function: Sheth-Tormen [47] (Dashed) and Watson et

al. [48] (Dot-dashed).

The halo mass function at a redshift z is given by,

dnclump(z)

d lnMclump
= f(�)

⇢M (z)

Mclump

d ln��1

d lnMclump
(40)

Here, nclump is the number density of clumps, with clump
mass Mclump and ⇢M (z) is the non-relativistic matter
density at redshift z. Since R is a comoving scale, we set
Mclump = 4

3⇡R
3
⇢crit⌦m, where ⇢crit is the energy den-

sity of the universe today and ⌦m is the matter frac-
tion today. This can be used to write � as a function of
Mclump. The multiplicity function f(�) is chosen to be

that given by Press-Schechter [46] for limit setting pur-
poses. We also provide limits with other choices such as
Sheth-Tormen [47] and Watson et al [48] in order to show
how much our limits depend on this choice.

Now that we have the number density given a primor-
dial power spectrum, we can compare it to the limits
derived in the previous section, to finally obtain the lim-
its on primordial power. Our procedure for setting this
limit is as follows. Given a primordial power spectrum
P (k), we obtain the fraction of DM that has collapsed
into clumps with masses within a decade of Mclump mass

clump-clump 
harassment

host-halo heating

stellar heating
sampling

Main limiting factor in our sensitivity is clump destruction, not stellar heating rate 
Likely very conservative limits

Use Segue I to set limits:



Limits on Primordial Power Spectrum
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FIG. 5: Our constraints on clump parameter space in clump mass Mclump, clump scale density ⇢s, and fraction of
dark matter made up of clumps fclump. In the left plot, the di↵erent lines represent contours of di↵erent fraction

fclump in the ⇢s - Mclump plane. In the right plot the di↵erent lines represent contours of di↵erent ⇢s in the fclump -
Mclump plane.
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FIG. 6: Our limits (blue) on the power spectrum of adiabatic primordial density perturbations P (k) vs the
wave-number k. These are significantly stronger than existing bounds in this range from FIRAS (red) via

µ-distortions and y-distortions [43]. At longer length scales the power is measured by CMB (green) [44] and
Lyman-↵ (orange) [45]. For comparison we also show the nearly scale invariant power measured by Planck

extrapolated to higher k (black-dashed). The blue shaded region corresponds to the top-hat window function with
the Press-Schechter [46] multiplicity function and � = 200. In the Left panel, we illustrate the uncertainty

associated with a choice of filter, the Gaussian (dot-dashed blue), as well as an alternate choice of � = 600. In the
Right panel, we show alternate choices of the multiplicity function: Sheth-Tormen [47] (Dashed) and Watson et

al. [48] (Dot-dashed).

The halo mass function at a redshift z is given by,

dnclump(z)

d lnMclump
= f(�)

⇢M (z)

Mclump

d ln��1

d lnMclump
(40)

Here, nclump is the number density of clumps, with clump
mass Mclump and ⇢M (z) is the non-relativistic matter
density at redshift z. Since R is a comoving scale, we set
Mclump = 4

3⇡R
3
⇢crit⌦m, where ⇢crit is the energy den-

sity of the universe today and ⌦m is the matter frac-
tion today. This can be used to write � as a function of
Mclump. The multiplicity function f(�) is chosen to be

that given by Press-Schechter [46] for limit setting pur-
poses. We also provide limits with other choices such as
Sheth-Tormen [47] and Watson et al [48] in order to show
how much our limits depend on this choice.

Now that we have the number density given a primor-
dial power spectrum, we can compare it to the limits
derived in the previous section, to finally obtain the lim-
its on primordial power. Our procedure for setting this
limit is as follows. Given a primordial power spectrum
P (k), we obtain the fraction of DM that has collapsed
into clumps with masses within a decade of Mclump mass

Convert our limits on substructure into limits on primordial power spectrum (e.g. with Press-Schechter)

Stellar heating in UFDs probes higher k spectrum significantly beyond previous constraints
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by redshift z as

fclump,P (k)(Mclump, z) ⇡ Mclump
dnclump(z)

d lnMclump
(41)

For a clump that collapsed at redshift z, its average
density is given by

h⇢clumpi(z) ⇡ �⇢crit⌦m(1 + z)3 (42)

Here � ⇡ 200 is the resultant over density above the am-
bient matter density due to gravitational collapse. If we
assume that this results in NFW cores, then the density
at the scale radius of the clump is

⇢s(z) ⇡
�

2.317
⇢crit⌦m(1 + z)3 (43)

The limits we set in Fig. 5 give a maximal allowed
fraction f as a function of mass and density, namely
fclump,lim (Mclump, ⇢s). Thus, we consider a P (k) distri-
bution ruled out if there exists any z and any Mclump for
which,

fclump,P (k) (Mclump, z) > fclump,lim (Mclump, ⇢s(z)) (44)

So to decide whether a particular P (k) is ruled out, we
scan over all z3 and all Mclump.

If a particular P (k) from Eqn. (36) is ruled out, then
we will say that value of Pk is ruled out at the scale
k = khigh.

We plot the limits on Pk vs k obtained this way as the
blue curve in Fig. 6.

Our limits on the power spectrum of primordial density
perturbations Pk vs the wave-number k are more than
two orders of magnitude stronger than existing bounds
in this range from FIRAS (red) via µ-distortions and
y-distortions [43]. They extend beyond wavenumbers
k ⇡ kpc�1. At longer length scales, the power is mea-
sured by CMB (green) [44] and Ly↵ (orange) [45]. For
comparison we also show PCMB from Eqn. 35 i.e. the
nearly scale-invariant Planck constrained power extrapo-
lated to much higher k in black-dashed. The blue shaded
region corresponds to the top-hat window function with
the Press-Schechter multiplicity function and � = 200.

In the left panel, we illustrate the uncertainty asso-
ciated with the choice of filter. A Gaussian filter (dot-
dashed blue) shifts the limits somewhat to lower k. While
we have chosen � = 200 to be conservative, far higher
values of � are found in literature [16, 30]. To illustrate
the constraining power for a larger �, we show the limit
for a top-hat window and � = 1390 (which corresponds

3 Actually we only include redshifts that are before the time of
formation of a UFD which we assume to be around z ⇠ 6 � 10.
However this constraint does not a↵ect our result at all because
we will only use much higher redshifts in order to get to the
clump densities that our results can constrain.
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FIG. 7: Our limits (blue) on the power spectrum of
dark matter isocurvature primordial density

perturbations Pk vs the wave-number k. These are the
only bounds we know in this range of scales. Also shown
are the PIXIE projections via µ-distortions obtained by
appropriately rescaling the projections for the adiabatic
power spectrum found in [43] (Refer to text for more
details). At longer length scales the isocurvature power

cannot exceed the power measured in the CMB by
Planck (green) [44] and Lyman-↵ (orange) [45]. At even
longer scales, the limits on isocurvature set by Planck

Ref. [44] are shown (dark green).

to C⇢ = 600 in Ref. [30]) in dashed lines. As expected,
this puts deeper constraints on the primordial power.
In the right panel, we show alternate choices of the

multiplicity function: Sheth-Tormen (Dashed) and Wat-
son13 (Dot-dashed). As seen, the constraints are fairly
independent of the choice of multiplicity function.

C. Isocurvature Perturbations

Our limits apply not just to adiabatic density pertur-
bations as discussed above, but also to isocurvature per-
turbations in the dark matter density alone. Anything
that causes dark matter to form structures at the rel-
evant scales ⇠ 10 � 108 M� will be constrained by our
approach. We show our limit on the power spectrum of
dark matter isocurvature perturbations PDM,iso in Fig-
ure 7. Again we have taken a delta function spike at k

for the DM isocurvature power spectrum to make this
plot.
The solid blue line in Figure 7 for limits on the isocur-

vature power spectrum is higher than the solid blue
line in Fig. 6 for the adiabatic power spectrum. This
is because isocurvature perturbations do not have log
growth prior to matter-radiation equality, unlike adia-
batic perturbations which do grow logarithmically. Thus
the transfer function for isocurvature perturbations lacks
the log growth factor that is in the adiabatic transfer
function (see e.g. [53]).
We also show existing constraints on the dark mat-

Our limits are really on DM structures alone, so also constrains DM isocurvature:

Many DM production mechanisms produce a k3 spectrum of isocurvature perturbations



Summary

Dark matter substructure (or MACHOs) causes dynamical heating of stars in UFDs 

Sets the strongest limit on DM substructure (or MACHOs) in mass range   

Sets strongest limit on primordial power spectrum from inflation at high                                       
above CMB scales 

Could also teach us about DM microphysics, e.g. Chang, Fox, and Xiao JCAP (2024) used these 
limits to set strongest bounds on post-inflation axion scenario
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E.g. Application: Limits on Axions
Chang, Fox, and Xiao JCAP (2024) used our constraints to set limits on axions:

Figure 5: Current status of constraints on ultralight dark matter. Here we compare our
results with the existing constraints in the literature that apply to various dark matter
models. For generic fuzzy dark matter, there are Lyman-↵ constraints (ma > 2 ⇥ 10�21 eV
[119]) and ultrafaint dwarf (UFD) galaxies constraints (ma > 3⇥ 10�19 eV [120]). Lyman-↵
also constrains post-inflationary axions (ma > 3⇥10�18 eV [121]), which is the same scenario
as discussed here, but the bound in this work is stronger by one-order-of-magnitude (ma >

3.3 ⇥ 10�17eV). There is also a generic bound on post-inflation dark matter (ma > 10�19

eV) considering the axion isocurvature perturbations and the free-streaming e↵ect, which
will be again constrained by Lyman-↵ [122]. The constraint from ALP stars is derived by
considering their dynamical heating e↵ects in ultrafaint dwarfs [117, 118].

of dark matter substructures is typically hotter than the gas of stars in these systems and
thus, through gravitational interactions, heat will flow from one system to the other. This
heating will increase the average speed, and thus the scale radius, of the stars in the dwarf.
From observations of the distribution of stars in Segue-I, an ultra-faint dwarf (UFD) galaxy,
Refs. [117, 118] placed strong constraints on the fraction of dark matter that can be in
these substructures, as a function of the clump mass and density. The UFD constraints
were derived assuming that all clumps had the same mass and for each mass they can be
interpreted as a bound on the fraction of dark matter that can be in substructures of that
mass.

For a given axion model our analysis gives a prediction for the axion star mass function,
shown in Figs. 4. Since the contribution of each substructure to heating UFD is linearly
adding up, we can translate the constraints on a single mass distribution to the constraints
on a specific mass distribution with

Z
f
�1
UFD(M?, ⇢?)

df?

dM?
dM?  1 , (4.1)

where fUFD is the constraint on the mass fraction of compact objects assuming a single mass
M? and density ⇢? in Ref. [118]. Any axion star mass function that does not satisfy Eq. 4.1
will be ruled out. We can easily test if certain ALP masses are excluded by applying the
axion star mass function presented in Fig. 4 to the above integral Eq. 4.1. Lighter axion
masses are more constrained because there are stronger bounds for more massive objects. As
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post-inflation axion scenario produces axion miniclusters → axion stars (= DM clumps) 
these are constrained by our stellar heating bounds

Dalal & Kravtsov

Amin & Mirbabayi


