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Recasting the halo-independent approach as 
a problem of moments can address questions 
beyond the comparison of experiments.

For example: 
- maximum likelihood with an infinite number of nuisance parameters
- include direct- and indirect-detection data
- statistical tests of compatibility
- information on distribution function itself
- predictions for future experiments



The halo-independent approach



The DAMA modulation 

F. Nietsche, “Twilight of the Idols, or How to philosophize with a Hammer” (1888)

“What does not kill me makes me stronger”

DAMA observes an 
annual modulation with 
the characteristics of a 

WIMP signal
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Figure 2: Model-independent residual rate of the single-hit scintillation events, mea-
sured by the new DAMA/LIBRA experiment in the (2 – 4), (2 – 5) and (2 – 6) keV
energy intervals as a function of the time. The residuals measured by DAMA/NaI and
already published in ref. [4, 5] are also shown. The zero of the time scale is January
1st of the first year of data taking of the former DAMA/NaI experiment. The exper-
imental points present the errors as vertical bars and the associated time bin width
as horizontal bars. The superimposed curves represent the cosinusoidal functions be-
haviours A cosω(t − t0) with a period T = 2π

ω = 1 yr, with a phase t0 = 152.5 day
(June 2nd) and with modulation amplitudes, A, equal to the central values obtained by
best fit over the whole data, that is: (0.0215± 0.0026) cpd/kg/keV, (0.0176± 0.0020)
cpd/kg/keV and (0.0129±0.0016) cpd/kg/keV for the (2 – 4) keV, for the (2 – 5) keV
and for the (2 – 6) keV energy intervals, respectively. See text. The dashed vertical
lines correspond to the maximum of the signal (June 2nd), while the dotted vertical
lines correspond to the minimum. The total exposure is 0.82 ton×yr.
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Halo-independent approach

One could put bounds separately for each assumed velocity distribution. But 
how does one put them together? Introduce the probability of a distribution? 
These questions are too hard.  We follow an alternative route.

Do not assume any particular   
WIMP density or velocity distribution
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Halo-independent approach
Find velocity integral from one experiment and use it for another.

Fox, Liu, Weiner 2011
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Figure 14: Astrophysics independent comparison of CoGeNT and DAMA modulation amplitudes.

4.3.2 Summary of Halo-Independent Comparisons

A direct comparison of the modulated amplitude allows us to make interesting comparisons

between di↵erent experiments. The most direct, to CDMS-Ge, shows that the modulation is

compatible with CDMS, but only if the modulation is nearly 100%. As a consequence, the

modulation should be easily apparent in the CDMS data.

Ultimately, while there is a rough agreement between the size of the CoGeNT modulation

and the DAMA modulation, the energy range over which the modulation is spread seems

in conflict with previous interpretations [35] invoking a high QNa, without disregarding a

modulation in an energy range which is statistically as significant as in the lower energy

range.

Indeed, as expected, the presence of modulation in the high energy range brings about

the greatest tensions overall. The absence of a signal at CDMS-Si requires the signal to be

highly modulated, while XENON100 should have seen a signal unless Leff is significantly

smaller than the measurements of [50].

Such comparisons are only in the context of SI scattering proportional to A
2. Invoking

interference between protons and neutrons to alleviate XENON100 constraints would exacer-

bate tensions with CDMS-Si, and likely cannot address these questions. Other models, such

as SD couplings or iDM would fall outside this analysis, however.

Clearly, if the modulation in the high energy regime persists, any interpretation in terms

of spin-independent elastic scattering will be challenging.

5. Conclusions

The search for dark matter is a central element of modern astrophysics, modern cosmology

and particle physics. The discovery of particle dark matter is of such importance that any

claim must be corroborated by another experiment, and within a single experiment, before

it can be believed. The presence of modulation of events in the CoGeNT experiment makes
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Figure 7. Measured values of �g̃(vmin) from DAMA and CoGeNT compared to the exclusion limits
from other experiments. For the upper panels, no assumptions on the modulation fraction have
been made, for the lower panels, we assume that the modulation fraction is bounded by the red
line in the right panel of Figure 8. Even for weak assumptions on the modulation fraction, there
is significant tension between the di↵erent experiments, most notably it is impossible to find a DM
velocity distribution that describes the observed modulations and evades the bound from XENON100.

constrain �g̃(vmin). We consider therefore whether it is reasonable to make stronger assump-
tions about the modulation fraction and thus obtain more stringent experimental bounds.

5.1 Constraining the modulation fraction

We will now discuss what can be reasonably assumed about the modulation fraction given
known models of the galactic halo, and how it can be constrained once the velocity integral
has been measured. The predicted modulation fraction for various halo models are shown in
the left panel of Figure 8. We observe that for most values of vmin it is significantly below
100%. Note that a modulation fraction of 100% implies that no signal is observed at t0+0.5
yr, which is possible only if vmin > vesc + vE(t0 + 0.5 yr).
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FIG. 7: A comparison of measurements and constraints of the astrophysical observable g(v) [see

relevant expressions in (1),(2),(8)] for m� = 10 GeV: CoGeNT (blue), CDMS-Si (red, solid),

CDMS-Ge (green, dot-dashed), XENON10 - MIN Leff (purple, dashed), and XENON10 - MED

Leff (gray, dotted). CoGeNT values assume the events arise from elastically scattering dark

matter, while for other experiments, regions above and to the right of the lines are excluded at

90% confidence. The jagged features of the CDMS-Ge curve arise from the presence of the two

detected events.

how one quantifies a constraint. However, one can exploit the fact that g is a monotonically

decreasing function, so for our constraints, we simply assume that g(v) is constant below

v, and assume a Poisson limit on the integral of (8) from the experimental threshold to v.

However, other techniques could also be used, see the Appendix for more details.

This approach with a g � v plot has numerous advantages over the traditional m� � �

plots. It makes manifest what the relationships between the di↵erent experiments are in

terms of what vmin-space is probed, and shows (for a given mass) whether tensions exist.

Moreover, the quantity g(v) is extremely tightly linked to the data, with only a rescaling

by form factor as in (8). Thus, unlike m� � � plots, which have a tremendous amount of

processing in them, this provides a direct comparison of experimental results on the same
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Fox, Liu, Weiner 2011 Fox, Kopp, Lisanti, Weiner 2011 Frandsen et al 2011

Needs unique relation between measured energy and minimum WIMP speed, 
available for single-target detectors with excellent energy resolution. 
For composite targets, lucky event pattern in CRESST allowed inversion. 



Halo-independent approach
In general, for composite targets and finite energy resolution, 
one can still find weighted averages of the velocity integral. 

Allows for any velocity and energy dependent cross section, and 
indirect searches through neutrinos from the Sun/Earth.

DAMA may be compatible with null searches for anapole and exothermic dark matter.

Excluded
DAMA

Del Nobile, Gelmini, Gondolo, Huh 2014

Excluded

Scopel, Yoon 2014



Figure 2. DM parameter estimation using mock data for di↵erent non-standard DM velocity
distributions. For the left plot it is assumed that 10% of the local DM density is in a DM stream,
for the right plot it is assumed that 25% of the local DM density is in a dark disk. The shaded
regions correspond to the 68% confidence regions (dashed contours) and 90% confidence regions (solid
contours) for three di↵erent methods (see text). The crosses indicate the corresponding best-fit values.
The best-fit values for the DM parameters obtained from our new method (purple cross) perfectly
coincide with the true values (white star). The insets show the best-fit halo that we obtain at the
global minimum of �2(g) (solid purple line), compared to the assumed halo used to generate the data
(red dashed line).

than the number of bins of data. This follows from the fact that, if we divide an optimised
g̃(vmin) into “flat” sections with di↵ering heights hi, then these must all satisfy @�2/@hi = 0.
It may be checked that these equations can only all be satisfied if either the number of flat
sections is smaller than the number of bins, or if the predictions Pi can be made to perfectly
match the observations Ni. The latter possibility, however, is extremely unlikely for realistic
cases including Poisson fluctuations. As a result, taking the limit Ns ! 1 does not actually
lead to more and more steps being added to the optimised halos, but rather allows for finer
adjustments of the endpoints of the flat sections. Taking large Ns thus turns out to be a useful
trick for determining the optimal endpoints for the flat sections in a numerically e�cient way.

We can now repeat our procedure for di↵erent sets of DM parameters and thereby find
the minimum of �2(g), called �̂2, for every point in parameter space. The best-fit values
for the DM parameters are then determined by finding the global minimum of �̂2. We can
then define ��2 = �̂2 � �̂2

min, which we have confirmed to follow a �2-distribution with the
degrees of freedom given by the number of fitted DM parameters. Consequently, ��2 can be
used to define confidence intervals as usual.

To illustrate this method, we have generated mock data for a set of future experiments
(taken from [10], see below). Two particular examples are shown in Fig. 2, where we use
non-standard DM velocity distributions to generate a total of about 700 events across three
di↵erent targets. For the left plot, we assume a 10% contribution from a DM stream with
a velocity of 600 km/s in the laboratory frame and take m� = 50 GeV, fp/fn = 1 and
�n = 8⇥10�46 cm2. For the right plot we consider the case that the DM velocity distribution
contains a 25% contribution from a dark disk with velocity dispersion and lag relative to the

– 5 –

Halo-independent approach
Alternatively, one has sampled discretized velocity distributions to find 
bounds from direct and indirect experiments (neutrinos from the Sun).

Feldstein, Kahlhoefer 2014

10�46

10�45

10�44

10�43

10�42

10�41

10�40

101 102 103 104

�
·⇢

0
.3

/
3
[

2
]

Figure 1: Halo independent upper limits on the spin independent (left plot) and the spin
dependent (right plot) scattering cross section as a function of the dark matter mass from
combining the null results from Panda-X (left plot) or PICO-60 (right plot) with those from
the neutrino telescopes Super-Kamiokande and IceCube, as well as from neutrino telescopes
only, assuming annihilation into W+W� (⌧+⌧� for mDM < MW ). We also show for comparison
the upper limits reported by these experiments assuming the Standard Halo Model.

the fact that neutrino telescopes probe the whole velocity space. More specifically, they corre-
spond to the requirement min{C}(�,mDM) � Cmax. Details how to calculate Rmax and Cmax

are provided in Appendix B. The Figure also shows, for comparison, the upper limits published
by the corresponding direct detection experiment or neutrino telescope, assuming the Standard
Halo Model (SHM).

The limits we obtain are remarkably strong and reach �p

SI
. 10�42cm2 for the SI and

�p

SD
. 10�39cm2 for the SD scattering cross sections for mDM ⇠ 1 TeV, assuming a local dark

matter density ⇢DM = 0.3GeV/cm3. We note that for very large dark matter masses it is not
possible to derive a halo independent upper limit on the cross section. The reason is that,
in this regime, capture in the Sun is possible only when the velocity in the Solar frame is

v  minr,i {vmax,i(r)} . mini

n
2vesc(R�)

p
mDM/mAi

o
, where the minimum is taken over all

possible distances to the center of the Sun and nuclei. On the other hand, nuclear recoils
can be detected in a direct search experiment only when the velocity in the detector frame is
v(D) &

p
ER/(2mN), which corresponds to a velocity in the Solar frame v & |v��

p
ER/(2mN)|.

Clearly, for su�ciently large dark matter masses, it is always possible to construct a velocity
distribution consisting of streams with velocities which are too large to allow capture in the
Sun and too small to produce a detectable nuclear recoil. These velocity distributions produce
no signal in the direct detection experiment nor in the neutrino telescope and are therefore
unconstrained. Concretely, for our concrete example the maximum mass that can be probed
with our halo independent approach assuming scattering via the SI interaction only is mDM ⇠
165 TeV from combining Panda-X and IceCube, and assuming the SD interaction only, mDM ⇠
4.5 TeV from combining PICO-60 and IceCube.

For this concrete application it is possible to determine analytically, for a given dark matter
mass and cross section, the smallest possible scattering rate at a direct detection experiment
compatible with the null results from a neutrino telescope, as well as the requirement that the

9

Ibarra, Rappelt 2017

Bounds on cross section from direct 
detection and neutrinos from the Sun

Likelihood for particle-physics 
parameters (mock data)



Halo-independent approach
Open questions include the statistical significance of the bounds 
obtained and of the comparison of experiments. 

Unbinned likelihood analysis

L =
e
�

R Emax
Emin

dR
dE dE

N !

NY

i=1

dR

dE

���
E=Ei

Excluded
(90% CL)

Best fit

Fox, Kahn, McCullough 2015
Gelmini, Georgescu, Gondolo, Huh 2015

The extent of the 90% CL 
region is still unclear

90% CL 
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m� = 1GeV

CDMS-Si events



Observables are integrals of the velocity distribution.

Halo-independent approach

Event rate
dR

dE
=

Z
H(v) f(v) d3v

where H(v) =

Z
dER G(E,ER)

v⇢�
mTm�

d�

dER

is the event rate for a monochromatic WIMP beam of velocity v.

For example,

Question: if we know some observables, can we estimate others?



The problem of moments



Chebyshev’s problem of moments
What can be said about a probability distribution if its first 
N moments are known?

Z
f(x) dx = 1

Z
x f(x) dx = µ1

Z
xN f(x) dx = µN

Z
x2 f(x) dx = µ2

. . . . . . . . .

(normalization)

(mean)

Here the µi are 
given numbers.



Z
hN (x) f(x) dx = yN

Z
h2(x) f(x) dx = y2

Z
h1(x) f(x) dx = y1

Markov’s problem of moments
What can be said about a probability distribution if 
N of its generalized moments are known?

Z
f(x) dx = 1

. . . . . . . . .

(normalization)

Here the hi(x) are given 
integrable functions, and 
the yi are given numbers.



Bounds on integrals of f(x)

Markov’s inequality

Chebyshev’s inequality

For any probability distribution f (x) defined on x > 0 with 
mean µ, and a > 0,

For any probability distribution f (x) with mean µ and 
dispersion σ, and a > 0,

Z 1

a
f(x) dx  µ

a

Z µ+a�

µ�a�
f(x) dx  1

a2

Usually not very powerful but there are many ways to sharpen them.

Bienaymé 1853,  Chebyshev 1867, Markov 1884, Stieltjes 1884



Bounds on integrals of f(x)

For probability distributions f (x) that satisfy the N+1 moment conditions
Z

hi(x) f(x) dx = yi (i = 0, 1, . . . , N ;h0(x) = 1; y0 = 1)

one has

where the inf and the sup are over “extreme distributions” (positive sums 
of Dirac delta functions)

These inequalities are strict.  They also apply for values of yi  in a region.

inf

Z
g(x) fe(x) dx

�


Z
g(x) f(x) dx  sup

Z
g(x) fe(x) dx

�

�j � 0
NX

j=0

�jhi(xj) = yi
��hi(xj)

�� 6= 0, , , .fe(x) =
NX

j=0

�j �(x� xj)

The fundamental theorem (generalized Chebyshev inequalities)
Hoeffding 1955, Richter 1957, Mulholland&Rogers 1958, Isii 1960, Winkler 1988, Pinelis 2016



Bounds on integrals of f(x)

Finite-dimensional analog

Linear optimization

To find the maximum and minimum 
of a linear function of x, y, z, … 
defined on a convex region it is 
enough to compute the function at 
the vertices of the region.

Example: for a polygonal region, the 
maximum and minimum values are 

achieved at one of the vertices.

“Extreme distributions” are analogous to vertices.  The fundamental 
theorem states that the maximum and minimum values of the linear 
functional                         occur at an extreme distribution (vertex).

R
g(x) f(x) dx

maximum

minimum



The halo-independent approach  
as a problem of moments



The halo-independent approach  
as a problem of moments

Observables are generalized moments of the velocity distribution.

For example, event rate
dR

dE
=

Z
H(v) f(v) d3v

We can access all the power of generalized Chebyshev inequalities and 
linear optimization in the infinite-dimensional space of distributions.

The fundamental theorem (generalized Chebyshev inequalities)  
Given (ranges for) N measured observables, strict upper and lower 
bounds on any other observable can be found using at most N+1 
streams. 



First application:  
estimating the DAMA unmodulated signal



Sm,i =

Z
H

gal
m,i(u) fgal(u) d

3u

S0,i =

Z
H

gal
0,i (u) fgal(u) d

3u

Signals as integrals of f(v)
Write modulated and unmodulated signals as integrals over the same velocity 
distribution. For this purpose, use velocity distribution in galactic rest frame.

flab(v, t) = fgal
�
u
�

u = v + v� + v�(t)

H
gal
0,i (u) =

2

T

Z T

0
dtHi

�
u� v� � v�(t)

�

H
gal
m,i(u) =

1

T

Z T

0
dt cos[!(t� t0)]Hi

�
u� v� � v�(t)

�

Unmodulated signals in each energy bin (constant Fourier coefficient)

Modulation amplitudes in each energy bin (cosine Fourier coefficient)

Si(t) =

Z
Hi(v) flab(v, t) d

3v =

Z
H

gal
i (u, t) fgal(u) d

3u

Gondolo, Scopel 2017



Profile likelihood

Profile the likelihood over all velocity distributions that satisfy the given 
data (infinitely-many nuisance parameters)

�2 lnL(Sm::::
) =

NX

j=1

 
Sm,j � Sexp

m,j

�Sexp
j

!2

Li(S0,i) = sup
fgal2A(S0,i)

L(Sm::::
)

Likelihood of DAMA modulation amplitudes

S0,i =

Z
H

gal
0,i (u) fgal(u) d

3u

where             is the set of distributions that satisfy the moment constraintsA(S0,i)

Gondolo, Scopel 2017



Profile likelihood (continued)

Compute the profile likelihood as an 
extremization problem for S0i at fixed 
likelihood L0.

Extremize S0,i =

Z
H

gal
0,i (u) fgal(u) d

3u

subject to

Z
fgal(u) d

3u = 1

Z
H

gal
m,j(u) fgal(u) d

3u = Sm,j (j = 1, . . . , N)

L(Sm,j
::::::

) � L0
-
2
ln

S0,i

-2 ln i(S0,i)

fix
ed
va
lu
es
of
th
e

lik
el
ih
oo
d
fu
nc
tio
n

S0,i ranges

Figure 1. Schematic view of the idea behind the use of the linear optimization theorems [52,
53] to find the profile–likelihood of the unmodulated signal rates S0,i. The profile likelihood
Li(S0,i) is the maximum value of the likelihood function L at fixed S0,i (parabolic-like line
in the figure). The extreme values of S0,i (i.e., its range [Sinf

0,i , S
sup
0,i ]) at a fixed value of

the likelihood function L (a horizontal line in the figure) can be found by using extreme
distributions (finite sums of streams) for the velocity distribution function fgal(u). The
S0,i ranges at various values of L can be combined to produce the graph of −2 lnLi(S0,i).
In practice, we randomly generate extreme distributions with −2 lnL ≤ −2 lnL0, a given
number, and fill in the region between a horizontal line and the profile likelihood graph.

Here, for clarity and simplicity, we only show the dependence of L on the expected
modulation amplitudes

Sm,j =

∫
Hgal

m,j(u) fgal(u) d
3u, (3.2)

which contain all the dependence on the WIMP velocity distribution function fgal(u).
We are interested in constraining the unmodulated signal

S0,i =

∫
Hgal

0,i (u) fgal(u) d
3u, (3.3)

in a given energy bin of index i (we consider the energy bins one by one). For this pur-
pose, we construct a profile likelihood Li(S0,i) for S0,i treating the velocity distribution
fgal(u) as a continuum of nuisance parameters. The profile likelihood Li(S0,i) is defined
as the maximum value of the likelihood function over the set A(S0,i) of distribution
functions that satisfy Eq. (3.3),

Li(S0,i) = sup
fgal∈A(S0,i)

L(Sm,j). (3.4)

– 6 –

L0

Sinf
0,i (L0) Ssup

0,i (L0)

Gondolo, Scopel 2017

Restrict to velocity distributions that are isotropic in galactic frame (for faster computation)



Figure 4. Scatter plots of χ2 = −2 ln(L) vs. S0,i (i = 1, . . . , 12) for the WIMP mass
mχ = 5 GeV. Each panel corresponds to one of the DAMA energy bins between 2 KeVee
and 8 keVee. The boundary of the region covered by points is the graph of −2 lnLi(S0,i),
where Li(S0,i) is the profile likelihood for S0,i. The points colored in red have χ2
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S0  [counts/kg/day/keV]

χ2

χ2min

χ2min+1

S0inf S0sup

Profile likelihood and likelihood 
intervals for the unmodulated 
signals S0,i in each DAMA energy 
bin, obtained by Markov-Chain 
Monte Carlo profiling out 
isotropic velocity 
distributions.

m = 5 GeV/c2
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S0,i S0,i + Bi

0.33+0.05
�0.05 1.029

0.24+0.04
�0.04 1.228

0.16+0.03
�0.03 1.294

0.10+0.02
�0.03 1.140

0.066+0.02
�0.02 0.956

Figure 9. Same as Fig. 8 but for m�=10 GeV.

⇠ 25%. The unmodulated rates are comfortably below the background level measured
by DAMA.
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A Angle-averaged Galactic response functions

In the application of the optimization method to the modulated/unmodulated DAMA
rates in this paper we focus on velocity distributions that are isotropic in the Galactic
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Estimated DAMA 
unmodulated signal

(profile likelihood over  
WIMP velocity distribution*)

DAMA modulation spectrum

(*isotropic in galactic rest frame)

m = 10 GeV/c2

The unmodulated signal  
is compatible with 
background+signal.



Summary

- The halo-independent approach

- The problem of moments

- The halo-independent approach as a problem of moments

- First application: the DAMA unmodulated signal  
with isotropic galactic velocity distributions

Recasting the halo-independent approach as a problem of moments 
can address questions beyond the comparison of experiments.

Work continues to understand the full power of this method and to 
bring it to complete fruition (e.g., include all data, statistical tests of 
compatibility, information on distribution function itself, etc.).


